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AN INFEASIBLE INTERIOR-POINT ALGORITHM FOR
MONOTONE LINEAR COMPLEMENTARITY PROBLEMS
BASED ON A FINITE HYPERBOLIC KERNEL FUNCTION

Safa Guerdouh, Wided Chikouche and Behrouz Kheirfam

This paper concerns an infeasible kernel-based interior-point algorithm (IPA) for monotone
linear complementarity problems (LCPs). Our algorithm differs from other existing algorithms
in the literature since its feasibility step is induced by a finite hyperbolic barrier term. The
convergence analysis shows that the proposed algorithm is well-defined and its complexity bound
coincides with the currently best-known iteration bound of infeasible interior-point methods for
monotone LCPs. Moreover, the practical performance of our algorithm is validated by some
extensive numerical tests. To the best of our knowledge, this is the first full-Newton step
infeasible IPA based on a hyperbolic kernel function for solving monotone LCPs.

Keywords: linear complementarity problems, infeasible interior-point method, kernel func-
tion, polynomial complexity

Classification: 90C51, 90C33

1. INTRODUCTION

LCPs are considered as a classical class of problems in mathematical programming.
Although LCP is not an optimization problem, it plays a key role in many scientific
computing and engineering applications such as convex quadratic programming, bima-
trix games, the free boundary problem, nonnegative constrained least squares problems,
market equilibrium problems and many other applications. For more details on the LCP
theory and applications, we refer the reader to [7, 9, 15, 24, 26].

Since the introduction of LCPs in the mid 1960’s, various methods have been proposed
to solve them. Interior-point methods (IPMs) are among the most popular and widely
used approaches due to their theoretical foundations and practical efficiency. IPMs were
first introduced by Karmarkar [16] for linear optimization (LO). However, the first IPM
for LCP was proposed by Kojima et al. [24]. After that, Kojima et al. [23] suggested a
unified framework of IPMs for a class of LCPs.

IPMs are classified according to their starting points into feasible IPMs and infeasible
IPMs (IIPMs). Feasible IPMs start with a strictly feasible point neighboring the central
path and generate a sequence of iterates that maintain the same conditions. Whereas,
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IIPMs start with an arbitrary positive point that is not necessarily feasible, and feasi-
bility is reached as optimality is approached. The first infeasible-start algorithm was
proposed by Lustig [27]. Later, Roos [33] introduced the first full-Newton step infeasible
IPA for LO based on the classical logarithmic kernel function (KF). In 2016, Kheir-
fam and Haghighi [20] presented the first IIPM based on a trigonometric KF proposed
previously in [22] to solve LO problems.

Motivated by these works, and given that trigonometric and hyperbolic functions
share similar geometric properties, we recently introduced an infeasible IPA in [11] to
solve LO, based on the following hyperbolic sine KF

ψG (t) =
t2 − 1

4
−
∫ t

1

sinh(1)

2 sinh(y)
dy, ∀t > 0.

As a continuation in this context, we propose in this paper the hyperbolic cosine KF
defined below

ψ (t) =
t2 − 1

2
−
∫ t

1

cosh(1)

cosh(y)
dy, ∀t > 0. (1)

An interesting feature of this KF is that it has a finite value at the boundary, which dif-
ferentiates it from the hyperbolic sine KF presented above and from all other hyperbolic
KFs introduced in the literature to study feasible IPMs [4, 5, 6, 10, 12, 13, 14, 37, 38, 39].

Our contribution is an infeasible-start IPA for LCP. The algorithm uses the KF (1)
with a finite hyperbolic barrier term to determine the search directions in the feasibility
step while the classical search directions are used in the centering steps. To our knowl-
edge, the only KF with a finite barrier term used in the literature for IIPMs [18, 25]
is

ψfinite(t) =
1

2
(t− 1)2, ∀t > 0.

We present some notations used throughout the paper. Rn
+ and Rn

++ denote the
nonnegative and the positive orthants respectively. ∥ · ∥ and ∥ · ∥∞ denote the Euclidean
and the infinity norms in Rn. For given vectors x, s ∈ Rn, X = diag(x) denotes the
n × n diagonal matrix whose diagonal entries are the components of x, and the vector
xs indicates the component-wise product of x and s. Finally, if f(x), g(x) ≥ 0 are
two real valued functions of a real nonnegative variable, the notation f(x) = O(g(x))
means that f(x) ≤ Cg(x) for some positive constant C and f(x) = Θ(g(x)) means that
C1g(x) ≤ f(x) ≤ C2g(x) for two positive constants C1 and C2.

The remainder of this paper is organized as follows : In the next section we recall
the basic of kernel-based IIPMs. After that, we analyze the complexity of the proposed
algorithm in Section 3. In Section 4, we present our preliminary numerical results. We
finally end the paper by providing some concluding remarks in Section 5.

2. PRELIMINARIES

In this section, we briefly describe the basics of IIPMs using KFs for LCP. After that,
we outline the statement of the proposed algorithm. We start by recalling the standard
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montone LCP problem

(P )

 s =Mx+ q,
xT s = 0,
x ≥ 0, s ≥ 0,

with x, s, q ∈ Rn and M ∈ Rn×n, such that M is a positive semidefinite matrix, i.e.,

uTMu ≥ 0, ∀u ∈ Rn.

