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ON GLOBAL ATTRACTIVITY
OF A HIGHER ORDER DIFFERENCE EQUATION
WITH ASYMPTOTIC CONSTANT COEFFICIENTS

ABDULAZIZ ALMASLOKH AND CHUANXI QIAN

ABSTRACT. Consider the following higher order difference equation

Tn+1 = AnTn + b”f(xn) + Cnf(l’n,k), n= 07 1’ ey
where f: [0,00) — [0,00) is a continuous function with f(z) > 0 for z > 0,
{an} is a sequence in (0,1), {bn} and {cn} are sequences in [0,1) with
an +bn +cn =1 and an, by, and ¢, are convergent, and k is a positive integer.
Our aim in this paper is to study the global attractivity of positive solutions
of this equation and its applications.

1. INTRODUCTION

Recently, the global attractivity of positive solutions of the following higher
order difference equation

(1.1) Tpt1 = axp +bf(xn) + cf(Tn_k), n=0,1,...,

has been studied in [1,[2}/27], where a,b and ¢ are constants with 0 < a < 1,0 <
b<l,0<c¢c<landa+b+c=1, f e C[0,00),[0,00)] with f(z) >0 for z >0
and k is a positive integer. The case when the sum of the main coefficients of a
higher order difference equation is equal to one is of a great interest and has been
studied a lot, see for example, |1}2}16}/17,[20}21},22,23}[24,27] and the references
cited therein. One of the reasons for this, is the fact that such difference equations
frequently model some processes in nature or society. For instance, consider the
following difference system

Tpp1 = (1 =€) f(zn) + €Yn,
(1.2) Ynt1 = (L —€)yn +ef(xy), n=0,1,...,
xOZOa y0207 $0+y0>07

where 0 < € < 1 is a positive constant, and f: [0,00) — [0,00) is a continuous
function with f(z) > 0 for > 0. Sys. (1.2)) is a population model proposed by
Newman et al. [14] which assumes symmetric dispersal between active population
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x,, and refuge population y,,. The chaotic behavior of positive solutions of Sys.
is studied in by numerical simulations, whereas in various properties of
solutions of are studied and several results on the asymptotic behavior of
solutions of Sys. are obtained. However, note that by a simple calculation,
Sys. can be converted into the second order difference equation

(1.3) Tnp1 = (1= €)zn + (1 =€) f(zn) + (26 = 1) f(zn-1).
Eq. (1.3) is in the form of (L.1) with a =b=1—¢€,¢ = 2¢—1 and k = 1. Hence, by

studying the global attractivity of (1.3]), several global attractivity results on the
positive solutions of Sys. (1.2) are obtained in [1}[2}[27].

Motivated by theoretical interest and the fact that in applications there are
often some unknown factors which might affect the coefficients of difference models
(see, for example, the model in and a related system in ), in the present
paper we study the following more general higher order difference equation

(1.4) Tnt1 = @nZp + 0nf(xn) + cnf(n-k), n=0,1,...
where f: [0,00) — [0, 00) is a continuous function with f(z) > 0 for z > 0, {a,} is
a sequence in (0, 1), {b,} and {c,} are sequences in [0,1) with a,, + b, + ¢, =1

and a,, b, and ¢, are convergent, and k is a positive integer.
When b,, = 0, then ¢,, = 1—a,, and so Eq. (|1.4]) reduces to the difference equation

(1.5) Tpt1 = anZp + (1 —ap) f(@n—k), n:0,1,...,7
The asymptotic behavior of positive solutions of Eq. (L.5)) and applications has

been studied by numerous authors, see for example, @'l@.ll...
[17,[18,[19,[23[24,26] and the references cited therein. In particular, when k =
Eq. (1.5)) becomes

Tnt1 = nZpn + (1 —an) f(zn), n=0,1,...,

which is often said to be a segmenting Mann interation or to be of Krasnoselskii-type
BA.

In the following discussion, we assume that f has a unique positive fixed point
Z, and that f satisfies the negative feedback condition

(1.6) (x—2)(f(x) —x) <0, ¢ #x.

Clearly, x is the only positive equilibrium of Eq. . In Section [2, we establish
some sufficient conditions for z to be a global attractor of all positive solutions of
Eq. (T-4). Then, in Section [} we will apply our results obtained in Section [3] to
some equations derived from mathematical biology.

