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Abstract. We introduce the notion of relative co-annihilator in lattice equality algebras
and investigate some important properties of it. Then, we obtain some interesting rela-
tions among V-irreducible filters, positive implicative filters, prime filters and relative co-
annihilators. Given a lattice equality algebra E and [F a filter of F, we define the set of all [F-
involutive filters of E and show that by defining some operations on it, it makes a BL-algebra.

Keywords: equality algebra; annihilator; co-annihilator; relative co-annihilator; filter

MSC 2020: 03G10, 06B99, 06B75

1. INTRODUCTION

Equality algebras were introduced by Jenei in [9] and are assumed for possible
algebraic semantics of fuzzy type theory (FTT). It was proved in [4], [9] that any
equality algebra has a corresponding BCK-meet-semilattice and any BCK(D)-meet-
semilattice (with distributivity property) has a corresponding equality algebra. From
a logical point of view, various filters have natural interpretation as various sets of
provable formulas, which has a very close relationship with decision-making.

Davey studied the relationship between minimal prime ideals conditions and an-
nihilators conditions on distributive lattices, see [5]. Turunen defined co-annihilator
of a nonempty subset of a BL-algebra and proved some of its properties (see [17]).
Leustean introduced the notion of co-annihilator relative to a filter F' on pseudo
BL-algebras (see [11]). Then Meng introduced generalized co-annihilators in BL-
algebras and gave characterizations of prime and minimal prime filters (see [14]).
Also, Zou et al. introduced the notion of annihilators in BL-algebras and investi-
gated some related properties of them in [20]. Filipoiu in [6] used the notion of
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annihilator for Baer extensions of MV-algebras. In [1], [8] the notion of annihilators
was studied for BCK-algebras. Leustean in [12] used the notion of co-annihilator for
Baer extensions of BL-algebras. Recently, as the generalization of the co-annihilator
in a BL-algebra, Saeid et al. in [13] introduced the co-annihilator of a set relative to
another set in a residuated lattice, where they gave some relations between filters
and co-annihilators. It is helpful for the co-annihilators to study structures and
properties in algebraic systems.

In this paper, we introduce the notion of co-annihilator in equality algebras. We
study basic properties of co-annihilators and investigate the relationship between
them and some special types of filters. Also, we obtain some interesting relations
among V-irreducible filters, positive implicative filters, prime filters and relative co-
annihilators. Moreover, we define the set of all F-involutive filters of E and show
that by defining some operations on it, it makes a BL-algebra.

The paper is organized as follows: In Section 2, we gather the basic notions and
results on equality algebras. In Section 3, we introduce the notion of co-annihilator
relative to a filter in equality algebras and get some interesting results about them.
Then, we study the relation among V-irreducible filters, positive implicative filters,
prime filters and relative co-annihilators. Finally, we prove that the set of all [F-
involutive filters of E can make a BL-algebra.

2. PRELIMINARIES

In this section, we gather some basic notions and results relevant to the equality
algebra, which will be needed in the next sections. For a survey of equality algebras
we refer to [19].

Definition 2.1 ([9]). An algebraic structure E = (E; A, ~,1) of type (2,2,0) is
called an equality algebra if for all o, ~y,n € E it satisfies the following conditions:

(E1) (E,A,1) is a commutative idempotent integral monoid,
(E2) a~y=7~a,

(E3) a~a=1,

(E4) a~1=q,

(E5) a<y<nimplisa~n<y~nand a~n<an~7y,
(E6) a~vy < (aAn) ~(yAn),

ET) a~y<(a~n)~(y~n).

The operation A is called meet and ~ is an equality operation. On an equality
algebra E we write @ < v if and only if a A v = «a. It is easy to see that “<” is
a partial order relation on E. Also, other two derived operations are defined, as the
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following, and we call them implication and equivalence, respectively:
a—y=a~(@Ay) and a+v=(a—=>7)A(y— a).

An equality algebra E is bounded if there is an element 0 € E such that 0 < « for
all & € E. A lattice equality algebra is an equality algebra which is a lattice.

Proposition 2.2 ([9], [16], [19]). Let (E;A,~,1) be an equality algebra. Then
for all a,y,n € E, the following conditions hold:
(i) a >y =1ifand only if @ < 7,
(i) l va=a, a—1l=1,anda—a=1,
(i) a <y — a,
(i) a < (@) =7,
V) a=(y—=n=7y—(a—=n),
(vi) a <y impliesy—=n<a—nandn—a<<n—1.

If E is a lattice equality algebra, then
(vii) a >y = (aVy) = 7.

Definition 2.3 ([10]). Let (E;A,~,1) be an equality algebra and F be a non-
empty subset of E. Then F is called a deductive system or filter of E if for all o,y € E
we have

(i) @ € F and o < y imply v € F;
(ii) o € Fand oo ~ 7y € F imply v € F.