Unlike feasible IPMs, in IIPMs : for ϵ > 0, the pair (x, s) is called an ϵ− solution of (P )
if the norm of the residual vector r = s−Mx− q does not exceed ϵ, and also xT s ≤ ϵ.

In accordance with IIPMs, we choose x0 > 0 and s0 > 0 such that x0s0 = µ0e for
some positive number µ0 where e denotes the vector of all ones. In this work, we assume
that

x0 = ξpe, s0 = ξde, (2)

where µ0 the initial duality gap and (ξp, ξd) satisfy the following inequalities

∥x∗∥ < ξp, ∥s∗∥ < ξd,

with (x∗, s∗) a solution of (P ). Since M is positive semidefinite, the existence of such
solution can be insured if the problem (P ) is feasible ( Theorem 3.1.2 in [7]). In what
follows we assume that (P ) is feasible.

2.1. Perturbed problem and central path

For any ν with 0 < ν ≤ 1, we consider the perturbed problem (Pν)

(Pν)

{
s−Mx− q = νr0,
xs = 0, x ≥ 0, s ≥ 0,

where r0 = s0−Mx0−q. Note that if ν = 1 then (Pν) satisfies the interior-point condition
(IPC), i.e., (Pν) has a feasible solution (x, s) > 0 which implies that (x, s) = (x0, s0)
yields a strictly feasible solution of problem (Pν).

Lemma 2.1. (Mansouri et al. [29, Lemma 4.1]) If the original problem (P ) is feasible,
then the perturbed problem (Pν) satisfy the IPC.

Since (P ) is feasible, Lemma 2.1 implies that for every µ > 0, the following system
has a unique solution {

s−Mx− q = νr0, x ≥ 0, s ≥ 0,
xs = µe.

This means that the central path exists and the set of unique solutions {(x(µ, ν), s(µ, ν)) :
µ > 0, 0 < ν ≤ 1} forms the central path and (x(µ, ν), s(µ, ν)) are the µ−centers of
(Pν) with µ = νµ0. Furthermore, we denote (x(µ, ν), s(µ, ν)) = (xµ, sµ) for simplicity
purposes.
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Fixing µ > 0, let us defined the τ -neighbourhood N (τ, µ) for (Pν) as follows

N (τ, µ) = {(x, s) ∈ Rn × Rn : s−Mx− q = νr0 and δ(x, s;µ) ≤ τ},

with τ the radius of the neighbourhood and δ a so-called proximity measure. δ is used to
measure the distance between an iterate (x, s) and the µ−center (xµ, sµ) of the perturbed
problem (Pν).

In this paper, we define the proximity measure δ as follows

δ(x, s;µ) := δ(v) :=
1√
2

∥∥v−1 − v
∥∥ , where v :=

√
xs

µ
. (3)

Remark 2.2.

• According to [34], we call the step where the present iterate is in a certain neigh-
bourhood of the current µ-center an outer iteration, and the procedure to get a
pair (x, s) in the neighborhood of this µ-center an inner iteration. In the algorithm,
we use the proximity δ(x, s;µ) to control the iterates.

• The choice of the parameter θ is an important ingredient of IPMs. Generally,
when θ is a constant independent of n, for example θ = 1

2 , the algorithm is called
a large-update (or long-step) method. On the other hand, if θ depends on the
problem dimension n, for example θ = 1

2
√
n
, then the algorithm is referred to as a

small-update (or short-step) method.

2.2. An iteration of the algorithm

We outline the structure of one iteration of the algorithm. Each main iteration consists
of a feasibility step, a µ-update, and centering steps.

• Feasibility Step: We first generate iterates (xf , sf ) that are strictly feasible for
the perturbed problem (Pν+), where ν+ = (1 − θ)ν with θ ∈ (0, 1). This step
ensures feasibility while reducing the residual norm. However, the new iterate
may not be sufficiently close to τ−neighborhood of the central path. Hence, the
centering steps are needed to return to the neighborhood.

• Centering Steps: To restore centrality, we perform a limited number of centering
iterations while keeping ν+ fixed. These steps adjust the iterates toward the τ -
neighborhood of the central path while reducing µ to µ+ = (1− θ)µ. In fact, after
the feasibility step, we perform a few centering steps in order to get the iterate
(x+, s+) which is feasible for (Pν+) such that δ(x+, s+;µ+) ≤ τ. Starting with the
iterate (xf , sf ), we solve system (4) to get the search directions (∆x,∆s){

M∆x−∆s = θνr0,
s∆x+ x∆s = µe− xs.

(4)

Since M is positive semidefinite, for any x > 0 and s > 0, this system uniquely
defines the search directions (∆x,∆s).

This process continues until the duality gap xT s and the norm of the residual vector
r are both below the accuracy parameter ϵ.
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2.3. Kernel functions in the feasibility step

To obtain iterates that are feasible for (Pν+), we need to solve the following system of
equations {

M∆fx−∆fs = θνr0,
s∆fx+ x∆fs = µe− xs.