In the following discussion, for the sake of convenience, we adopt the notation

[T, si=1and Y  s; =0 whenever {s,} is a real sequence and m > n.

2. MAIN RESULTS

In this section, we establish some sufficient conditions for the global attractivity
of positive solutions of Eq. (1.4). By noting the assumption (1.6) and by using an
argument similar to that for Lemma in , we may have the following conclusion

Lemma 2.1. Every positive solution {x,} of Eq. (1.4) is bounded and persistent.
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First, we deal with the case when {a,} converges to 1 as n — oco.

Theorem 2.2. Assume that

(2.1) lim a, =1

and

(2.2) > (bn + ) = 0.
n=0

Then every positive solution {x,} of Eq. (L.4]) converges to & as n — oo.

Proof. Let {z,} be a positive solution of Eq. . From Lemmawe know that
{z,} is bounded and persistent. Hence, there are positive constants R and r such
that lim sup,,_, ., » = R and liminf, . x, = r. We claim that R = r. Otherwise,
R > r. Let ¢ be any number with R > ¢ > r. Suppose that f(q) # ¢g. Then there
are two cases: f(q) > q or f(q) < q. Suppose that f(q) > ¢g. So, we can find a
constant 3 such that 0 < <1, R—r > fand f(z) >z forg—f <z < g+ . Let

A= min (f(z)—=).

q—B<z<q+p

By continuity of f, we see that A > 0. Noting a,, + b, + ¢, = 1, Eq. (1.4)) yields

Tn4+l — Tn = bn(f(‘rn) - xn) + Cn(f(xnfk) - fn)
Since (2.1)) holds, b,, — 0 and ¢, — 0 as n — co. Hence, it follows that

lim (241 — 2,) = lim b, (f(zn) — 2,) + lim ¢, (f(Zn_s) — x,) = 0.

n—oo n—oo n—0oo
Let N be large enough so that
B
(k+1D(N\+1)
We see that if z,, < q for every n > N, then R < ¢ which is a contradiction. So,
there is an n > N such that z; > ¢. We claim that z,, > ¢ for n > n. In fact, if
Tpn > q+ M}%, then by noting (2.3) we see that

BA BA
—  <ra <t

(k+1)(A+1) i (k+1)(A+1)

(2.3) |Tnt1 — zn| < forn > N — k.

Ipn —

and it follows that ¢ < xp41. If ¢ + m > xp > q, then

k—1
|{,Cn,k - Q| S Z |xn7k+m - xn7k+1+m| + |‘rn - CI|
m=0
BA BA B BA
SFErDoFD T EepoFn D ((k+1)()\+1)> <4
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Since f(r) > x for v —¢| < B and A = min|,_q<g(f(z) — ), we see that
f(@n—k) — xp—r > A Then it follows from Eq. (1.4) and (2.3)) that

Tp+1 = Tn + bn(f(xn) - xn) + Cn(f(xn—k) - xn)

k
Z Tn + bn>\ + Cn (f(xn—k) —Tpn—k — Z (|xn—m - In—m+1|)>

m=1

BA
> Ty +bpA+cp ()\ k(kJrl)()\Jrl))
k
(k+1(A+1)
By induction, we see that x, > ¢ for all n > N and thus r > ¢. This is a
contradiction. Hence, f(q) > ¢ is not true. By a similar argument, we may show
that f(q) < ¢ can not be true either. So, we have f(q) = ¢. However, this contradicts
the fact that f has a unique fixed point since ¢ is any number between r and R.
Hence, we must have r = R and it follows that {z,} converges.
Since x, converges, there is a constant p such that x, — p asn — oo. We
claim that f(p) = p. Otherwise, f(p) # p. Then,

and it follows that

o0

(2.4) Y bnlf(@n) = za] + enlf(@ni) = n]) = +00 (0r — o0)

n=0

since (2.2)) holds. However, from Eq. (1.4), we know that
Tn+1l — Tn = bn(f(xn> - (En) + Cn(f(xnfk) - xn)v n = 07 17 ceey

>xn—|—bn)\+cn)\<1— >>mn>q~

and so
n

Tni1 — w0 = Y (bilf (@) — @i + il f(wiok) — wi]).
i=0
This together with (2.4) implies that lim, ., , = +00 or —oo which contradicts
the fact that {x,} is bounded. So, f(p) = p, that is, p is a fixed point of f. Since
f has a unique fixed point z, we see that p = z. Hence {z,} converges to = as
n — oo. The proof is complete. [l

Our next theorem deals with the case when {a,}, {b,} and {c,} have limits,
but the limit of {a, } is not 1.

