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KYBERNETIKA — VOLUME 62 (2026), NUMBER 1, PAGES 77-98

PRESCRIBED-TIME PINNING CONTROL
FOR DELAYED MEMRISTIVE NEURAL NETWORKS
VIA EVENT-TRIGGERED STRATEGY

XIAOWEI MENG, YANLIN ZHU, HUA ZHANG AND QUANJUN WU

This paper investigates the issues of prescribed-time synchronization for memristive neural
networks with time-varying delay by event-triggered pinning control. To conserve resources
and enhance control efficiency, two event-based control schemes and the measurement error
function are obtained. Then, using Lyapunov stability theory and inequality techniques, some
sufficient conditions are obtained to ensure the prescribed time synchronization of the response
system and the drive system. Furthermore, under the two event trigger conditions, a positive
lower bound on the inter-event time is derived respectively to ensure that Zeno behavior can
be excluded during the whole time span except the prescribed settling time. Finally, numerical
simulations are provided to illustrate the effectiveness of the obtained theoretical results.

Keywords: prescribed-time synchronization, event-triggered control, pinning control,
memristive neural networks, Zeno behavior

Classification: 93C10, 34D06, 34D20

1. INTRODUCTION

The memristor, as the fourth basic element describing the relationship between charge
and magnetic flux, was first proposed by Professor Chua in 1971 [3] and experimentally
verified for the first time in 2008 at H-P laboratories [12]. Memristors makes it possible
to achieve synaptic plasticity, which is a great advance in human simulation technology
Since the memristor is a kind of natural synapse that can more accurately simulate
the human brain, the memristor is introduced into the neural network to generate the
memristor neural network (MNN) [II]. In recent years, memristor neural networks have
been widely used in pattern recognition [20], image processing [4], pattern classification
[21] and other application fields.

As is well known, event triggered control technology is an emerging discrete control
technology in recent years, which has attracted much attention. Compared with con-
tinuous control methods, discontinuous control technology such as intermittent control
[24], impulsive control [19], sampled-data control [22], and event-based control [I7], etc,
can reduce the control burdens. Different from other discontinuous control techniques,
event-triggered control can decide when to execute a certain control strategy to ensure
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the proper operation and stability of the system. In recent years, the application of event
triggering control to study the dynamic behavior of neural networks has attracted wide
attention [5], 16 [I7]. For example, Wang investigated the global stochastic exponential
stability of MNN under multiple network attacks by designing a dynamic event-triggered
controller [I7]. When large-scale neural networks are involved, it is impractical to exert
control on each neuron, so it makes sense to guarantee synchronization by adopting a
pinning control scheme, in which the controller is only added to a fraction of the sys-
tems to save control costs. In the synchronization of neural networks, many effective
pining control schemes are proposed [7], 25, 28]. For instance, Guo applied distributed
pinning control to study global exponential synchronization of multiple memristor neu-
ral networks in the presence of external noise [7]. Therefore, it is feasible to realize the
synchronization of MNN via event-triggered pining control.

Many practical systems require consensus or synchronization to be reached within a
specific time period, making it crucial to analyze and construct controllers to achieve
faster convergence. Therefore, finite-time convergence is proposed to increase the rate
of convergence, and it can achieve synchronization in finite time. For example, Ai ad-
dressed the problem of global finite-time stabilization by dynamic state feedback for a
class of stochastic nonlinear systems [I]. But in fact the time required to reach syn-
chronization depends on initial conditions. In order to make up for the deficiency of
finite time convergence, fixed time convergence is proposed, which has the advantages of
fast convergence speed and strong anti-interference ability. For instance, Gong studied
finite/fixed-time synchronization problems for coupled MNNs [6]. However, it relies on
other system parameters and still cannot be arbitrarily set by the designer according to
actual needs. In order to make the settling time not affected by the initial state and
system parameters, the prescribed time (PT) convergence is proposed, which is also the
focus of research in recent years. Besides, such a technique was successfully used to
solve prescribed-time consensus problem for dynamical networks [I0], multi-agent sys-
tems [8], and neural networks [23]. However, there are few results for prescribed-time
synchronization of MNNs by applying event-based control so far.

Based on the above analysis, we can see that it is meaningful to realize the PT
synchronization of MNN by event triggering control. The main contributions include
the following.

1) An event-based pinning control is proposed for realizing the PT synchronization
of drive-response MNNs. The control is only applied to a portion of nodes and is
only updated when the designed trigger conditions are fulfilled. It therefore offers
more flexibility and applicability than many existing works.