Proposition 2.4 ([2], [4], [10]). Let (E;A,~,1) be an equality algebra and F be

a nonempty subset of E. Then F is a filter of E if and only if for all o,y € E
(i) 1eF,
(i) « € F and o — v € F imply v € F.

The set of all filters of E is denoted by F(E). Clearly, 1 € F for all F € F(E).
A filter F of E is called a proper filter if F # E. Clearly, if E is a bounded equality
algebra, then a filter is proper if and only if it does not contain 0. A proper filter F
of E is called a prime filter if « - v € For v — a € F for all a,v € E. A mazimal
filter (or ultra filter) is a proper filter of E that is not included in any other proper
filter. The set of all prime (maximal) filters of E is denoted by Prime(E) (Max(E)).

Definition 2.5 ([4]). Let (E;A,~,1) be an equality algebra and § C E x E.
Then 6 is called a congruence relation of E if it is an equivalence relation on E and
if (a1,7), (@2,72) €6,

(1 ANz, y1 Ay2) €6, (a1 ~az,m ~72) €0
for all oy, o, 71,72 € E.
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The set of all congruences of E is denoted by Con(E). For any F € F(E), a binary
relation fr associated by defining: « 6 « if and only if « ~ v € F. In [4], it is
proved that there is a one-to-one correspondence between F(E) and Con(E). Denote
E/F =E/0r :={[o]: o € E}, where [o] :={y € E: (a,7) € Or}.

Theorem 2.6 ([4]). Let (E;A,~, 1) be an equality algebra and F € F(E). Then
(E/F; A, =, F) is an equality algebra with the following operations:
[a]AY] :=[aAq], o] =[] = [a ~ 1]
for all o,y € E.

Definition 2.7 ([2]). Let F be a nonempty subset of E such that 1 € F. Then F
is called a positive implicative filter if « — (v = n) € F and o — v € F imply
a—neF forall a,v,n € E.

Let X C E. The smallest filter of E containing X is called the generated filter

by X in E and is denoted by (X). Indeed, (X) = N F.
XCFeF(E)

Proposition 2.8 ([15]). Let ) # X C E. Then
(X)y={a€E:pi—>(p2= (.. (Pa—a)...) =1
for somen € N and p1,...,p, € X}.
In particular, for any element p € E we have
(py ={a € E: p—>"a=1 for somen € N},

Whel‘eoz—)o'y:'yanda—)"ry:a%(a_>n—1,y).
If F € F(E) and p € E\ F, then

(FU{p}) ={a€eE: p—>" ackF for somen € N}.
If F,G € F(E), then

(FUG)={a€E: g — acF for some g € G}

={aekE: m— a€G for somem € F}.

Proposition 2.9 ([15]). Let F and G be two proper filters of E. Then for all
X,Y CE and «,p, q € E, the following statements hold:
(i) if X C Y, then (X) C (V);
(ii) if F C G, then (FU{a}) C (G U {a});
(iii) if p < q, then (g) C (p);
(iv) if F is a positive implicative filter, then (F U {p}) ={a € E: p - a € F}.
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Theorem 2.10 ([15]). The algebraic structure (F(E), C, A, V, {1}, E) is a boun-
ded distributive complete lattice, where for any F,G € F(E),

FAG:=FNG, FVG:=(FUG).

Note. From now on, we let (E,~, A,0,1) or E be alattice equality algebra, unless
otherwise stated, where for any «,~ € E, the join operation V on [ is defined as

aVy:=((a=v)=>7A(y— a) = a).

Definition 2.11 ([15]). Let F be a proper filter of E. Then F is called
a V-irreducible filter of E if o Vv € F implies a € F or v € F for all o,y € E.

Corollary 2.12 ([15]). Let F € F(E). Then for each p ¢ F there exists a V-
irreducible filter PP containing F such that p ¢ P.

Definition 2.13 ([7]). The algebraic structure (L,A,V,®,—,0,1) of type
(2,2,2,2,0,0) is called a BL-algebra if the following conditions hold for all z,y, z € L:
(BL1) (L,A,V,0,1) is a bounded lattice;

(BL2) (L,®,1) is a commutative monoid,;
(BL3) x @y < zifand only if z <y — z;
(BL4) s Ay=20 (v — y);
(BL5) (z —»y)V(y—z)=1.

In the bounded lattice (L,A,V,0,1) and given a pair of elements a,b € L, if
aANb=0and aVb=1, then one of a and b is called a complement of the other. If
any a € L has its complement, then L is called a complemented lattice. If a lattice is
both complemented and distributive, then it is called a Boolean algebra or a Boolean
lattice (see [3]).