Theorem 2.3. Assume that {a,},{b,} and {c,} have limits a,b, c, respectively,

with a # 1. Suppose also that anx + b, f(x) is increasing in x and that f is

L-Lipschitz with

c(1 — ak+1)
c+ akb

Then every positive solution {x,} of Eq. (1.4]) converges to T as n — oc.

(2.5) L<1.
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Proof. First, assume that {z,} does not oscillate about . We show that {z,}
converges to z when x,, —x is eventually positive. The proof for the case that x, —Z
is eventually negative is similar and will be omitted. By Lemma we know that
{z,} is bounded and persistent. Let limsup,,_, ., 2, = R, then Z < R < co. We
need to show that R = z. First assume that {z,,} is decreasing eventually. Then
lim, .oz, = R. If £ < R, it follows from Eq. that

Lnt1 — Tn = bn(f(‘rn) - {,Cn) + Cn(f(xnfk) - xn)v
and so, by noting >~ (b, + ¢,) = o0,

n

Lo+l —To = Z (O (f(zm) — 2m)) + (em(f(Tm—k) = 2m)) — —00 as n — oo
m=0

m=0

which is a contradiction. Hence, R = Z. Next, assume that {x,} is not eventually
decreasing. Then, there is a subsequence {z,,, } of {z,} such that

(2.6) lim z,, = Rand x,,, >, 1

m—00

and so it follows from Eq. (1.4) that

bnm—l(f(xnm—l) 7xnm)+cnm—l(f(xnm—l—k) *xnm) = anm—l(xnm *xnm—l) > 0.

Hence there is a subsequence {xnmj} of {z,,, } such that either

(27) f(xnmj—l) > l'nmj,
or
(2.8) f(xnmj_l_k) > Tn,, -

Suppose holds for certain j. Since Tn, -1 > T, f(xnmj,ﬂ < Tp,, —1-
Then, from we see that Ty —1 > T, which contradicts (2.6]). Hence,
(2.7) can not hold for any j and so must hold for j = 1,2,.... Since
Trpy, 1k > z, f(xnmj_l_k) < Zn,, ~1-k which yields Tn, 1k > Tn,, - Hence,
th& Tn,, ~1-k = R and jlirgo f(xnmj_l_k) = f(R). Then by taking limit on (2.8),
we see that f(R) > R which yields R < Z. Hence, R = Z and so it follows that
Tp — T asn — 0o,

Next, assume that {z,} oscillates about . We show that {x,} converges to =
also. To this end, let y,, = 2,, — Z. Then {y, } satisfies the equation

(2'9) Yn+1 = AnlYn + bn(f<yn + j) - ‘f) + Cn(f(ynfk + j) - ‘ff)

Since ([2.5)) holds, we can find a sufficiently small constant ¢ and a positive integer
N such that

(c+6)(1 — (a+ )k

(2.10) (c—20)+ @+ ) (b1 0)

L <1,
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and
O<a—-9d0<a,<a+d<l1,

(2.11) 0<b—0<b,<b+d<1l, n>N
0<c—0<ec,<c+d<1,

Let y,, < ypwith v > u > N be two consecutive members of the solution {y, } such
that

(2.12) Yu <0, Ypyr1 <O0and y, >0foru+1<n<w.
Let

(2.13) Yr = MAX{ Yot 15 Yut2s - -+ Yo -

We claim that

(2.14) r—(u+1) <k

Suppose that  — (u+ 1) > k. Then,

Yr 2 yr—1 > 0and yp > yr_1p > 0.
By noting y,—1 +Z > Z, yr—1-k + T > T and f(z) < z for z > T. We see that
(2.15)  bra(f(Yr—1+7) =y — Z) + cra (f(Yr—1-1 + 7) — yr — T)

< br—1(Yr-1 = yr) o1 (Yr—1-k — yr) < 0.