(5)

Then the new feasible iterates are

xf = x+∆fx, sf = s+∆fs. (6)

Let the scaled search directions dfx and dfs be defined as follows

dfx =
v∆fx

x
, dfs =

v∆fs

s
. (7)

System (5) is then rewritten in the following form{
Mdfx − dfs = θνvs−1r0,
dfx + dfs = v−1 − v,

(8)

where M =MS−1X, S = diag(s), X = diag(x).
Observe that the right-hand side in the last equation of (8) is equal to minus gradient

of the classical logarithmic scaled barrier (proximity) function

Ψc(v) =

n∑
i=1

ψc(vi), (9)

where

ψc(t) =
t2 − 1

2
− log t.

ψc is called the logarithmic KF of the logarithmic barrier function Ψc. The basic of
kernel-based IPMs is to replace ψc by any strictly convex function ψ defined from R++

to R+ which is minimal at t = 1 with ψ(1) = 0. The corresponding proximity function
Ψ is then obtained by replacing ψc with ψ in (9). System (8) is then converted to{

Mdfx − dfs = θνvs−1r0,
dfx + dfs = −∇Ψ(v).

(10)

In the sequel, we will use the norm-based proximity measure σ defined by

σ(x, s;µ) = σ(v) =
∥∥dfx + dfs

∥∥ = ∥∇Ψ(v)∥ .

Function σ is a suitable proximity that measures the closeness to the central path of the
monotone LCP, because

σ(v) = 0 ⇔ ∇Ψ(v) = 0 ⇔ v = e.

Note that a barrier function does not need to be kernel-based, although that is, most
common, it’s enough that it be a smooth, strictly convex function defined for all v > 0,
which is minimal at v = e, with Ψ(v) = 0.
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The effectiveness of kernel-based IPMs, both in theory and in practice, strongly de-
pends on the selection of a suitable KF. The KF plays a fundamental role in shaping
the central path of an IPM, defining the proximity measure, and determining the search
directions. Particularly, the gradient of the barrier function derived from the KF is used
to solve system (10), thereby determining the search directions. Moreover, the proximity
measure σ is defined in terms of the KF. In addition, the KF is employed to establish
a τ -neighborhood around the µ-center, which is used as part of the stopping criterion
in the inner iterations of the algorithm. Therefore, both the KF and the associated
proximity measure directly influence the iteration bounds, as their mathematical prop-
erties are essential for the complexity analysis. Hence, the overall complexity rate of a
kernel-based IPM is highly dependent on the chosen KF.

KFs were first introduced for feasible IPMs. The pioneering feasible primal-dual IPM
based on the classical logarithmic barrier function was introduced by Roos et al. [34].
Later, Peng et al. [31] proposed primal-dual IPMs that uses the so-called self-regular
(SR) barrier functions, significantly improving the theoretical complexity achieved with
the classical logarithmic KF fromO(n log n

ϵ ) toO(
√
n log n log n

ϵ ), where n represents the
number of variables, and ϵ is the desired accuracy in terms of the objective value. This
success motivated the exploration of alternative KFs in lieu of the classical logarithmic
KF. For instance, Bai et al. [2] introduced in 2002 an exponential barrier term with
finite values at the boundary of the feasible region.

In 2004, Bai et al. [3] proposed a broader class of eligible KFs that contains both
the classical logarithmic and the SR KFs. They presented a unified analysis of feasible
primal-dual IPMs based on eligible KFs for LO. They also introduced the first KF with a
trigonometric barrier term. Since then, many KFs were introduced and analysed. These
functions can be classified chronologically according to the type of their barrier term
into: simple algebraic, exponential, trigonometric and hyperbolic.

KFs were also introduced to define IIPMs. Roos [33] presented a full-Newton step
infeasible IPA for LO, which was based on the classical logarithmic KF. The method
was extended to semidefinite optimization (SDO) and monotone LCP by Mansouri et
al. [28, 29]. Following a completely different approach from Roos’s work, Salahi et al.
[35, 36] proposed an IIPM for LO built upon the SR KF defined earlier in [31].

The first IIPM for LO employing a trigonometric KF was introduced by Kheirfam
and Haghighi in 2016 [20], drawing on the function originally proposed in [22] for feasible
IPMs. The following year, they proposed a new IIPM for solving P∗-matrix LCP [19]
based on the trigonometric KF introduced in [17] for feasible IPMs.

Pirhaj et al. [32] extended the approach of [20] to solve monotone LCPs. Then,
Moslemi and Kheirfam [30] proposed an IIPM for solving SDO problems based on a
new trigonometric KF. After that, Kheirfam and Haghighi [21] proposed an IIPM for
solving LO problems based on an other new trigonometric KF. Later, Guerdouh et al.
[11] presented the first full-Newton step IIPM based on a hyperbolic KF to solve LO
problems.

In this work, we consider the barrier function based on the new KF ψ defined previ-
ously in (1). We also give its first derivative
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ψ′(t) = t− cosh(1)

cosh(t)
, ∀t > 0. (11)

It is worth noting that ψ takes a finite value at the boundary of the feasible region. To
be more precise

lim
t→0

ψ(t) = ψ(0) <∞,

since the function x 7→ cosh(1)
cosh(x) is continuous on [0, 1].