3. RELATIVE CO-ANNIHILATORS

In this section, we introduce the notion of relative co-annihilators on a lattice
equality algebra E and investigate some related properties of them. Moreover, we
show that for any G € F(E), its relative pseudo complement with respect to F is the
relative co-annihilator of G with respect to [F.

Definition 3.1. Let F € F(E) and X C E. We define a co-annihilator of X
relative to F as
{a€E: avpeFVpe X},
and denote it by (F : X). When X = {p}, we denote (F : {p}) by (F : p) for
short. If F = {1}, then ({1} : X) = X" ={a € E: aVp=1forall p € X} and
({1} : p) = p". For more details, see [15].
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Example 3.2. Let E = {0,p,q,7,5,1} be a set, where 0 < p < s < 1 and
0 < ¢ <r < s < 1. Define the operation “~” on E as follows:

~| 0 p q r s 1 -1 0 p q r s 1
0 1 = pp 0 0 0 1 11 1 1 1
pl r 1 0 0 p p P r 1 r r 1 1
q| » 01 s r ¢q q p p 1 1 1 1
rl p 0 s 1 r r T p p s 1 1 1
s O p r r 1 s S 0O p r r 11
1 0 p gr s 1 1 0 p g r s 1

Then (E,~, A, 1) is an equality algebra. Clearly, F = {s,1} € F(E). If X = {p, s}
and Y = {r}, then (F : X) = {q,r,s,1} and (F : r) = {p,s,1}. In addition,
XT={1}=r".

Proposition 3.3. Let p,q € E and F,G € F(E). Then the following state-
ments hold:

(i) If p < g, then (F: p) C ( £ q)-
(ii) If p € F, then (F : p) = E. The converse is true when E is bounded.
) (727 0(6:5) = (FN6G:p) and (F:7) UG ) = (FUG 27}
(iv) (F:pAg) C(F:p )
(v) (F:p)U(F:q) C ( :pVq). If p, q are comparable, then the converse is true.
(vi) (F:p):q)=((F:q):p)=(F:pVa).

Proof. (i) Let p<qand o € (F:p). Then aVp € F and since a Vp < aV g,
we get aV g € F. Thus a € (F : ¢) and so, (F: p) C (F: q).

(ii) Let p € F. Then for all « € E we have p < pV « and so, pV o € F. Hence,
a € (F : p), which means E C (F : p). On the other hand, we always have (F : p) C E.
Therefore, (F : p) = E. Now, let E be bounded and E = (F : p). Then 0 € (F : p)
and so, pV0O=peF.

(iii)a e (F:p)N(G:p)ifand onlyif aVp € FNG if and only if « € (FNG : p).
Similarly, the next one is true.

(iv) Since p A ¢ < pV g and (i), we have (F:pAgq) C (F:pVq).

W IaeF:p)U(F:q),thenaVvpeForaVgelF. Fromp,qg<pVq, we get
aVp,aVg < aV(pVq) and by F € F(E), we have a € (F : pVq). Conversely, let p, ¢
be comparable and « € (F : pVq). Since p < gor ¢ < p, we get aVg=aV(pVq) € F
oraVp=aV(pVq) €F. Hence, a € (F:p)U(F:q).

(vi) From aV (pV q) = (aVp)Vqg= (aVq)Vp, the proof is obvious. O

The other sides of inclusions of Proposition 3.3 (iv) and (v) are not true, in general.
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Example 3.4. Let (E,A,~,1) be as in Example 3.2 and F = {d,1}. Then
(F:a)={b,c,d,1}, (F : b) = {a,d,1}. Since a Ab=0and a Vb = d, we get

E=(F:d)=(F:aVvb) ¢ (F:anb)=(F:0)=F.
Also, E=(F:aVb) Z (F:a)U(F:b) ={b,cd 1}U{a,d,1} = {a,b,c,d,1}.

Proposition 3.5. Let X C E and F € F(E). Then (F: X) € F(E).

Proof. Letpe X. Sincel1Vp=1€cF,wehavel € (F: X). If o, — v €
(F:X), thenaVvp e Fand (o« —v)VpeF, forall p e X. Suppose n := vV p. Since
p,y<1n,wegetp<n<a—nand a — v < a— n by Proposition 2.2 (iii) and (vi),
respectively. Hence, (&« = v)Vp < (¢ = n)Vp =a — n. Since (¢ = v)Vp € F and
F e F(E), we get « — n € F. Moreover, p < n, then aVp < aVn FromaVpeF
and F € F(E), we get aVn € F. Now, by Proposition 2.2 (vii), &« = n = (aVn) — 7.
In addition, & — n,aVn € F and F € F(E), we obtain n € F. Thus, vV p € F, i.e.,
v € (F : X). Therefore (F : X) € F(E). O

Proposition 3.6. Let X,V C E and F,G € F(E). Then the following state-
ments hold:

(i) F C ([F L X).
(F:E)=F and (F: F)
(F: (F:E)) = E and (F :
IXCythen( V) C(F: X)

ii) E.
iii)
iv)
(v) If F C G, then (F: X) C (G : X). In particular, GT C (F : G).
vi)
vii)
iii)

F:F)) =

F:

~

F: X):[E1fandon]y1fXC[F

%)= N (F:x).
zeA [ISYAN

F:x)= (1 (F:p).