On the other hand, yields
br 1 (f(yr—1+Z) —yr =) ter 1 (f(Yr—1-6+2) —yr — %) = ar—1(yr —yr—1) >0,
which contradicts . Hence, must hold. Now, observe that yields

Yn+1 Yn by _ _ Cn _ _
(2.16) n e = 77 [f(yn +2) = 2] + = [f (Yn—r + ) — 2].
[lizoai Hizol a;i im0 @i [Tizoai
Summing up (2.16]) from u to r — 1, we see that
y y r—1 b
T u n — —
— - = = f(y +1‘)_$}>
Hizol a; H?:ol @; nz:% (Hizo a; "
r—1
Cn _
+ 3 (s U n+2) -2
n—u Hi—O i

Then it follows that

yr = 1_1 <Hy + Z (Hf"[f(yn +1) —:z])

im0 @i g, i=0 @i
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which can be written as

(2.17) Hal ( (@utic + bu(F (g + 7) — 7))

zOl

+nzu;ﬂ( [T ai yn+x)z])>
+Haz (i(l—[nna[f(yn—k-f—x)—m]>>.

=0 "%
Since anx + by, f(x) is increasing in x, y,, <0 and f(Z) = Z, we see that
Au(Yu +T) + buf (Yu +7) < au® + by f(T)

which yields ay Yy +by f (yu+2) —byz < 0. In addition, noting (2.12) and 0 < y,, <y,
foru+1<mn<r—1,weseethat f(y,+2) <yp+z<y.+xforu+l<n<r-—1.
Hence, it follows from (2.17)) that

yTSZj'[:ai (y i (Hf” ,>+T21(Hflw[f(yn_k+w)x])>

neut1 i=0 i n—u i=0 i

and so
(2.18)

(1—]_[@1 Z Hb .>yr§1:[ai (i (l-m[f(ynk+x)—x]>>~

=0 n=u-+1 =0 n=u 1=0 "

Noting f(z) is L-Lipschitz, we see that
(2.19) |fn—k + ) = 2| = |f(Yn—r +T) = f(@)| < Llyn-x|, n=k.

Since {x,,} is bounded, there is a positive constant T such that |y, | = |z, —Z| < T,
n > 0. Then, from (2.19)), we see that

|f(yn—r + %) —Z| < LT, n>k.
Hence, it follows from (2.18]) that
S (Tnsas) e
— — LT.
11— En:u+1 (Hi:n+1 ai) bn
By noting (2.11)), it follows from ([2.20) that
S (Tna(a+9)) (e +9)

(2.20) Yr <

(2.21) Yy < : - LT.
L= (T @+ 9) (64 9)

and so

(222) (c+8)(1—(at O

Yr=1c=28) 1 (a+0)k(b+d)
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Since y,, and y, are two arbitrary members of the solution with property (2.12)),
we see that there is a positive integer N{ such that
(c+0)(1— (a+6)F)
In=1e=20) + (a+0)k(b +0)
Then, by a similar argument, it can be shown that there is a positive integer Ny’
such that

LT n>N|.

(c+0)(1—(at )™ "
> — LT > Ny
Y= T e 28 F (@t )bty 0 e
Hence, there is a positive integer N7 such that
(c+6)(1 = (a+9)k+)
2.23 nl <
(2:23) vl < a8+ @t oo 1 o)

Now, by noting (2.23) and the Lipschitz property of f, we see that
e+ —(a+)™) o,

(c—20)+ (a+ k(b +9) ’
n2N1+ka

LT, n>N.

|f(yn +2) = 2| = [f(yn +7) = f(Z)| < Llya| <

and
(c+0)(1—(a+ 5)’”1)
(c—20)+ (a+0)k(b+9)
n Z N1 + ]f

Let y,, and y, be two consecutive members of the solution {y,} with Ny +k <wu <wv

such that (2.12]) holds. Let y,- be defined by (2.13)). By a similar argument, we may
show that (2.14)) holds and

_ { (c+8)(1— (a+ )P
" l(c=20)+ (a+0)k(b+4

2
L] T,
)
Then it follows that
o[ (et = (at )™
" (e—28) 4 (a+8)k(b+6
and so again by noting ¥, and y, are two arbitrary members of the solution with
property (2.12)), there is a positive integer N§ > Nj + k such tat
< (c+6)(1 - (a+ )k
"Tl(c—28)+ (a+0)k(b+ 4
Similarly, it can be shown that there is a positive integer N§ > Ny + k such that
B (c+0)(1—(a+6)F)
Y= e=20) + (a+0)F(b+o
Hence, there is a positive integer No > Nj + k such that
(c+6)(1— (a+ o))
(c—20)+ (a+0)k(b+4

2
)L] T, u<n<w,

2
)L} T, n>Nj.