2) The Lyapunov-Krasovsky functional selected in this paper avoids the use of any
positive definite matrix, thereby significantly reducing the computational complex-
ity in high-dimensional systems and large-scale coupled systems.

3) Two event triggering conditions are proposed, one with relatively fewer triggering
times can reduce communication resources, and the other can avoid continuous
state communication information between the drive-response systems.

The remainder of this paper is listed as follows. Section 2 introduces the drive-
response MNNs and preliminaries. Section 3 provides the results relating to predefined-
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time synchronization by applying event-triggered control. In Section 4, the numerical
simulations are presented. Finally, conclusions are drawn in Section 5.

2. PRELIMINARIES

Throughout this paper, the following notations will be used.
R = (—o00,+00) denotes the set of real numbers, Ry = (0,+00) denotes the set of
nonnegative real numbers, R™ be the space of n-dimensional real column vectors and

R™ "™ denotes the set of nxn real matrices, respectively. V = {17 2,..., N} be the set
of positive integer numbers. The norms we use in this article are all 1-norm, i.e. for
a vector x = (z1,%9,...,2x) ", ||z|| = Zf\il |z;|, and for a matrix A = [a;;] € RNV

|All = maxlgigN{Zévzl a;;}. And sign(-) denotes the signum function.

2.1. System description
Consider the following drive MNNs with time-varying delays described as [13]

N

Zi(t) = —dizi(t) + Za” 2i(t)) £ (2(1) + > bij (i) £ (2t — 7(1)), i €V (1)

Jj=1

where z;(t) is the state variable of the ith neuron at time t; d; > 0 is the self-inhibition of
the ith neuron; 7(t) is transmission delay; f;(z;(t)) represents the neuron input—output
activation of the ith neuron; a;;(z;(t)) and b;;(x;(t)) are the memristive feedback con-
nection weight and the delayed feedback connection weight, for i,j € V. Based on
the features of memristors, the memristive connection weights a;;(z;(t)) and b;;(z;(t))
satisfy the following conditions:

aij(zi(t)) =

1"

{a;j, if |2:(8)] < ki,

aij, if |{I?Z(t)| > ki,
by (i (1) {b;j’ 0] = b
ij \Li = " .

bij if [z (t)] > ki,

ijs @i b;j and b;lj are all known constants.
Throughout this paper, denote @;; = max{\az-j|, |a;/j|}, bij = max{|b 1,155}, A =

(aij)NxN, and B = (E’j)NxN, for 1, € V.

where k; is the switching threshold, and a;

'Lj|

Remark 2.1. Aswe all know, MNNSs can be seen as a state-dependent switching system,
The switching signal depends on state. If the memristive connection weights a;;(z;(t))
and b;;(z;(t)) keep fixed values, i.e. a/ = a;/], b;j = b;; for i, 7 € V, then MNNs can be
degraded into the version in [26].

The controlled response system of can be described as follows

Yi(t) = —diyi(t) + Zaw yilt f] y;(t JF wa i) f; yj( (t))) +u(t), (2)
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where u;(t), for i, j € V, is a controller designed for synchronization of the drive system

and response system (2).
Let the synchronization error e;(t) = y;(t) — x;(t), then the error system of systems

and can be formulated as

N

N
€i(t) = —dies(t) + > ai;(yi()g; (t) + D bi(yi()g; (t — 7(1))
j=1

j=1

(3)

WE

N
+, (aij (i (1) — aij(z:i(t))) f(x; (¢ +Z i (yi (1)) — bij (w4 (t)))
i (t —7(t))) + ui(t),

where g;(t) = fi(yi(t)) — fi(z:(t)).

<.
I

—_—

X f;

In addition, the error system can be transformed into the following vector form

é(t) = — De(t) + A(y)g(t) + B(y)g(t — 7(1)) + (Aly) — A(x))f(=(1))

T (Bly) - Ba)f (a(t — 7(1))) + U(2), @

where e(t) = (e1(t),. ,eN( )) , D = diag{dy,....dn}, f(t) = (H(t),. ..,fN(t)) ,
Alx) = (aij(2:())),,, = (a(wi(1)),,,,. Bl@) = ( i(@i(1)) e Bly) =

(biy (1)) .., U(E) = ( <> Lun®), g) = (a(®), - gn(®)

Before moving on, a tlme—varylng function in [2] is constructed as follows

T h
() e,

T+tg—t
1, if t € [T}, +00),

w(t) =

(5)

where h > 2 is a real number that can be given arbitrarily, o > 0 is the initial time and
T can be user-assignable, and T1= to + T

Due to the need for our results, necessary definition, assumption and useful lemmas
are introduced below.