¥)n (F: (F: X)) = F.
(xiii) X C (F: (F: X)).
F:(F:(F:X))=(F:X).
(F: X):)=((F:Y): X)=(F:XVY), where XY = {pVq: p€ X, q € V}.

Proof. (i)Let fe Fandpe X. Then f<pV fand Fe F(E),sopV feF.
Hence, f € (F: X). Therefore, F C (F: X).

(ii) By (i), F C (F : E). On the other hand, if @ € (F : E), then for all p € E,
aVp e F. Suppose p = «, then « = aVa € Fandso a € F, ie, (F: E) CF.
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Therefore (F : E) = F. Also, for any « € E and f € F, since f < aV f and F € F(E)
we have aV f € Fand so a € (F : F). Hence, E C (F : F) C E. Therefore (F : F) = E.

(iii) By (ii), (F: (F:E))=(F:F)=E and (F: (F:F))=(F: E) =F.

(iv) Let X € Y and a € (F : ). Then for any ¢ € Y we have oV ¢ € F. Since
X C Y, we get a € (F: X). Therefore (F:Y) C (F : X).

(V) Let o € (F: X) and p € X. Then aVp e F C G. Hence, (F: X) C (G: X).
Specially, from {1} C F we have GT = ({1} : G) C (F : G).

(vi) Let (F : X) = E and p € X. Since X C E, clearly p € (F : X) and so
p=pVp€EF. Therefore ¥ C F. Conversely, let X C F and o € E. Then for all
peX,peFand p<pVa. Since F € F(E), weget pVa € F and so a € (F : X).
Therefore E = (F : X).

(vii) Since X; C UA X; for all i € A by (iv), ([F : UA Xi) C(F: X;) forall i € A.

i€ i€
Hence, ([F U Xi) C N (F: A;). Conversely, let « € ((F: ;) andp e | A
(ASYAN iEA €A €A
Then there exists j € A such that p € X;. Thus, pVa € F and so o € ([F U Xi).

Therefore, ([F: U Xi) = N (F: ). ea
i€A €A
(viii) This is the result of (vii).
(ix) Since for all i € A, () F; C F;, by (v), we get ( N F;: X) C (F; : X) and
€A N
SO (ﬂ F;: X) C N (F; : X). Conversely, let « € [ (F; : X) and p € X. Then
ieA ieA €A
forallie A,aVvVpeF,andsoaVpe [ F,;. Hence, a € ( N F;: X). Therefore
€A i€A
(n [Fi:X): N (Fi: X).
€A i€A

(x) We know X = (X\F)U(XNF). Since XYNF C F, by (vi), we get (F : XNF) = E.

So by (vii), we have

(F:X)=(F:(X\F)UXNF)=(F: X\F)n(F: XNF)
—(F:X\F)NE=(F:X\F).

(xi) Let FC X. By (i), FC (F: X)andso F C XN (F : X). Conversely, let
aeXN(F:X). Then a € X and for all p € X, we have o Vp € F. Suppose p = «,
then o« = a Va € F. Hence, X N (F: X) C F. Therefore ¥ N (F: X) =F.

(xii) By using (i) twice, F C (F: X)N(F : (F : X)). For the other side of inclusion,
let e (F: X)N(F:(F:X)). Then a € (F: X) and from o € (F : (F : X)) we get
aV~y € F forall v € (F: X). In particular, when v := o, we have a = aVa € F
andso (F: X)N(F: (F: X)) CF.

(xiii) Let p € X and o € (F : X). Then oV p € F. Hence, p € (F : (F : X)).
Therefore X C (F : (F : X)).
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(xiv) Suppose R = (F : X). Then by (xiii), R C (F : (F : R)). Conversely,
by (xiii), X C (F : (F: X)) (F: R) and by (iv) we get (F : (F: R)) C (F: X) = R.
Therefore (F : (F : ( X)) =(F: X).