Based on our KF, the proximity measure is defined as follows

σ(x, s;µ) = σ(v) =

∥∥∥∥ cosh(e)cosh(v)
− v

∥∥∥∥ . (12)

We summarize the generic kernel-based IIPM for monotone LCP in Algorithm 1.

Algorithm 1 : kernel-based infeasible IPA for monotone LCP

Input
a threshold parameter τ > 0;
an accuracy parameter ϵ > 0;
a fixed barrier update parameter θ ∈ (0, 1);
a barrier function Ψ;
initialization parameters ξp, ξd > 0.
begin
x := ξpe, s := ξde, µ := µ0;
while max(xT s, ∥r∥) ≥ ϵ (outer iteration)
begin
feasibility step :
Solve system (10) and use (7) to obtain (∆fx,∆fs);
Update (x, s) := (x, s) + (∆fx,∆fs);

Update v =
√

xs
µ ;

Calculate δ(x, s;µ) := δ(v) := 1√
2

∥∥v−1 − v
∥∥ ;

µ− and ν−updates:
µ : = (1− θ)µ;
ν : = (1− θ)ν;
centering steps:
while δ(x, s;µ) := δ(v) > τ (inner iteration)
Solve system (4) to obtain (∆x,∆s);
Update (x, s) := (x, s) + (∆x,∆s);

Update v =
√

xs
µ ;

end while (inner iteration)
end while (outer iteration)
end
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3. ANALYSIS OF THE ALGORITHM

In what follows, we will study Algorithm 1 based on the barrier function induced by
the new KF (1). We show that the algorithm is well defined. We first state some useful
technical lemmas. Then, we prove that the iterates obtained after the feasibility step are
strictly feasible. After that, we derive an upper bound for the number of inner iterations
required by the algorithm to obtain an optimal solution.

3.1. Technical lemmas

Let δ be the proximity previously defined in (3). For simplicity purposes, we put
δ(x, s, µ) = δ. Then, we recall the following well-known results.

Lemma 3.1. (Mansouri et al. [29, Lemma 5.6]) Let ρ(δ) :=

√
2

2
δ +

√
1 +

1

2
δ2. Then

1

ρ(δ)
≤ vi ≤ ρ(δ), i = 1, . . . , n.

Lemma 3.2. (Mansouri et al. [29, Lemma 3.5]) If δ < 1, then x+ and s+ are positive
and

δ(x+, s+;µ) ≤ δ2√
2(1− δ2)

.

A direct consequence of this lemma is the following corollary.

Corollary 3.3. (Mansouri et al. [29, Corollary 3.6]) If δ ≤ 1√
2
then δ(x+, s+;µ) ≤ δ2

i.e., quadratic convergence to the µ−center is obtained.

Remark 3.4. Using Corollary 3.3, we conclude that δ(x+, s+;µ+) ≤ τ will hold after[
log2

(
log2

1

τ2

)]
centering steps.

The following lemma provides an important feature of the hyperbolic cosine function
which will be very helpful in the complexity analysis of our algorithm.

Lemma 3.5. One has ∣∣∣∣t− cosh(1)

cosh(t)

∣∣∣∣ ≤ 2

∣∣∣∣t− 1

t

∣∣∣∣ , ∀t > 0. (13)

P r o o f . We clearly see that (13) is verified for t = 1. Let g be the function defined
for t > 0 as follows

g(t) =

∣∣∣∣t− cosh(1)

cosh(t)

∣∣∣∣− 2

∣∣∣∣t− 1

t

∣∣∣∣
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=


2

t
− t− cosh(1)

cosh(t)
, ∀t ≥ 1,

t+
cosh(1)

cosh(t)
− 2

t
, ∀t ≤ 1,

and its derivative is

g′(t) =


cosh(1) sinh(t)

cosh2(t)
−
(

2

t2
+ 1

)
, ∀t > 1,(

2

t2
+ 1

)
− cosh(1) sinh(t)

cosh2(t)
, ∀t < 1.

An important observation is that lim
t→0+

g(t) = lim
t→+∞

g(t) = −∞ and g(1) = 0. So, to

prove inequality (13), we need to verify that

g′(t) > 0, ∀0 < t < 1, and g′(t) < 0, ∀t > 1.

We start with the case t > 1. Since the hyperbolic cosine function is monotonically
increasing, we get

g′(t) < tanh(t)− 1− 2

t2
.

Moreover, using the fact that

tanh(t) < 1, ∀t > 0,

we obtain the desired inequality. Now, we move to the second case, i.e., t < 1. We
rewrite g′ as follows

g′(t) =
t2 cosh2(t) +

(
2 cosh2(t)− cosh(1)t2 sinh(t)

)
t2 cosh2(t)

,

>
2(cosh2(t)− t2)

t2 cosh2(t)
,

where the last inequality is obtained using the increase of the hyperbolic sine function
and the fact that sinh(1) cosh(1) < 2. Moreover, the Taylor expansion of the hyperbolic
cosine function implies that

cosh(t) > t, ∀t > 0.