Definition 2.2. (Yang et al. [23]) For system (3), if the prescribed-time T = to + T
satisfies

lim e(t) =0, and e(t) =0, for t € [Ty, +00), (6)

tA)Tl

then the prescribed-time synchronization is achieved, where T is the user-assignable time
and T3 is independent of initial states.

Definition 2.3. (Zhu and Jiang [29]) The system does not exhibit Zeno behavior if
i%f{tk.}rl — tk} > 0, for all k€N, there is no trajectory of the system with an infinite

number of events with a finite period of time.
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Definition 2.4. (Zhou and Wu [27]) For a function W: R™ — R,

D*W(t) = lim sup %[W(t +¢) — W(t)] (7)

s—0+t

is called the upper right-hand Dini derivative of W.

Assumption 2.5. (Wang et al. [I8]) The activation function f; : R — R, is bounded,
i.e. there exist constants M; > 0 and I; > 0, such that

[fi(@)] < Mi, [fi(x) = fi(y)] < lilz —y. (8)

Remark 2.6. Assumption [2.5]is the Lipschitz condition. In practice, many practical
models satisfy this assumption, such as Hopfield neural network, Chua circuit system,
etc. Therefore, this paper assumes that Lipschitz condition is satisfied.

Assumption 2.7. (Liu et al. [9]) The time-varying delay 7(t¢) is differentiable and
satisfies 0< 7(t) <7, 7(t) < p < 1.

Lemma 2.8. (Chen et al. [2]) If there exist a positive definite and continuously differ-
entiable function V: R" — R, and positive constants 51 > 0, B3 > 0, % — 01 < B3 < %
such that

wr )V () + o (1), t € [ty,Th),

wr (V (1), t € [T, +00),

where 17 = to + T, then the system (3) is said to be globally PT synchronization with
the settling time T

A sufficient condition for the prescribed-time stability was supplied in [I§], which
requires that V() < —bV (t) — Q%V(t) < 0 with ¢ € [0,00) and b > 0. However,
the result in Lemma is different. It can be seen that V(¢) > 0 holds at some time
belonging to [tg, T1), which means that the condition in Lemma [2.8]is weaker and more
applicable. Furthermore, when dealing with non-smooth systems or using non-smooth
Lyapunov functions, the classical derivative tool may no longer be applicable. Hence, to
ensure the universality and rigor of theoretical analysis, this paper will conduct a stability
demonstration within the framework of Dini derivatives and the stability conclusion still

holds [30].
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2.2. The pinning control strategy relies on event-triggered mechanisms

Without loss of generality, let the nodes iq,1s,...,14,, be selected as the pinned nodes,
and the event-triggered pinning controller is designed as follows.

~ (gt (1) + @) et + a(@)pisign(ei(tk))} ~

+pi%1"%(t))81gn(€i(tk)) —ar “’h Zpﬁdgn ciltr))
Bj /t |gj(8))’ds’ t1=1,2,...,m,
1-p t—7(t)

0, t=m+1m+2,...,N

X

)

where o(tg) = Z;V:mH lej(te)], t € [tk,tht1), k € N, t5 are triggering time instants,
A(tg) = trp41 — tg is called inter-event time, o > 0, ¢; > 0, 6 and p; will be determined
later.

Remark 2.9. As mentioned in [25], pinning control can be applied to the synchroniza-
tion of MNNs. In fact, coupling relationship also exists in MNNs whose state of each
node can be influenced by other nodes. Such interaction implies that local disturbances
or changes in a single node can propagate through the network, potentially leading to
global behavioral changes. Therefore, by controlling only a subset of nodes and leverag-
ing the coupling relationships between nodes, synchronization of the entire network can
ultimately be achieved. Generally, increasing the number of controlled nodes results in
faster convergence speed and enhanced synchronization performance of the network, as
will be demonstrated in the subsequent numerical simulations.

To design an appropriate event-triggered control scheme, we define the measurement
error as

€i(t) = ei(tr) — ei(t). (10)
An event is triggered to update control when the measured error margin exceeds the
state dependent threshold which is prescribed below.

3. MAIN RESULT

This section proposes the two appropriate event-triggered schemes, so that the response
system can be synchronized with the drive system within predefined time.