2
)L} T, n > Nj.

2
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Finally, by induction, we find that for any positive integer m, there is a positive
integer N,, with N,, — 0o as m — oo such that
(c+6)(1 — (a+ 6kt mT
(c—20) + (a+ k(b +4) ’
Then, by noting (2.10), we see that y, — 0 as n — oo, and so it follows that
Ty, — T as n — o0o. The proof is complete. [

‘yn| < n > Np,.

3. APPLICATIONS

In this section, we apply our results obtained in the last section to a difference
system derived from mathematical biology.
Consider the following difference system

Tnl1 = (]- - Tn)f(xn) + Tn¥Yn,
(31) Yn+1 = (1_pn)yn+pnf($n)a ’ﬂ,:O,].,...,
1'0207 yOZOa 330+y0>07

where {7, }, {pn} are arbitrary sequences in (0,1), and 7,,+p, > 1. When 7, = € and
pn = € are same constant, Sys. reduces to Sys. which is the population
model mentioned in Section [I}

By a simple calculation, Sys. (3.1) can be converted into the second order
difference equation

Tn 1- n— Tn\Pn— +Tn— -1
(3.2) Tpi1 = Mﬂ?n-i—(l—m)f(a?n)—l— (pn—1 1 )

Tn—1 Tn—1

Clearly, Eq. (3.2) is in the form of Eq. (1.4)) with a,, = M, bp=1—7p, ¢, =

Tn—1
M and k = 1. Let us assume that f has a unique positive fixed point
n—1

Z, and that f satisfies the negative feedback condition (1.6|). It is easy to see that
(z,Z) is the unique positive equilibrium of Sys. (3.1)). By Theorem we have the
following result

f(xn—1)~

Theorem 3.1. Assume that

(3.3) lim Tn(l — pn-1) -1
n—oo Tn—1
and
- (Pn—1— 1)Tn>
3.4 14 ——F— | =
(3.4) > (14222

Then every positive solution (zn,yn) of Sys. (3.1) tends to its positive equilibrium
(Z,Z) as n — oo.

. (1= p
Proof. Since a, = =4=Lr=1) 1 a5 — 00, and

Tn—1

i(bn+cn)=§:(1+w’> = .

Tn—
n=0 n=0 n—l
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By Theorem 2.1, every positive solution {z,} of Eq. (3.2]) converges to z. Now,
noting {7,}, {pn} are arbitrary sequences in (0,1), and 7, + p,, > 1, we see that
1- Pn—1

Tn—1

(3.5) 0< <1 for all n.

Let 7 = lim inf,,_, o 2=22=2. We claim that r = 1. Otherwise r < 1. Then there is a

Tn—1

constant 17 > 0 such that when n is sufficiently large,

1- Pn—1
Tn—1

<1l-n

which yields
Tn(l - pn—l)
Tn—1
Hence, it follows that T”(lTip"l) - 1 as n — oo which contradicts . By noting
-,andrfl we see that "’lﬂlandTnﬂlasnﬂoo.Thenit
follows from Sys. (3.1) that

1
Yn = —(@nt1— (1 =) f(2n)) = Tasn — oo
Tn

<STa(l=n)<1-n

Hence, every positive solution (x,,y,) of Sys. (3.1]) converges to (z,z) as n — oco.
The proof is complete. U

Next, by applying Theorem [2.3] we have the following result on the global
attractivity of Sys. (3.1)).
Theorem 3.2. Assume that the limits

(3.6) lim p, =pand lim 7, =7

n—oo n—oo

exist with p > 0 and 7 > 0. Suppose also that 7"(1;75:‘1)30 + (1 — 1) f(x) is
increasing in x and that f is L-Lipschitz with

(p+7-1)(2-p)

L <1.

(3.7)
Then every positive solution (,,yn) of Sys. (3.1]) tends to (z,z) as n — oo .