It follows that g′(t) > 0, ∀t < 1, which completes the proof. □

3.2. Analysis of the feasibility step

In this subsection, we prove that after the feasibility step the new iterate (xf , sf ) is
strictly feasible for (Pν+) and is quadratically convergent to the µ+−centers, i.e.

δ(xf , sf ;µ+) ≤ 1√
2
.

The next lemma reveals a sufficient condition for the strict feasibility of the iterate
(xf , sf ).
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Lemma 3.6. The new iterates (xf , sf ) are strictly feasible if

v cosh(e)

cosh(v)
+ dfxd

f
s > 0. (14)

P r o o f . We first introduce a step length α ∈ [0, 1]. Then, we define

xα = x+ α∆fx, sα = s+ α∆fs.

Suppose that (14) is satisfied. Using (11), the last equation of (10) and notation (7), we
get

xαsα = µ(v + αdfx)(v + αdfs )

= µ
(
v2 + αv(dfx + dfs ) + α2dfxd

f
s

)
= µ

(
v2 + α

(
v cosh(e)

cosh(v)
− v2

)
+ α2dfxd

f
s

)
> µ

(
(1− α)v2 + α(1− α)

v cosh(e)

cosh(v)

)
.

Obviously (1−α)v2 +α(1−α)
v cosh(e)

cosh(v)
≥ 0. Thus, for every α ∈ [0, 1], xαsα > 0 which

implies that none of the components of xα and sα vanishes. Taking α = 1, we obtain
xf > 0 and sf > 0, which completes the proof. □

The following lemma gives an upper bound for the proximity function after the fea-
sibility step.

Lemma 3.7. If
v cosh(e)

cosh(v)
+ dfxd

f
s > 0, then

δ(vf ) ≤
θ
√
n+ 3

√
2δρ(δ) + 1

2 (∥d
f
x∥2 + ∥dfs∥2)√

2(1− θ)
(

1
ρ(δ)2 − 2

√
2δρ(δ)− 1

2 (∥d
f
x∥2 + ∥dfs∥2)

) . (15)

P r o o f . From definition (3), we have

δ(xf , sf ;µ+) := δ(vf ) =
1√
2

∥∥(vf )−1 − vf
∥∥ , where vf =

√
xfsf

µ+
.

This implies that

δ(vf ) ≤ 1
√
2vfmin

∥∥e− (vf )2
∥∥ . (16)

In addition, using (11) and the second equation of (10), we get

xfsf =
xs

v2
(v + dfx)(v + dfs )
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= µ(v2 + v(dfx + dfs ) + dfxd
f
s )

= µ

(
v2 + v

(
cosh(e)

cosh(v)
− v

)
+ dfxd

f
s

)
. (17)

It follows that∥∥e− (vf )2
∥∥ ≤ 1

1− θ

∥∥∥∥(1− θ)e− v2 −
(
v cosh(e)

cosh(v)
− v2

)
− dfxd

f
s

∥∥∥∥
=

1

1− θ

∥∥∥∥(e− v2)− θe+ v

(
cosh(e)

cosh(v)
− v

)
− dfxd

f
s

∥∥∥∥
≤ 1

1− θ

(∥∥v(v−1 − v)
∥∥+ θ

√
n+

∥∥∥∥v( cosh(e)

cosh(v)
− v

)∥∥∥∥+ ∥∥dfxdfs∥∥) . (18)

Moreover, using definition (3), Lemma 3.1 and Lemma 3.5 we obtain the following
inequalities ∥∥∥∥v(1v − v)

∥∥∥∥2 =

n∑
i=1

∣∣∣∣vi( 1

vi
− vi

)∣∣∣∣2
≤ ρ(δ)2

n∑
i=1

∣∣∣∣ 1vi − vi

∣∣∣∣2
= 2ρ(δ)2δ2, (19)

and ∥∥∥∥v(v − cosh(e)

cosh(v)

)∥∥∥∥2 =

n∑
i=1

∣∣∣∣vi(vi − cosh(1)

cosh(vi)

)∣∣∣∣2
≤ ρ(δ)2

n∑
i=1

∣∣∣∣ 1vi − vi

∣∣∣∣2
= 8ρ(δ)2δ2. (20)

Using (19), (20) and the fact that∥∥dfxdfs∥∥ ≤ 1

2

(∥∥dfx∥∥2 + ∥∥dfs∥∥2) ,
we arrive at∥∥e− (vf )2

∥∥ ≤ 1

1− θ

(
3
√
2ρ(δ)δ + θ

√
n+

1

2

(∥∥dfx∥∥2 + ∥∥dfs∥∥2)) . (21)

In a similar way we have

(vfmin)
2 = min

i

1

1− θ

(
vi

2 + vi

(
cosh(1)

cosh(vi)
− vi

)
+ dfxi

dfsi

)
≥ 1

1− θ

(
v2min −

∥∥∥∥v(v − cosh(e)

cosh(v)

)∥∥∥∥− ∥∥dfxdfs∥∥)
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≥ 1

1− θ

(
1

ρ(δ)2
− 2

√
2ρ(δ)δ − 1

2

(∥∥dfx∥∥2 + ∥∥dfs∥∥2)) . (22)

Substituting (21) and (22) into (16) yields the desired inequality. □

Corollary 3.8. Let n ≥ 2, δ ≤ τ = 1
16 and θ ≤ 1

22
√
n
. If∥∥dfx∥∥2 + ∥∥dfs∥∥2 ≤ 3

5
,

then after the feasibility step iteration (xf , sf ) is strictly feasible and lies in the quadratic
convergence neighborhood with respect to the µ+−center of (Pν+).