3.1. The event-triggering condition is based on the error

Theorem 3. 1 Suppose that Assumption [2.5] and 2.7 hold, PT synchronization for the
drive system (|1) and response system . can be achieved within the prescribed time T
under the event-triggered condition as below

le] < sty + L2 )”@( NAmbh 4 ety ta), (11)
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where ¢ = kah + ThGmax, ¥ = T(—&maxlmax + dmin + tqmin ), and the s(t) is constructed

as
—b .
t), ift € [tg,t1),
s(t) = w7 (t) .1 [to,t1) (12)
0, if ¢t € [t1,+00),
and 0 < b < af, with the controller @[) satisfying

LQmin 2 max {07 gmaxlmax - dmin}v (13)
Di > Vis if sign(e;(t))sign (ei(tr)) >0, (14)

< =y, if sign(ei(t))sign(ei(tk)) <0,

where ¢ = min{1l,mé}, k = max{l mo}, & = Zf\il (aij + 15 p) b; = maxi<i<n{bij},

m N N
Zi:l Vi 2 Zi:l [Z] 1“(1 |+‘b ng ] 0 - mln1<2<m{71} 7/) gmaxlmax+
dmin + Gmin-

Proof. Construct the following Lyapunov-Krasovsky functional candidate

Z\e@ \+221_ / 9,(9) s (15)

=1 5=1

By calculating the upper right-hand derivative of V'(t) for ¢ € [tg,tr 1), and base on
the definition of b;;(y;) and b;;, we have

DYV £ s )| - st O+ 3 a0+ 300

N N
ng t_T +Z aZj yz aij(x( f] x] +Z ij yz
j=1 j=1

= bij(xi(t))) f5 (2 (t = 7(1))) + us(t } +ZZ
N N o
_Zzb ‘gJ t_T |
—1 j= N N
< ngn e;(t { die;(t) + Zaij vi(t))g; ) + Z (aij (y:i(1))

N
—aggw(O) £ (50) + 3 (i it —”m(t)))fj(xj(t—T<t>>)}
j=1

m

=Y [a0 gt @ettn) ~ gestn) - a0t (Opo(tsientes () - i
i=1
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N 7 t
h b,
o(ty)sign(e; (tg)) — a= wh Zpﬁlgn ei(ty))—— lgj ()| ds
T =1 L=p Jir)
— pisign (ex(ti)) — prsw? (D)sign (es(t)) | + ZZ b !g (16)
T 1j=1 ’
i=1 j=

It is obvious to obtain that

N
Zsign(ei(t —d;e;(t Zaz] yi(t ] + ZZ

i=1 j=1

N N N b
< Z _dz|ez(t)’ + ZZ (E'LJ + 17jp) |gj (t)|
=1 j=11=1 (17)
N N
< Z _dz‘ez(t)’ + Z{jl]‘ej(t”
i=1 j=1
’ N
S(_dmin + gmaxlmax) Z |ei (t) | .

i=1

Based on the definition of measurement error €;(t), one can deduce

1

Zsign(ei(t)) [ - (a%w% (t) + gi)ei(ty) — h wh ( Zp,81gn € tk

1
/t_T(t) |95(s))| ds — pi(a%w% (t) + qi)sign(e;(tx)) j:%;rl |€j(tk)|:|
h 1 m 1 N Ej t
<—azw (t);|el(t)| Mo (t); 1—p/_7( | 19, (5))] ds
oin D €4(0)]+ (0 F (1) + man) D (1) = ma(a%w%(t)
% lN . =1 N (18)
+ len) Z |€J(t)‘ + mH(aTwE(t) =+ Qmax) Z |€](t)|
j=m+1 Pl
i o, N N 7
FOD_leilt)] Lqmm2|e 79aTW(t).Z,Z e
t hoy N
X /t_T(t) |95(s)) | ds + fi(afwh (t) + Gmax) j_mz:ﬂ le; (1)

h o al h o
<vazwh BV () - Umin »_lei(t)] + AW (1) + Gumax) > el

=1 Jj=m+1
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where ¢ = min{1,mf}, x = max{1,mf}, v = min{1, 2¢
Based on , it is easy to prove that

- h 1 N N
_Z(pi +pifwﬁ(t))sign(ez( ))sign(e;(tx)) + Z [ (ai; (1 (1) — ayj (z: (1))
N
X fj(«Tj(t)) + Z (bij(yi(t)) — bij(.fci(t)))fj (xj(t — T(t))):|
- (19)
- S - ! " ! & “ h 1
== Z% + Z Z“%‘ — |+ [bi; = by || M | — Z%?wﬁ(t)
h 1
< - mHTwh (t)

According to the event-triggered condition and the fact that w (¢) € [1,+00),
one can deduce

N

h 1
+ < noot
D V(t) s ( min + gmax max — {Gmin ; ‘ez I/OZT’U)’ (t)V(t)
h 1 N h 1 (20)
+ ﬁ(af + qmax)wh (t) Zzzl le; (t)] mefwh (t)
<- ﬂhw%(t)wt) + H(O‘—h + G )W (£)s(1).
T T
In view of , one has
DYV(t) < —61%w%(t)\/(t) + Bow (1), t € [to, T}),
h 1

DYV (t) < —PrmwE OV (D), t € [Ty, 400), (21)

where 81 = va >0, B = /@'(O‘gh +qmax) > 0, ﬁg = ﬁ - b.