(xv) Let o € ((F ) V). ThenforallqéyandpeX,(a\/b)\/a€[F. If
n € X VY, then there arep € X and b € Y such that n = pVgand soaVn =
aV(pVg) =(aVvVq)VpeF. Thus a € (F: XV Y). The converse is clear. Hence,
(F:x):Y)=(F:XV)Y). Similarly, we get ((F:)Y): X) = (F: XV )). Therefore
the proof is complete. O

The converse of Proposition 3.6 (i) and (xiii) is not true, in general.

Example 3.7. Let E, F = {d,1} and X = {a,d} be as in Example 3.2. Then
FS(F:X)={b,cd,1}. Moreover, X & (F: (F: X)) ={a,d,1}.

Proposition 3.8. Let X C E and F € F(E). Then (F: (X)) = (F: X).

Proof. Since X C (X), by Proposition 3.6 (iv), (F : (X)) C (F : X). For
the converse, let a € (F : X) and o ¢ (F : (X)). Then there exists p € (X)
such that a vV p ¢ F. By Proposition 2.8, there are p1,...,p, € X such that p; —
(...(pn = p)...) = 1for somen € N. Moreover, since aVp ¢ F, by Corollary 2.12 (i),
there is a V-irreducible filter P of E containing F such that oV p ¢ P. Also, since
a€(F:X),wegetp; VaeFCPforalll<i<n. Hence,a €Porp; €P forall
1<i<n If a €P, then by P F(E), we have aV p € P, which is a contradiction.
Thus, for any 1 < i <n,p; € Pandsobyp1 = (...(pp, = p)...) =1 € P and
P e F(E), we get p € P. Since p < pV a and P € F(E), we get pV « € P, which is
a contradiction. Thus, a € (F : (X)). Therefore (F : (X)) = (F : X). O

Proposition 3.9. Let F,G,H € F(E). Then
(i) (F:6)NGCF;
(iil) GNH C F ifand only if H C (F : G).

Proof. (i) It is clear.

(ii) Let GNH C F and a € H. Since for any g € G, a, g < aV g and G,H € F(E),
weget aVgeGNHCF. Hence, Vg€ F and so a € (F: G). Thus, H C (F : G).
Conversely, let H C (F : G). Then by (i), GNH C GN(F: G) C F. Therefore
GNHCF. O

Proposition 3.10. Let X C E and F € F(E). Then (F : X) = {a € E: (o) N
(¥) C F}.
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Proof. Suppose B={a€ckE: (a)nN(X) C F}. Let o € B. Then (a)N(X) C F.
By Proposition 3.9 (ii), we get () C (F : (X)). Since o € () and by Proposition 3.8,
we have o € (F : X). Hence, B C (F : X'). Conversely, let a € (F : X'). Then by
Proposition 3.8, a € (F : (X)) and so (&) C (F : (X)). Now, by Proposition 3.9 (ii),
we have (a) N (X) C F. Hence, (F: X) C B. Therefore (F : X') = B. O

Proposition 3.11. Let p € E and F be a positive implicative filter of E. Then
(F:p)n(FU{p}) =F.

Proof. We know F C (F U {p}) and by Proposition 3.6 (i), we get F C
(F : p)n(FU{p}). Conversely, let « € (F : p)N(FU {p}). Then aVp € F
and by Proposition 2.9 (iv), p — a € F. Also, by Proposition 2.2 (vii), we have
p—a=(pVa)— «andsince p — a,pVa € F and F € F(E), we get a € F.
Hence, (F:p) N (FU{p}) C F. Therefore (F : p) N (FU{p}) =F. O

Proposition 3.12. Let F,G € F(E) and ) # G C E. If G is a chain such that
G ¢ F, then (F : G) is a V-irreducible filter of E.

Proof. Let G be a chain and G ¢ F. Then by Proposition 3.6 (vi), we get
(F:G)#£E IfaVvye (F:G), then (¢ Vy) Vg€ F for all g € G. On the contrary,
let ,v ¢ (F : G). Then there are g1,g2 € G such that Vg ¢ F and vV g2 ¢ F.
Suppose g := g1 A g2. Since G € F(E) and it is closed under A-operation, we get
g€ GandsoaVg,vVg € G. Since G is a chain, without loss of generality, suppose
aVg<vVg. Hence, we have

(aVy)Vg=(aVg)Vy<(yVg)Vy=7Vg<yVee.

Since (V) Vg € F and F € F(E), we have vV g2 € F, which is a contradiction.
Therefore (F : G) is a V-irreducible filter of E. O

Proposition 3.13. Let F € F(E) and P be a V-irreducible filter of E such that
F CP. Then X ¢ P implies (F : X) C P for any ) # X C E.

Proof. Let X ¢ P. Then there exists p € X such that p ¢ P. Also, if
a € (F:X), then aVpeF CP. Since p ¢ P and P is a V-irreducible filter, we get
a € P. Hence, (F: X) CP. O

Corollary 3.14. Let F € F(E) and P be a V-irreducible filter of E. Then X ¢ P
implies (P : X) =P for any ) # X C E.