P r o o f . From (22)(
vi

2 + vi

(
cosh(1)

cosh(vi)
− vi

)
+ dxi

fdsi
f

)
≥
(

1

ρ(δ)2
− 2

√
2ρ(δ)δ − 1

2

(∥∥dfx∥∥2 + ∥∥dfs∥∥2))
≥
(

1

ρ(τ)2
− 2

√
2ρ(τ)τ − 3

10

)
≃ 0.1307 > 0,

where the second inequality is due to the fact that ρ(δ) is monotonically increasing with

respect to δ. Hence,
v cosh(e)

cosh(v)
+ dfxd

f
s > 0, which implies using Lemma 3.6 that (xf , sf )

is strictly feasible. In addition, from (15) we get

δ(vf ) ≤

1

22
+

3
√
2

16

(√
2

32
+

√
1 +

1

2

1

162

)
+

3

10√√√√√√√√√√2

(
1− 1

22
√
2

)


1(√
2

32
+

√
1 +

1

2

1

162

)2 − 2
√
2

16

(√
2

32
+

√
1 +

1

2

1

162

)
− 3

10


≤ 0.682,

which implies that δ(vf ) ≤ 1

2
. Therefore, (xf , sf ) lies in the quadratic convergence

neighborhood with respect to the µ+−center of (Pν+). □

3.3. The scaled search directions and the value of the parameter θ

In this subsection, we will proceed as in Sections 5.2 and 5.3 in [29]. We apply Lemma

5.5 in [29] on system (10) with u = dfx, z = dfs , a = θνvs−1r0q and b =
cosh(e)

cosh(v)
− v, and

we get∥∥dfx∥∥2 + ∥∥dfs∥∥2 ≤
∥∥∥∥ cosh(e)cosh(v)

− v

∥∥∥∥2 + 2

(∥∥θνvs−1r0q
∥∥2 + ∥∥∥∥ cosh(e)cosh(v)

− v

∥∥∥∥∥∥θνvs−1r0q
∥∥) .
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Following the same procedure used to obtain (20), we obtain∥∥dfx∥∥2 + ∥∥dfs∥∥2 ≤ 8δ2 + 2
(∥∥θνvs−1r0q

∥∥+ 2
√
2δ
)∥∥θνvs−1r0q

∥∥ .
From [29], we have ∥∥θνvs−1r0q

∥∥ ≤ 3nθρ(δ)
(
2 + ρ(δ)2

)
.

These last two inequalities imply that

∥dfx∥2 + ∥dfs∥2 ≤ 8δ2 + 6nθρ(δ)
(
2 + ρ(δ)2

) (
3nθρ(δ)

(
2 + ρ(δ)2

)
+ 2

√
2δ
)
. (23)

At this stage, we specify the value of the parameter θ as follows

θ =
1

22n
.

Using this special value of θ, we can easily verify that

8δ2 + 6nθρ(δ)
(
2 + ρ(δ)2

) (
3nθρ(δ)

(
2 + ρ(δ)2

)
+ 2

√
2δ
)
≤ 3

5
. (24)

By Corollary 3.8 we conclude that for n ≥ 2, δ ≤ τ = 1
16 and θ = 1

22n , the iterate
obtained after the feasibility step is strictly feasible and lies in the quadratic convergence
neighborhood with respect to the µ+−center of (Pν+).

3.4. Iteration bound

We arrive at the final result of this section which summarizes the complexity bound. As
we found in the previous sections, starting from an iterate (x, s) satisfying δ(x, s;µ) ≤
τ with τ and θ previously defined, the new iterate (x+, s+) is strictly feasible and
δ(x+, s+;µ

+) ≤ 1√
2
. Therefore, we may state the main result of the paper.

Theorem 3.9. If (P ) has an optimal solution (x∗, s∗) such that ∥x∗∥∞ ≤ ξp and
∥s∗∥∞ ≤ ξd, then after at most

88n log
max{(x0)T s0, ∥r0∥}

ϵ

iterations the algorithm finds an ϵ−solution for the monotone LCP (P ).

P r o o f . Recall that in each main iteration, both the duality gap and the norm of the
residual r are reduced by 1− θ. Thus letting K be the number of µ−updates before one
ϵ−solution is obtained, one has

e(x, s) ≤ (1− θ)K e(x0, s0) ≤ ϵ,

with e(x, s) = max(xT s, ∥r∥) and r = s−Mx− q. Thus,

K ≤ 1

log(1− θ)
log

e(x0, s0)

ϵ
=

1

log(1− θ)
log

max((x0)T s0, ∥r0∥)
ϵ

.
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Using the fact that θ > log(1− θ) for any θ ∈ (0, 1), we arrive at

K ≤ 1

θ
log

max((x0)T s0, ∥r0∥)
ϵ

.