As 0 < b < ad, it guaranteeb that L = b1 < h —-b< h Therefore, we can conclude
that the systems and (2)) can achieve PT synchronization referring to the results
presented in Lemma The proof is finished. O

Remark 3.2. Compared with the continuous controller reported in [15], the cumulative
error e;(t;,) in controller ([9) is only updated when the triggering condition is fulfilled,
requiring less computational burden when determining the control signal. It should be
pointed out that, the continuous communication between drive system and response
system is still required in order to compute the error item |e(t)| in the trigger function

(D).

Considering the constant time delay, i.e. 7(t) = 7, p = 0, we get the following

Corollary [3:3]
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Corollary 3.3. Suppose that Assumption [2.5] holds, PT synchronization of the drive
system and response system can be achieved within the prescribed finite time T’
under the event-triggered condition as below

dw ™ (1) e(t)] + 6h
(p b

where Y= kach + T'%Qmam w = T(_gmaxlmax + dmin + Lqmin) 6] Zz 1(a11 + bz])

le@I < s(t) + t € [thsthya), (22)

Zeno behavior, a phenomenon of infinite number of samplings in a finite period of
time, needs to be avoided when applying event-triggered control. Next, we ensure that
Zeno behavior can be excluded during the control process by showing the existence of a
positive lower bound of inter-event time.

Theorem 3.4. Given the protocol @D Wlth triggering condltlon , the system .
has no Zeno behavior for [ 0, T'] and [ T, 400), where T and T are arbitrary values
satisfying T <T, <T".

Proof. According to the proof of Lemma [2.8] we have
V(t) < (V(0) +x)w™ x (0), (23)

where x = % > 0.
Based on and w~°(t) € (0,1], one has

N N E t
e = V) =323 7 [ (o)1 ds < V) (29

We can get o(t) < [le(te)]| < (V(0) 4 x). For t € [tg,txs1)€ [to,T), consider the
derivative of ||e(t)||

D)l <lle@)ll = el
= H—De () + A() f (y(t) — A(x)f (x(t) + By)f (y(t — 7(1)))

wh(D)e(ts) — ok (1o (1) Psign(e(ts)

Nl =

(t—T ) «@

— Qelt) — PQultu)sign(e(n) — agut () Psign(e(tn)) 1

=

' o
X /tT(t) lg(s)|ds — (P + PTwE(t))&gn(e(tk))H

< ID1lle)l + 214l + IIPII)IIMH + (a%w%(t) +1QI) lle(t)

Bl 1
||g HdS+Z|pz|+ wh (1)

/0 t—‘r

XZ|p1|+sza wh o(tx) "‘Z%M (tr)
i=1

otk s 2L
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< [I1Dllle@®1 + DI + el + a%w%(tkﬂ)(V(O) +x)+2 [IAII +11Bll

h . B h
+ anwﬁ(tk+1)”PH 1Bl } 1M+ (1+ Twh (try1) ; |pil

sz wh tk+1 + Z szl (O) + X)

=1

= ||DH||€( )=+ (25)
where M = (M1, M, ..., My)", Q = diag{q1,q2, - -,qm,0,...,0}, P = diag{p1, pa2, ...,
Pm,0,...,05,B = (b1, ba,...,bxn), n = (| D] + Q| +afwﬁ(tk+1)(v(0) +x)+2 {AH +

Bl +arLw? (tg)]| Pl 'B'] [ M|+ (L4 B (trer) S0 [pil +(0 ) qrakew (b)) +
S aipi)(V(0) + x).

Due to ||e(tr)]| = 0, then consider the following differential equation
D [le(t)|l = [Dlle(®)[l + n,
le(tx)]] = 0.
Hence, we have
_ N I DIl (t—tx)
el = - (e -1). (26)
1Dl
According to comparison principle, (25)) can be solved by
el < ” o (/1 =), (27)

And the event triggered condition (1)) implies that

pwh (8)e(t)]| + 0

lle(trsr)ll = s(t) + " (28)
Based on and , it is easy to prove that
ID]ls(t) | |ID]|gw = (¢) |D|[6h

Atg) > In [1 + + e(t)|| + —1. 29
(tr) > ”D” 0 le(®)] " (29)