Proof. Notice that Sys. (3.1) can be converted to Eq. (3.2)) which is in the form of
Eq. (1.4) with £ =1 and

Tn(l - Pn—l)

an:7—>a=1—P<1,bnzl_Tngzl_T<1’
Tn—1
and
- -1
cn:Tn(pn1+Tn1 )—>c:p+7'—1as”_>oo'
Tn—1
We see that
1— k+1 —1)(2 —
. c(l=ath)  (p+7-D@=p),

c+ akb a T



ON GLOBAL ATTRACTIVITY OF A HIGHER ORDER DIFFERENCE EQUATION 11

In addition, noting

anx + by f(x) = Mx + (1= 70) f(2),

Tn—1

SO anx + by, f(x) is increasing. Hence, by Theorem every positive solution of
Eq. (3.2)) converges to Z. Then it follows from Sys. (3.1)) that

o= —(@nar = (1= ) f(@)) = —(F ~ (1= 1)f(@) =7

Tn
Hence every positive solution (z,,y,) of Sys. (3.1]) converges to (z,z) as n — oo.
The proof is complete. O

When 7,, = p, = &, Sys. (3.1) reduces to the following difference system

Tni41 = (1 - gn)f(xn) + gnynv
(39) Yn+1 = (1 _gn)yn+£nf($n)a n:(]ala-“a
20 >0, y0o >0, zg +yo >0,
where {{,,} is arbitrary sequence in [%, 1). In this case Sys. (3.9) is converted into
the following second order difference equation
1- £7L—1

(3'10) Tnt+1 = fnfixn + (1 - fn).f(l‘n) + fnm
n—1 gnfl

Eq. (3.10) is in the form of Eq. (1.4) with a, = &, 1Efj‘1, by = 1—=&,, ¢, =

1
§n2§g’7j;1 and k = 1.

f(xn—1)~

The following result is a direct consequence of Theorem [3.1]

Corollary 3.3. Assume that

(3.11) lim &, 151 _q
n—00 n—1
and
(3.12) > (1 + 5”(5"1_1)) = 0.
n=0 §n—1

Then every positive solution (Tn,yn) of Sys. tends to (Z,x) as n — oo
By Theorem [3:2] we have the following result immediately.
Corollary 3.4. Assume that the limit
(3.13) lim &, =¢
ezist. Suppose also that fnlgf%l‘lx + (1 —=&,)f(x) is increasing in x and that f is
L-Lipschitz with
(3.14) (2-1/8)(2¢ —1)L < 1.
Then every positive solution (Ln,yn) of Sys. tends to (Z,T) as n — oo .
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In the following, we apply our results obtained above to Sys. with the
following two functions

w
gtz
where 0 > 1,y > 1, w >0, ¢ > 0 and m > 1 are constants. The chaotic behavior
and global stability of positive solutions of Sys. with the unimodal function
f(x) = ocxe™* have been studied in [14] and in [1,[2] respectively, whereas the
global attractivity of positive solutions of Sys. with the decreasing function
f(z) = 7%= has been studied in [1,125].

First, consider the function f(x) = ocxe™7*. Then Sys. becomes

f(z) = oxe ™" and f(x) =

Tnit1 = (1 - 'rn)o—xneiw71 + Th¥n,
(315) Yn+1 = (]‘ - pn)yn + pnamn677w7L7 n= 07 17 LR
zo >0, yo >0, zg+yo >0,

and Eq. (3.2) becomes
(3.16)

1—p,— _ 1—1
Tn( Pn l)xn—I—(l—Tn)oxne_”’xn+T"(pn 1+ Th-1 )
Tn—1 Tn—1

In addition, Sys. (3.9) becomes
Tni41 = (1 - fn)axneivm" + fnyna

(317) Yn+1 = (1 - gn)yn + Eno-xnei’yzn7 n= Oa la sy
20 >0, yo >0, zg+yo >0,

and Eq. (3.10) becomes

Tpp1 = Oxp_1e 1Fn-1,

1 — Qn— 2 el — 1 _
(3.18) Tni1 = En sl (n) b+ (1 £ )omme— 1" 46y 2nL T o emrms
gn—l én—l
It is clear that f has a unique positive fixed point z = th"’ and that f satisfies the

negative feedback condition (|1.6]). Noting that

(Tn(lpn_l)m + (1 - Tn)ozz:ew)/ - i fe) + (1= 7)1 =nz)oe

Tn—1 Tn—1

and
T (1 o ) 1
(npnlx +(1—- Tn)ame”) = (1 —=71) 7z —27)oe?,
Tn—1

we see that when
Tn(l - pn71)62
Tn—1(1— )