Setting θ = 1
22n , we conclude that the total number of µ−updates (outer iterations)

before one ϵ−solution is obtained is bounded by

22n log
max((x0)T s0, ∥r0∥)

ϵ
.

Moreover, according to Remark 3.4, the number of centering steps required to obtain
iterates that satisfy δ(x+, s+;µ+) ≤ τ is at most 3. This implies that the number of
inner iterations in each main iteration is at most 4. Knowing that an upper bound for
the total number of iterations is obtained by multiplying the number of inner and outer
iterations, we deduce that the total number of iterations needed by the algorithm to
obtain an ϵ−solution of the monotone LCP (P ) is bounded by

4× 22n log
max((x0)T s0, ∥r0∥)

ϵ
= 88n log

max((x0)T s0, ∥r0∥)
ϵ

.

□

4. NUMERICAL TESTS

In this section, we showcase the practical efficiency of the proposed algorithm outlined
in Algorithm 1 by performing some preliminary numerical tests. Our experiments were
directly implemented in MATLAB R2012b and performed on Supermicro dual-2.80 GHz
Intel Core i5 server with 4.00 Go RAM.

4.1. Comparison with the infeasible interior-point algorithm outlined in
[40]

First, we compare the practical performance of our algorithm (Alg. 2) with the infeasible
IPA (Alg. 1) proposed by Zhang et al. [40] which is based on the locally KF ψl defined
as follows

ψl(t) = (1− t)2, ∀t > 0.

For each algorithm, we choose the suitable theoretical values of the parameters τ and
θ that guarantee the convergence. Both considered algorithms share the same threshold

parameter τ =
1

16
and accuracy parameter ϵ = 10−4 while having different θ : θ =

1

22n

for Alg. 2 and θ =
1

33n
for Alg. 1. Both algorithms were implemented in MATLAB and

were tested on 6 LO problems from the Netlib repository. We first need to transform
them into LCP form as follows.

Let’s consider the linear program in primal-dual standard form

(LPP ) min cTx s.t. Ax = b, x ≥ 0,
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(LPD) max bT y s.t. AT y + s = c, s ≥ 0,

with A ∈ Rm×n, x, s, c ∈ Rn and b, y ∈ Rm. It’s well-known that solving (LPP ) and
(LPD) is equivalent to solving  Ax = b, x ≥ 0,

AT y + s = c, s ≥ 0,
xs = 0.

(25)

Defining the matrix M and the vector q as follows

M =

(
0n,n AT

−A 0m,m

)
and q =

(
c
b

)
,

system (25) can be reformulated as a LCP of form (P ).
The results are summarized in the table below. For each example, we use bold font

to highlight the best (i.e., the smallest) iteration number.

Problem Alg. 1 Alg. 2

afiro 59067 39374

blend 133426 88947

sc50a 86698 57795

sc50b 86326 57548

sc105 197944 131959

sc205 221576 147713

Tab. 1. Total number of iterations for some Netlib problems.

Based on the results presented in Table 1, we can clearly see that our algorithm
outperformed Alg. 1 with a difference in iteration numbers that can amount up to
73863. In fact, our algorithm achieved the best iteration number in all the realized
experiments.

4.2. The effect of the parameter θ

We first investigate the effect of the barrier update parameter θ on the computational
performance of the algorithm. The latter was tested for several values of the parameter
θ to solve the monotone LCP (P ) with M and q defined as follows

M (i, j) =

 1 if i = j,
2 if i < j,
0 otherwise,
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and q = −e. We start by an initial point (x0, s0) = (ξpe, ξde) with ξp =
1

2
and ξd = 1.

For this example, we set ϵ = 10−4, τ =
1

16
, and

θ ∈
{
0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7,

1

22
,
1

16
,

1

22
√
n
,

1

22n
,

1

16
√
n
,

1√
10n

,
1

20 + n

}
.

Our algorithm solved the aforementioned example for sizes

n ∈ {5, 10, 25, 50, 100, 200, 500, 1000}.

The results are summarized in Table 2.

θ
n

5 10 25 50 100 200 300 500 1000

0.01 1037 1173 1330 1440 1547 1652 1713 1789 1893
0.05 204 230 261 283 303 324 336 351 371
0.1 99 112 127 138 148 158 164 171 181
0.2 47 53 60 65 70 75 78 81 86
0.3 30 34 38 41 44 47 49 51 54
0.4 21 24 27 29 31 33 34 36 38
0.5 16 18 20 21 23 24 25 26 28
0.6 12 13 15 16 17 19 19 20 21
0.7 9 10 12 13 13 14 15 15 16
1

22
225 254 288 312 355 357 370 387 409

1

16
126 183 208 225 241 258 267 279 295

1√
10n

69 112 205 317 484 734 934 1263 1893

1

22n
1142 2587 7344 15908 34177 73003 113556 – –

1

22
√
n

508 815 1464 2244 3411 5155 6548 8835 –

1

16
√
n

368 591 1063 1630 2479 3747 4760 6423 –

1

20 + n
256 348 595 1006 1857 3643 5498 9340 –

Tab. 2. Number of iterations for different values of θ.
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From Table 2, we can see that the number of iteration is effected by θ. In fact, θ = 0.7
outperformed all the other values with a difference in iteration numbers that can amount
up to 113551, while for θ = 0.6, the obtained iteration numbers are always close to the

best ones. Furthermore, the algorithms with θ ∈
{

1

22
√
n
,

1

22n
,

1

16
√
n
,

1

20 + n

}
failed

to converge for the number of variables considered in this subsection.
The same conclusion can’t be drawn for other LCP problems. However, although the

convergence of the algorithm for constant values of θ is not theoretically guaranteed,
these constant values can perform better than the theoretical values of θ which depend
on the size of the problem.