When ¢ € [0,T'], since s(t) > 0, |e;(t)| > 0, we have

1 | D||6h
Atg) > —1In { — > 0. (30)

1D 12

where 7 = (|| D]| + |QI| + a8 f-w (tr41)) (V(0) + x) +2 {IIAII + Bl + ar Bw (tr41) | P

s ABL M|+ (14 2w (t40)) S0 Ipil+ (S piwd () + 200, aip) (V(0)+0)-
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When ¢ € [T, 400), one has

1 |D||6h
In[1 + == > 0, (31)
1Dl ne

Altg) >

where 7 = (|[D|| + Q] + af7)(V(0) +x) + 2|l 4]l + | B]| + aT%Ilpllpr'] M| + (1 +

RS [pil+ (S0 poor i+ 30 qipi) (V(0)+x). Therefore A(ty) > rhr In[14+121%] >
0. It thus completes the proof.

Remark 3.5. It should be pointed out that, when ¢ — T, the function w(t) — oo,
and Zeno behavior may occur at ¢ = Ty. Moreover, there is no doubt that Zeno be-
havior, if it exists, must have occurred at some point fairly close to the settling time.
This is reasonable because the control law should be updated at a higher frequency to
achieve more precise control. In order to avoid w(t) be quite large, one may select some
T* sufficiently close to T} subject to T < Ti, and set wh (T*) = 0. Thus the response
system will approach certain small neighborhood of the drive system and remain un-
changed. Similar to articles [10], this technique suffices to avoid the Zeno phenomenon
at 77, manifesting the applicability of our design in practice.

3.2. The event-triggering condition is not based on the error

In the following, we present a sufficient condition on synchronization with more conser-
vative trigger function, which can avoid continuous state information.

Theorem 3.6. Suppose that Assumption holds, the drive system and response
can realize PT synchronization under the event-triggered condition as below

T fox ) 1) — s(e) — PRE) - mbh
||D”( p(ID[|(t —tr)) — 1) — s(t) " <0, (32)

where ¢ € [ty tit1), p(t) = (V(0) + x)w’ =% (t), q;, pi satisty and (L4), ¢, ¢ and ¢
are defined in Theorem [B.1]

Proof. Based on and , one has

N

NXNCp. gt
ECIEICES ) OFey N ICIEE

i=1 =1 j=1

(33)
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Under the event-triggered condition , and according to and one can deduce

N

D+V(t) S(_dmin + fmaxlmax - LQmin) Z |€Z(t)| - Twﬁ(t)V(t)
i=1

ah 1 N h 1

+ H(? + qmax)w?(t) Z le; ()] — mGTwW(t)

< — %(V(O) + X)wﬁr%(t) - m%w%(t)va) - ma%w%(t)
h | (34)

+ K,(O[? + Qmax)w L( ) ||D|| (exp (H‘D”(t - tk)) - 1)

< - %(V(O) +x)ws T (1) — a@%w% OV (t) — me%w% (t)
(aeh + qmax) %(t)s(t) (a% + Qmax) ﬁ( )W
< - ua%w%(t)V(t) + /ﬁ(oﬂ% + qmax)w%(t)s(t).
Then, in view of the definition of s(t) in (12)), one has

DYV (t) < ﬂl wk (OV(E) + Baw™ (1), t € [to, T1),
DIV(1) <~ (OV (1), t € [Th, +00), (35)

where 81 = va > 0, B2 = H(ae% + Gmax) > 0, B3 = %— b. Therefore, the PT
synchronization can be achieved. The proof is completed. |

Considering the constant time delay, i.e. 7(t) = 7, p = 0, we get the following

Corollary

Corollary 3.7. Suppose that Assumption 1 holds, PT synchronization for the drive
system and response system can be achieved within the prescribed finite time T
under the event-triggered condition as below

(exp (I D][(t — t)) — 1) — s(t) — LD+ 0P

<0, (36)
HDII a

where t € [tk,thrl), QY = rabh + Tliqmax, w = T(_gmaxlmax + dmin + Lqmin); gj =
N -
>im1(@ij + bij).-

As the similar proof of Theorem [3.4] the next result can be derived to avoid the Zeno
behavior.