Proof. By Proposition 3.6 (i), we have P C (P : X). Then by Proposition 3.13,
the proof is complete. O
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Theorem 3.15. Let P € F(E). Then P is a V-irreducible filter of E if and only if
(P:a) =P for any a ¢ P.

Proof. Let P be a V-irreducible filter of E and « ¢ P. By Corollary 3.14, it is
enough to set X = {a} and so the proof is clear. Conversely, let aV~y € P and o ¢ P.
By hypothesis, (P : a) = P. Moreover, since a Vv € P, we get v € (P : a) = P.
Therefore P is a V-irreducible filter of E. O

Definition 3.16 ([18]). In a lattice L with bottom element 0, an element z € L
is said to have a pseudo-complement element if there exists the greatest element
x* € L, disjoint from z, with the property that z A 2* = 0. More formally, z* =
max{y € L: Ay = 0}. The lattice L itself is called a pseudo-complemented lattice if
every element of L has a pseudo-complement element. A relative pseudo-complement
of a with respect to b, is a maximal element ¢ such that a A ¢ < b.

Proposition 3.17. Let F,G € F(E). Then (F : G) is a relative pseudo com-
plement of G with respect to F in the lattice (F(E),C), where F AG = F NG,
FVG:=(FUG).

Proof. By Proposition 3.9 (i), (F: G)NG C F. It is enough to show that (F : G)
is the greatest one. For this, suppose that there is H € F(E) such that HNG C F
and let & € H. Then for all g € G, a,g < aVgandsoaVge HNG C F. Thus,
aVgeFforal g€ G,ie, ac (F:G). Hence, H C (F : G). Therefore (F : G) is
a relative pseudo complement of G with respect to F in the lattice (F(E), C). O

Remark 3.18. Let F be a proper filter of E and H € F(E/F). If we take
G := {z € E: [z] € H}, then it is easy to see that F C G and H = G/F. So, any
filter of quotient equality algebra E/F has the form G/F such that G € F(E) and
F C G. That is

F(E/F) = {G/F: F CG € F(E)}.

Proposition 3.19. Let F,G € F(E) such that F C G. Then (G : X)/F € F(E/F).

Proof. By Proposition 3.6 (i) and (v), we have F C (F : ) C (G : X). Then
by Remark 3.18, we get (G : X)/F € F(E/F). O

Corollary 3.20. Let F,G € F(E) and F C X C E such that F C G. Then
(G/F): (X/F)) = (G : X)/F.
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Proof. We have

T ={per WvileZvileT}={pler: bvaeZ vaca
F F F E = 5 =

:{[p]E%:pVaEGVan}:{[p]E%:pE(G:X)}:(G[;:X).

0

Proposition 3.21. Let F € F(E) and § # X C E. Then
(i) (X/F)T = (F : X)/F, particularly, [a]" = (F : «)/F for any [a] € E/F,
(i) (X/F)TT =(F:(F:X))/F.

Proof. (i)

(7)

Il
—
L.
m

| /A | F

Specially, suppose X = {x}, then [a]"T = (F : a)/F.
(i) By (i), we have (X/F)" T = (X/F)")T = ((F: x)/F)T = (F: (F: X))/F. O

Definition 3.22. Let F,G € F(E). Then G is called F-involutive if G =
(F: (F:G)). Also, if any G € F(E) is F-involutive, then E is called an involuntary
equality algebra relative to F. The set of all F-involutive filters of E is denoted by
Sr(E). Indeed, Sp(E) ={G € F(E): G=(F: (F:G))}.

Example 3.23. Let E be the equality algebra as in Example 3.2, F = {s,1}
and G = {p, s,1}. Obviously, F,G € F(E) and (F : (F: G)) = G. Thus, G is an
F-involutive filter of E.

Proposition 3.24. Let F,G € F(E). f FCG and G' T = G, then G € Sg(E).

Proof. By Proposition 3.6 (xiii), we have G C (F : (F : G)). For the converse,
let g¢ Gsog ¢ G'T. Thus, there exists « € G such that gvVa # 1. Since a < aVg
and o € G € F(E), then a Vg € G'. By Proposition 3.6 (v), G C (F : G) and
soaVge (F:G). Moreover, 1 # aVg € G" and from GNG' = {1} we have
aVgé¢G. Since F CG, weget aVgé¢F. Hence, aVge (F:G)and aVg ¢ F =
(F:G)n(F: (F:G)), by Proposition 3.6 (xii). Thus, Vg ¢ (F: (F: G)) and since
(F:(F:G)) € F(E), we have g ¢ (F : (F : G)). Indeed, from g ¢ G we conclude
g ¢ (F: (F:G)), which yields (F : (F : G)) C G. Therefore G = (F: (F: G)). d

Corollary 3.25. If F = {1}, then G is F-involutive if and only if G=G' .