(T”(lp"‘l)z +(1- Tn)axevm>/ <Tn(1pn—1)

(3.19) >0

)

Tn—1 Tn—1 ==z

!
z+(1- Tn)axew>
Tn(1 — pp_1)

- (1= n 72>03
p— (1 —=7p)oe >
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and so
Tn<1 - Pn—l)w + (
Tn—1
is increasing in x. Now, observing that

fl@) =1 —yz)oe "

1—1,)oxe™®

and

1"(5) = (42 — 2y)oe .
we see that sup,~q{|f ()|} = f(0) = 0. Hence, f is L-Lipschitz with L = ¢. Then
by Theorem and Theorem every positive solution (z,,y,) of Sys. (3.15)

Inoc Ino

tends to its positive equilibrium i

satisfied

(i) (3.4) and (3.4) hold.
(ii) (3.6) and (3.19) hold with
)

) as n — oo if one of the following is

(p+7-1)(2-p)
T

In addition, by Corollary and Corollary every positive solution (x,, yn)

of Sys. tends to its positive equilibrium’ln,y", 1n7‘7) as n — oo if one of the

following is satisfied

(i) (B.11) and (B-12) hold.
(ii) (3.13)) holds with

o<1

(3.20

gn(l _gn—l) 2
16 = °

and

(2-1/6)(2€ — 1)o < 1.

Next consider the function f(x) = 7%= Then Sys. (3.1) becomes

Tnt1 = (1 - Tn)ﬁ + Thin,
(3.21) Ynt1 = (L — pn)yn ernﬁ, n=0,1,...,
0 >0, yo >0, zg+yo >0,

and Eq. (3.2]) becomes
n 1- n— n\Fn— n—1 7 1
(1l —p 1)$n+(1_7_n) Tn(pn-1+Th1—1)  w .
Tn—1 q+zy Tn—1 q+ryy
In addition, Sys. (3.9) becomes
Tpg1 = (1 — &)ﬁ + &nln,
(323) Yn+1 :(1_£n)y’n+§nﬁv TL:O,l,...,
z9 >0, yo >0, 29 +yo >0,

and Eq. (3.10) becomes

1= ey EoaZl) v
(3.24) zp11 =& P z(n) + (1 gn)q+x;n+<§n & >Q+$nm1'

(3.22) Zpyq =
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Clearly, f is decreasing and has a unique positive fixed point z, and f satisfies the
negative feedback condition (1.6[). In addition, we see that

m—1
, —wmz
T)=—F—"—""""—5,
and )
—wmz™ “(m—1) — (m+1)z™
e (im 1) — (m + 12"
(g +z™)
.. / .. q(m—1) (1/m)
Hence, it is easy to see that f’(z) has minimum at z* = (W> , and

Fla*) = %q—(lm/m))(m )= /m) () ) (H1/m),

Then, f is L-Lipschitz with

L= %q—am/m))(m _ )=/ (1 4 )/,

Noting that

(anx+bnf(x))/<%(1_p”1)a:+(lfn) ad )

Tn—1 Q+$m

> Tn(l = pp-1) —wma™ 1

+(1—Tn)(

o Tq+am? =

we see that when

T (1 — pn—1) W _(14(1/m)) (1—(1/m)) (1+(1/m))
3.25 _ L > -1 1+
( ) Tn_l(]. Tn) = q (m ) ( m) s

Tl = Pnot) g W /) gy 1) A=/m) (] ) (/) 5
Tn—1 4m
and so a,x + b, f(x) is increasing in x. Hence, by Theorem and Theorem ,
every positive solution (z,,y,) of Sys. tends to its positive equilibrium (z, Z)
as n — oo if one of the following is satisfied
(i) and hold.
(ii) and hold with