Theorem 3.8. The Zeno behavior can be excluded during the whole time span except
the prescribed settling time Tj in the case of Theorem [3.6]
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Proof. By the definition of triggering time instants, when ¢ € [tg, tx41) we have

T Yu(t) + 0h
HDII (exp ([|DfI(t —tx)) — 1) — s(t) — - > 0. (37)
One can derive that
1 IIDII(S(t)WrW(t) + 60h)
Altg) > D] In s (38)

Next, we prove that A(tx) is uniformly bounded away from zero.
When t € [0, ], since s(t) > 0, ¥ >0, n <7, then it follows that

s(t) + pu(t) +0h _ pulty) + 0h

k > 0. (39)
ne ne
e ! | DI ((te) + 6h)
w(ty) +
A(ty) > —In {1+ — } > 0. (40
)2 1o = )
When t € [T”,oo], based on and , one has
1 DI [ (V ()+x)+9h]]
Aty) > —1In |: + > 0.
)2 1] e

The proof is completed. g

Remark 3.9. By the triggering condition , it can be seen that the continuous state
communication between drive system and response system is avoided to determine tj.
Compared with Theorem 3.1} the triggering conditions of Theorem [3.6] are more applica-
ble, but the cost of the control scheme is relatively high due to the increase in triggering
times, indicating that the triggering conditions of Theorem and Theorem have
their own advantages and disadvantages in terms of applicability and reducing commu-
nication resources. This phenomenon will be further illustrated through the numerical
simulations in the next section.

4. NUMERICAL SIMULATION
Example 4.1. Consider the 4-D MNNs described by:

4

i(t) = —dim;(t Zam 2 (0)F (1)) + D b (w (0) f (2t = 7(1))), i €V, (41)

Jj=1

where V = {172,3,4}, d1 = d2 = dg = d4 = 47 Tl(t) = Tg(t) = Tg(t) = T4(t) = 02, which
implies that p =0, and

—28 285 —26 18
A | L7529 036 26
T =031 —11 155 —13|°

2.6 1.2 1.8  2.65
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-29 28 -25 19
Z 1.75 28 031 26

A =103 -13 155 -13|°
26 121 1.8 265
—0.11 0.38 —0.55 0.93
5 _ |06 —008 -12 09
~|-05 -16 -15 -17|°
08 1.7 —15 —15
—0.1 —0.38 —05 0.92
" —06 —0.11 —1.1 —0.9
B =1\_055 —17 —15 —17|° (42)
08 1.6 —15 —15
— es(b)
10 ey(t)
— es(t)
— e4(t)
.
2 9
.
0.0 0?5 1?[) 115 2?0 215 3?0 3?5 4?0

Time (s)

Fig. 1. The trajectories of e;(t) without control under
(x1, 2, 3, T4) | = (—4.26, 5.35, —2.32, 3.502) ",
(Y1, y2, 3, ya) | = (4.12, —5.45, 2.27, —3.675) .

Take the activation function fi(s) = fa(s) = f3(s) = fa(s) = tanh(s), Obviously, the
activation function satisfying Assumption 1 with [y = lo =13 =1y = 1,M; = My =
Ms = M, = 1.

The controlled response MNN is defined as:

4

9i(t) = —diyi(t) + Z i (3 (8) £ (3 (8) + D b (53 (0) £ (93 (¢ = 7()) + wilt), (43)

Jj=1
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(a) (b)

Fig. 2. State error system trajectory and inter-event time under
by pinning a node chosen randomly with
(w1, T2, T3, T4) | = (—4.26, 5.35, —2.32, 3.502) ",
(Y1, Y2, Y3, ya) | = (4.12, —5.45, 2.27, —3.675) . (a) Synchronization
error trajectory. (b) Triggering time instants.

where uy () = — (a2w? (t)+q1) [el(tk)+a(tk)sign(el(tk))} — (pr+p1 Lt (1))sign (er (1))

- a%w%(t) Zjvzl pasign (e1(tr))b; fttiT(t) l9; ()| ds, t € [ty tis1), and us(t) = us(t) =
U4(t) =0.

Based on the conditions in Corollary we select T=3,tg =0, a=2,h=3, b=
0.2, g1 = 11.75. According to the definition of &, 6, ~;, it is easy to obtain that

& = 14.05, & = 15.06, &3 = 12.31, & = 15.25, 45 > 1.16. We choose v2,=1.165, then
0 = 1.165, and let p; satisfy

p1 =12,  if sign(ey(¢))sign(e; (tx)) > 0,
p1 = —1.2, if sign(eq(t))sign(e;(tx)) <O0.
Then we can derive the following event-triggered conditions

1) Event-triggering condition with error
le(e)]| < s(t) + 1/33w™ 7 (1) |e(t)]| + 4/55. (44)

2) Event-triggering condition without error

ﬁ(eXp (IDII(t = t)) — 1) < s(t) + p(t)/33 + 4/55. (45)