4.3. Comparison with feasible interior-point algorithm outlined in [1]

In this subsection, numerical tests were carried out to compare our algorithm (Algorithm
2) with the primal-dual IPA introduced by Amini and Peyghami (Algorithm 1) [1]. The
latter is based on the following exponential KF

ψA (t) =
t2 − 1

2
−
∫ t

1

ey
−p

e
dy, ∀t > 0,

with p = 1. Since Algorithm 1 is a feasible IPM, it requires a strictly feasible starting
point. That’s the reason we used the self-dual embedding model [34] to enable the
start of the algorithm. Both algorithms were implemented to solve a set of 6 problems
from the Netlib repository. Each algorithm was tested for ϵ = 10−8, τ = 2n and
θ ∈ {0.1, 0.2, 0.25, 0.3}. The number of iterations and the CPU time (i.e., the time
required to obtain an ϵ−approximate solution) for every problem are presented in tables
below.

Problem Algorithm 1 Algorithm 2

afiro
iter
CPU

246
21.5334

306
0.6426

blend
iter
CPU

235
34.1202

292
4.3859

sc50a
iter
CPU

241
23.1407

283
2.3707

sc50b
iter
CPU

244
22.5959

282
2.1385

sc105
iter
CPU

245
49.8902

300
7.2078

sc205
iter
CPU

281
169.9907

332
29.1676

Tab. 3. Total number of iterations for θ = 0.1.
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Problem Algorithm 1 Algorithm 2

afiro
iter
CPU

276
26.2152

145
0.7731

blend
iter
CPU

129
29.4119

139
2.3022

sc50a
iter
CPU

256
27.6686

134
1.1886

sc50b
iter
CPU

256
27.6358

133
1.1362

sc105
iter
CPU

267
57.1004

142
3.4786

sc205
iter
CPU

274
284.2934

157
13.2209

Tab. 4. Total number of iterations for θ = 0.2.

Problem Algorithm 1 Algorithm 2

afiro
iter
CPU

292
26.4725

122
0.6402

blend
iter
CPU

185
37.5712

107
1.5542

sc50a
iter
CPU

272
27.4236

104
1.0647

sc50b
iter
CPU

277
28.047

104
1.0695

sc105
iter
CPU

281
57.5442

110
3.0222

sc205
iter
CPU

287
169.428

122
10.1915

Tab. 5. Total number of iterations for θ = 0.25.

Problem Algorithm 1 Algorithm 2

afiro
iter
CPU

305
27.26

91
0.5055

blend
iter
CPU

235
39.4938

87
1.3347

sc50a
iter
CPU

291
28.7867

84
0.9437

sc50b
iter
CPU

297
28.742

84
0.9012

sc105
iter
CPU

299
59.3844

89
2.3971

sc205
iter
CPU

305
126.4622

98
8.5558

Tab. 6. Total number of iterations for θ = 0.3.
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Based on the results presented in Tables 3-6, we can clearly see that

• our algorithm outperformed Algorithm 1 in most cases, achieving the lowest iter-
ation count in over 70% of the conducted experiments.

• the CPU time required by Algorithm 1 is considerably higher than that of our
proposed method. In certain cases, Algorithm 1 required up to 53 times more
computation time. Although Algorithm 1 might involve fewer iterations (Tables
3 and 4), it is slower because it employs the self-dual embedding model [34] to
ensure a strictly feasible starting point, which effectively increased the problem size
compared to the original formulation. Another contributing factor is the presence
of the expression e

1
t in the definition of the KF of Algorithm 1. For values of

t ≲ 0.0014, this expression exceeds the numerical range that can be represented in
Matlab, resulting in overflow ([8]). Since such small values of t arise in the vector
v during execution for some test problems, Algorithm 1 may require substantially
more time to reach the desired solution.

5. CONCLUSIONS AND REMARKS

In this paper, a full-Newton step infeasible IPM for solving monotone LCP problems
based on a new hyperbolic KF is proposed. The new KF has a finite value at the
boundary of the feasible region. With appropriate choices of the threshold parameter τ
and the barrier update parameter θ, we proved that our algorithm is well-defined and has
the same complexity as the currently best known infeasible IPAs for monotone LCPs.
Finally, the numerical results indicate that the algorithm performs well on a set of LCPs
generated from some Netlib problems. However, more numerical testing is necessary to
draw more definite conclusions about the behaviour of the algorithm.
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