Proof. By Proposition 3.24, the proof is straightforward. (]
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Proposition 3.26. If G € S¢(E), then G/F € Sp(E/F).

Proof. By Proposition 3.21 (i), we get (G/F)'T = (F: (F:G))/F = G/F.
Thus, by Proposition 3.24, G/F is an F-involutive filter of E/F. O

Proposition 3.27.
(i) Sp(BE) ={(F:G): FC G e F(E)}.
(ii) Sp(E) ={(F: X): FC X C E}.
(ii) If G,H € S¢(E) such that G C H, then GN(F : H) = F.

Proof. (i) Take B:={(F:G): F C G, G € F(E)}. Then for any G € Sr(E),
we have G = (F : (F : G)). Now, suppose H := (F : G). Thus, by Propositions 3.5
and 3.6 (i), we get H € F(E) such that F C H. Hence, G = (F : H) € B and
so Sp(E) C B. Conversely, if (F : G) € B, then by Proposition 3.6 (xiv), we get
(F:G)=(F: (F: (F:G))). Thus, (F: G) is an F-involutive filter of E, i.e.,
(F : G) € Sp(E). Therefore Sf(E) = B.

(if) Suppose C' := {(F: X): F C X C E}. By (i), it is obvious that Sg(E) C C.
Now, let (F : X) € C such that F C X C E. For any () # X C E, by Proposition 3.8,
we have (F : X) = (F : (X)) such that F C X C (X) € F(E) and so, C' C Sp(E).
Therefore C' = S¢(E).

(iii) Since G C H, by Proposition 3.6 (iv), (F : H) C (F : G). By G € S¢(E),
Proposition 3.6 (i) and (xi), we get F C G N (F : ) cGn ( : G) = F. Therefore
GN(F:H)=F. 0

Proposition 3.28. Let F,G,H € F(E). Then (F: (F:GNH))=(F: (F:G))n
(F: (F:H)).

Proof. Since GNH C G,H, by Proposition 3.6 (iv), (F : G),(F : H) C
(F:GNH). Again by Proposition 3.6 (iv), we get (F: (F: GNH)) C(F: (F:G))Nn
(F: (F:H)). Conversely, let « € (F: (F:G))Nn(F: (F:H)) and vy € (F: GNH).
Then for all g € G and h € H, we have g, h < gVh and by G,H € F(E), gvh € GNH.
Thus, vV (gV h) € F. Since vV (gVh) < (aV~y)V(gVh)and F € F(E), we have
(aVyVg)VheF forall h € H and so

(3.1) (avy)Vvge (F:H).
Also, a < (aVy)Vgand a € (F: (F:H)) € F(E). Thus, by Proposition 3.6 (xii),
(3.2) (avy)vge (F: (F:H)N((F:H)=F.

Hence, for all g € G, (¢ Vy) Vg € F, and so aVy € (F : G). Moreover, by
a€(F:(F:G)) € F(E) and o < aVy, we have a Vy € (F : (F : G)). So by

597



Proposition 3.6 (xii),
(3.3) avVye(F:(F:G)N(F:G)=F

for any v € (F: GNH). Thus, « € (F: (F: GNH)) and so (F : (F : G)) N
(F: (F:H)) C(F:(F:GnNHMH)). Therefore the proof is complete. O

Lemma 3.29. The algebraic structure (Sg(E),V,A,F,E) is a complete bounded
lattice, where, for any subfamily {G;};cs in Sp(E), the operations “A” and “V” on
Sr(E) are defined as follows:

AGi=(Gi and \/Gi= ([F: ([F:UieIGi)).

el el icl

Proof. By Proposition 3.6 (iii), F and E are the least and the greatest elements
of Sp(E), respectively. Let {G;};er € Sr(E). Then by Proposition 3.28, we get

([F : ([F N G; ) =N(F:(F:G;)) =) G;. Thus, A G; € Sr(E). Moreover, by
iel i€l i€l i€l
Proposition 3.6 (xiv), we have

(£ (2 Ve)) = (6 (- (0 (- Us))) = (7 (-2 Us)) = Vs

el i€l

Hence, \/ G; € Sp(E). Therefore (Sp(E), V, A, F,E) is a complete bounded lattice.
el O
Proposition 3.30. The algebraic structure (Sg(E), V, A, F, E) is a complemented
lattice.