(3.26) g~ (+O/m) (g, _ 1y1=G/m) (1 4 py(r/mp LETZDE = 0)
4m T

In addition, by Corollary and Corollary every positive solution (z,,, y,) of

Sys. (3.23) tends to its positive equilibrium (Z, ) as n — oo if one of the following

is satisfied

(i) (B.11) and B-12) hold.
(ii) (3.13)) holds with

Gl =&n-1) o W _(14(1/m) (1-(1/m)) (14+(1/m))
SUACIE U VS ™) (m — 1 ™)(1 +m m
f o (-£) > dm? ( ) ( )

and

w m —(1/m m
g (1+(/ ))(m _ 1)(1 1/ ))(1 +m)(1+(1/ ))(2 —1/6)(26 1) < 1.
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Example 1. Consider the following difference system

Tn4+1 = e";fzf(xn) + <1 - 6";+12> Yns
(327) Ynpl = 27(n+2)yn + (1 _ 27(n+2)) f(xn)’ n= 0, 1,... s

xozov 9020» $0+y0>07
Note that Sys. (3.27)) is in the form of Sys. (3.1 with 7, =1 — en;+12, and p, =
1 —2=(+2) Thus, in this case, (3.2) reduces to

(1 _ 2727n)671/(1+n)
1—2-1-n
(1—272-7)(1 —271-" — ¢790)
1—2-1-n

—1
Tp + €772 f(zy,)

Tn41 =

(3.28) + f(@n-1).

It is clear that
(1 _ 2727n)671/(1+n)

1—2-1-n

<[ o (1-272) (1271 — eTEa)

n=0

— 1lasn — oo,

and

From the above discussion, we see that when f(z) = 6xe~2%, every positive solution
In(6) In(6) . 2

(%, yn) of Sys. (3.27)) tends to ( =5, =5~ ) as n — oo; when f(zx) = 15,5 every

positive solution (z,,yn) of Sys. (3.27) tends to (1,1) as n — oo.

Example 2. Consider the following difference system

Tnpr = (1= B +e ) fla,) + (2 + e~ +D) g,

n+1 n+1
(329) Yn+1 = (1 - 3(22n+1t_21)> Yn + 3(22n+1t_21)f(x71)7 n= Oa 17 sty

580207 yOZOa x0+y0>0,
Note that Sys. ([3:29) is in the form of Sys. 3.I) with 7, = 3 + e~ ("2, p, =

2ntlyg
Wil),and
327l +1) 32t 41) T 4 37

3 ontl 4 9
_ 2 —(n+2)
Tn+Pn = 4+€ +3(2n+1+1)

Thus, in this case, (3.2) becomes
(2"*1)(3e" 2 +-4)

>34
4

L e ) f ()

Tt T e+ 1)(Bent 4 4) " T 4
e~ (M+2)((3)27+2 4 5entl 4 22entl 4 12)((3)27F2 + 4
12(27 + 1)(3en+1 4 4)
Clearly,

3 3
Tn:1+e_("+2)—>721asn—>oo.
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and
ontl 4 9

3271 + 1)
Let f(z) = oxe™” where o = 5. Observe that

—_

Pn = —p=

Wl

(p+7—1)(2-)p) 5 25
= —_ = — 1
T = \z) =g <
yields (3.20). In addition, by noting that
(3 +e70+) (1- %)
>1

(4 e D) (1= (3 4 e~ (n2))
we see that
= p) o (G e) (1- a5)
(7] " (e ) (- (F e 1))

Hence (3.19) is satisfied. From the above discussion, we see that every positive
solution (2, yy,) of Sys. (3.29) with f(z) = 5ze™ tends to (In(5),In(5)) as n — oo.

e >e? > 5.

Next, let f(z) = 7%= where w = ¢ =1 and m = 7. Then, by noting

e ()6

> 4ﬂq—<1+<1/m>>(m — 1)/ m) (] 4 ) AFA/m)
m

and

%q—(lﬁ-(l/m))(m — 1)A=/m) (4 ) A+ A/m) (p+T7 —Tl)(2 —p)

a\ (2\7 (5
=(=)(= =) <1
we see that (3.25)) and (3.26)) are satisfied. Hence it follows from the above discussion

that every positive solution (z,,y,) of Sys.(3.29) with f(z) = 3-%# tends to
(z,7) ~ (0.33,0.33) as n — oo.
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