As shown in Figure (1] the drive system and response system cannot achieve
synchronization without controller. It can be seen from Figure [2fa) and Figure a),
PT synchronization of the drive system and response system are achieved with
controller within the theoretical synchronization time. Figure b) and Figure b) shows
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Fig. 3. State error system trajectory and triggering time instants
under by pinning a node chosen randomly with
(x1, 2, 3, T4) | = (—2.26, 1.35, —1.32, 2.502) ",
(Y1, y2, Y3, ya) | = (2.12, —1.45, 1.27,—-2.675) . (a) Synchronization
error trajectory. (b) Triggering time instants.

the accumulation of the triggering time instants is finite, which indicates that the Zeno
behavior is excluded during the control process practically. We can also observe that the
number of events triggered in Corollary [3.7]is significantly higher than in Corollary [3-3]in
Figure b) and Figure b). The event triggering technique was proposed to reduce the
control burden, indicating that the fewer the number of triggers within an appropriate
range, the better. Based on the above analysis, both triggering conditions have their
advantages and disadvantages. Although the triggering condition of Corollary can
avoid continuous state information between the driving system and response system, the
number of triggering times is significantly increased.

In addition, if we change the initial value, i.e. (z1, z2, x3, £4) " = (—2.26, 1.35, —1.32,
2.502) T, (y1, y2, 3, ya) | = (2.12, —1.45, 1.27,-2.675) T, drive system and response sys-
tem can still achieve synchronization at the PT, see Figure [3(a) and Figure [5a). This
further verifies that the initial condition do not affect the time when the drive-response
MNNs achieve synchronization within a prescribed time. Figure b) and Figure (b)
also show that the Zeno behavior is excluded during the control process.

Furthermore, increasing the number of controlled nodes generally accelerates the
convergence speed of the network. If we choose to control two nodes, one has y; + 2 >
1.16. We choose v, =0.466, 7, =0.7, then 6 = 0.466, and let p; satisfy

p1 = 0.5, if sign(eq (t))sign(ey (tx)) >
p1 = —0.5, if sign(eq(t))sign(es (tx)) <

{pg = 0.75, if sign(ey

(
p2 = —0.75, if sign(

€1
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o
040 042 02 026 0480

1004+ i i

)

Fig. 4. State error system trajectory and triggering time instants
under by pinning a node chosen randomly with
(x1, 2, 3, T4) | = (—4.26, 5.35, —2.32, 3.502) T,
(Y1, y2, Y3, ya) | = (4.12, —5.45, 2.27,-3.675) . (a) Synchronization
error trajectory of and . (b) Triggering time instants.

B 0.
f 030 ois  odw o3 o3

Fig. 5. State error system trajectory and triggering time instants
under by pinning a node chosen randomly with
(w1, T2, T3, T4) | = (—2.26, 1.35, —1.32, 2.502) T,
(Y1, Y2, ¥, ya) | = (2.12, —1.45, 1.27,—2.675) ". (a) Synchronization
error trajectory. (b) Triggering time instants.



Prescribed-time pinning control for memristive neural networks 95

And event-triggering conditions are
le(®)l] < s(t) + 1/33w™ % (1) [le(t)]| + 16/275, (46)
and

”T(exp (IDJI(t = tg)) — 1) < s(t) + p(t)/33 +16/275. (47)

n
|
As shown in Figure @(a) and Figure |§|(b), the convergence speed of controlling two nodes
is significantly faster than that of controlling one node. Furthermore, Figure @(b) and
Figure [6(d) also show that the Zeno behavior is excluded during the control process.

)
Event interval

1.0 {x soormoommnmonscxxxx xmmesmssoocx|

70 0475 0.480 0.485 0.490 0.495-0.500

Event interv:

Fig. 6. State error system trajectory by pinning two nodes chosen
randomly with (z1, ©2, x3, £4) = (—2.26, 1.35, —1.32, 2.502) ",
(Y1, Y2, y3, ya) | = (2.12, —1.45, 1.27, —2.675)". (a) State error

system trajectory under . (b) Triggering time instants under .
(c) State error system trajectory under . (d) Triggering time
instants under ([47).
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5. CONCLUSION

In order to achieve the PT synchronization of the drive-response MNNSs, a proper con-
troller based on the event-triggered pinning control has been designed in this paper.
Event triggering conditions with and without error have been proposed, and some suf-
ficient conditions have been obtained based on these triggering conditions to achieve
PT synchronization. Moreover, we have proved that the Zeno behavior is not exhibited
during the entire time span except the settling time 77. Finally, numerical simulation
results have showed that event-triggered control strategy can reduce the burden of the
network communication and the computational cost of the controller. In addition, we
will consider the PT synchronization of MNN with uncertainties, limited communication
bandwidth, and external stochastic disturbances via event trigger control in the future.
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