Proof. Let G € Sg(E). Then F C G and by Proposition 3.6 (xi), we get
(F:G)NG = F. Also,

(F:G)vG=(F:(F:[(F:5G)UG))) by definition of V-operation
=(F:((F:(F:G))N(F:G))) by Proposition 3.6 (vii)
—_————
=(F:(GN(F:G))) since G € Sr(E)
=(F:F) by Proposition 3.6 (xi)
=E Proposition 3.6 (ii).

Hence, (F : G) is a complemented lattice of G relative to F. Therefore
(Se(E), V,A,F,E)
is a complemented lattice. O
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Theorem 3.31. The algebraic structure (Sg(E), V, A, F, E) is a complete Boolean
lattice.

Proof. By Lemma 3.29 and Proposition 3.30, we have that (Sg(E), V, A, F, E)
is a complete and complemented lattice. So, it is enough to show the distribution:
For this, let G, H, K € Sg(E). Since HN K C H, K, then it is easy to see that

(3.4) GVHNK)C(GVH)N(GVK).

For the converse, we know that

(3.5) HNKCGVHNK), GNKCGCGV(HNK).
So, by Proposition 3.27 (iii), we get

(3.6) HNK)NEF:GVHNK)=F, GnK)N(F:G6Vv(HNK)) =F.
B B
Hence, HN (KN B) = F = GN (KN B). Since by Proposition 3.17, (F : H) and

(F : G) are relative pseudo complements of H and G with respect to [, respectively,
we get (KN B) C (F:H)N(F:G). Now, by Proposition 3.27,

(3.7) (KNB)N(F: ((F: )N (F:G))) =F.
C

Thus, (KN B)NC = F and so (CNK)NB = F. By Proposition 3.17, (F : B) is
a relative pseudo complement of B with respect to F and so

(3.8) (CNK)YC(F:B)=(F: (F:GVHNK))) =6V (HNK).
Moreover, from Propositions 3.6 (vii) and 3.8, we get
(3.9) C = (F: ((F: H)N(F: G))) = (F : (F : (HUG))) = (F : (F : (HUG))) = HVG.
Therefore, by (3.8) and (3.9), we get for all G, H, K € S(E),
(3.10) (GVH)NKC GV (HNK).
Now, we have

(GVH)N(GVK)CGV(HN(GVK)) by (3.10)

N——
CGV(GV(HNK)) by (3.10)

=GV HNK).

Hence, by (3.4), (GVH)N(GV K) =GV (HNIK). Therefore (Sg(E),V,A,F,E) is
a complete Boolean lattice. O

599



Theorem 3.32. The algebraic structure (Sg(E),C, —,®,F,E) is a BL-algebra,
where operations “—” and “©”, for any G,H € Sy(E), are defined as follows:

GoH:=HV(F:G6), GOH:=GNH.

Proof. (BL1) By Lemma 3.29, (S¢(E), A, V,F, E) is a bounded lattice.

(BL2) According to the definition of “®”, clearly (Sr(E),®, E) is a commutative
monoid.

(BL3) Let G,H,K € S(E). If G C H — K, then by definition of “V”, we get
G C KV (F:H). Moreover,

GOH=GNHC (KV(F:H)NH
=(KnH)V({(F:H)NH) by Theorem 3.31
—_————
=(KnNnH)VF by Proposition 3.27 (iii)
=KNHCK by Lemma 3.29.

So, G C H — K implies G ® H C K. Conversely, let G ® H C K. Then by the
definition of “®”, we have GNH C K and so

G=GNE=GN[HV(F:H) by Proposition 3.30
=(GNH)VIGN(F:H) by Theorem 3.31
CKVIGN(F:H)] CKV(F:H)
=H-K by definition of “—” operation.

Thus, G® H C K implies G C H — K. Therefore (BL3) is satisfied. Moreover,

we have

GOG—-H)=6N(G—=H)
=GN(HV(F:G))
=(GNH)VI[GN(F:G)] by Theorem 3.31
—————

=(GNH)VF by Proposition 3.27 (iii)
=GNH by Lemma 3.29
=G oH.
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Hence, (BL4) is satisfied. Also,

G—-HVH-=-G)=HV(F:G)]VI[GVI(F:H)]
=HV(F:H)]VI[GV(F:G)] by associativity of “v”
=EVE=E by Proposition 3.30.

So, (BL5) is satisfied. Therefore (S¢(E), C,—,®, F, E) is a BL-algebra. O

4. CONCLUSIONS AND FUTURE WORKS

In this paper, the notion of relative co-annihilator in lattice equality algebras
was introduced. Many properties of relative co-annihilators were investigated, the
set of all F-involutive filters of E was defined and showed that it can be made as
a BL-algebra.

In our future work, we will continue our study of algebraic properties of this special
sets and we will investigate the relation between relative co-annihilators and some
special filters in equality algebras.
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