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ARCHIVUM MATHEMATICUM (BRNO)
Tomus 62 (2026), 19–41

MONOGENIC EVEN SEXTIC TRINOMIALS
AND THEIR GALOIS GROUPS

Lenny Jones

Abstract. Let f(x) = x6 +Ax2k +B ∈ Z[x], with A 6= 0 and k ∈ {1, 2}. We
say that f(x) is monogenic if f(x) is irreducible over Q and {1, θ, θ2, θ3, θ4, θ5}
is a basis for the ring of integers of Q(θ), where f(θ) = 0.

For each value of k and each possible Galois group G of f(x) over Q, we use
a theorem of Jakhar, Khanduja and Sangwan to give explicit descriptions of
all monogenic trinomials f(x) having Galois group G. We also determine when
these descriptions provide infinitely many such trinomials, and we investigate
when these trinomials generate distinct sextic fields.

These results extend recent work on monogenic power-compositional sex-
tic trinomials of the form g(x3) to the situation g(x2), and thereby com-
plete the characterization, in terms of their Galois groups, of monogenic
power-compositional sextic trinomials.

1. Introduction

Let

(1.1) f(x) = x6 +Ax2k +B ∈ Z[x], where A 6= 0 and k ∈ {1, 2}.

If f(x) is irreducible over Q, then we define f(x) to be monogenic if

B = {1, θ, θ2, θ3, θ4, θ5}

is a basis for the ring of integers of Q(θ), where f(θ) = 0. Such a basis B is
sometimes referred to in the literature as a power basis. We say that two such
monogenic sextic trinomials f1(x) 6= f2(x) having isomorphic Galois groups over Q
are distinct if K1 6= K2, where Ki = Q(θi) with fi(θi) = 0.

The goal of this article is to provide a characterization of the monogenic sextic
trinomials f(x) described in (1.1) in terms of their Galois groups over Q, which we
denote Gal(f). More explicitly, for each possible Galois group G, we use a theorem
of Jakhar, Khanduja and Sangwan [15] to derive conditions that allow us to present
an explicit description of all such monogenic sextic trinomials f(x) in (1.1) with
Gal(f) ' G. We also investigate when these trinomials generate distinct sextic
fields.
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We point out that similar research involving the monogenicity and/or Galois
groups of trinomials of various degrees has been conducted by many authors
[1, 2, 4, 5, 6, 11, 12, 14, 16, 17, 18, 19, 20, 21, 22, 23, 24, 26]. The results in this article
extend previous work on sextic trinomials of the form g(x3) = x6+Ax3+B [11,17,18]
to sextic trinomials of the form g(x2), and thereby complete the characterization,
in terms of their Galois groups, of monogenic power-compositional sextic trinomials.
In particular, in this article, for f(x) as defined in (1.1), we see that
(1.2) f(x) = g(x2), where g(x) = x3 +Axk +B.

We make some additional notational remarks. Let m,n ∈ Z, with m ≥ 2. We let
the notation “n mod m” denote the unique integer z ∈ {0, 1, 2, . . . ,m − 1} such
that n ≡ z (mod m). That is, n mod m = z. We let νp(n) be the p-adic valuation
of n, and for n > 0, we let rad(n), called the “radical” of n, be the product of
all distinct prime divisors of n. We let Cn denote the cyclic group of order n, An
denote the alternating group of order n!/2 and Sn denote the symmetric group of
order n!. Furthermore, S+

4 denotes the symmetric group S4 as a subgroup of S6
embedded in A6, and S−4 denotes the group S4 as a subgroup of S6 that is not
contained in A6.

Using the familiar group names as previously described, we provide in Table 1 the
eight possible Galois groups over Q for a general irreducible even sextic polynomial
[1, Table 2]. For the convenience of the reader, we include the “T”-notation, 6Tn, [7]
for these groups in Table 1, since Maple also gives the T-notation when computing
the Galois group.

Familiar Name C6 S3 C2 × S3 A4 C2 ×A4 S+
4 S−4 C2 × S4

T-notation 6T1 6T2 6T3 6T4 6T6 6T7 6T8 6T11
Tab. 1: Possible Galois groups for even sextic polynomials

Our main theorem is:

Theorem 1.1. Let A,B, k ∈ Z, with AB 6= 0 and k ∈ {1, 2}. Let
f(x) = x6 +Ax2k +B and δ = 4A3 + 27B3−k.

Suppose that f(x) is irreducible over Q. Then f(x) is monogenic with Gal(f) '
(1) C6 never occurs;
(2) S3 never occurs;
(3) C2 × S3 if and only if k = 2 with (A,B) ∈ {(−2, 2), (2,−2)};
(4) A4 if and only if (k,A,B) ∈ {(1,−3,−1), (2,−3,−1)};
(5) C2 ×A4 if and only if

2 - AB, B is squarefree, B 6= −1, rad(|δ|) | A, such that
(a) k = 1 with f(x) ∈ F1, where

F1 = {f(x) : 3 - A or (A mod 9, B mod 9) ∈ {(6, 1), (6, 4), (6, 5), (6, 8)}},
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(b) k = 2 with (A,B) ∈ {(−3, 1), (−3, 3), (3,−3)};

(6) S+
4 if and only if f(x) ∈ F2, where

F2 = {f(x) : B = −1, A 6= (−1)k3, 4 - A, 9 - A, δ/3ν3(δ) is squarefree};

(7) S−4 if and only if
(a) k = 1 with (A,B) = (−9,−6),
(b) k = 2 with f(x) ∈ F3, where
F3 = {f(x) : 3 | A, 4 - A, B 6= −1, B = 3− 4(A/3)3 is squarefree};

(8) C2 × S4 if and only if

B and δ/
∏
p|2AB

pνp(δ) are squarefree, B 6= −1,

−Bk−1δ is not a square,
(A mod 4, B mod 4) = (3, 2) if 2 - A and 2 | B,

(A mod 4, B mod 4) ∈ {(0, 1), (2, 3)} if 2 | A and 2 - B,
and additionally, when
(a) k = 1

(A mod 9, B mod 9) ∈ R1 if 3 | A and 3 - B;

(b) k = 2
(A,B) 6∈ {(−2, 2), (2,−2)}, f(x) 6∈ F3 and

(A mod 9, B mod 9) ∈ R2 if 3 | A and 3 - B,

where Rk = {(0, 2), (0, 4), (0, 5), (0, 7),
(3, 1), (3, 2), (3, 8), (3, 10− 3k),

(6, 1), (6, 5), (6, 8), (6, 3k + 1)};
Observe that the conditions given in Theorem 2.8 for a monogenic trinomial

f(x) with Gal(f) ' C2 × S4 do not include a parametric description of all such
monogenic trinomials for either value of k ∈ {1, 2}. However, in the proof of the
following corollary, we construct infinite parametric families from these conditions,
such that the members of these families generate distinct sextic fields. Furthermore,
we show that each of the parametric families F1, F2 and F3 given in Theorem 2.8,
for the respective Galois groups C2×A4, S+

4 and S−4 , contains an infinite subfamily
such that all elements of the subfamily generate distinct sextic fields. More formally,
we state the following corollary of Theorem 1.1.

Corollary 1.2.
(1) The families F1, F2 and F3 of monogenic trinomials given in Theo-

rem 1.1 are infinite, and each of these families contains at least one infinite
single-parameter subfamily such that all elements of the subfamily generate
distinct sextic fields.
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(2) For each value of k ∈ {1, 2}, there exists an infinite single-parameter family
of trinomials f(x) such that f(x) is monogenic with Gal(f) ' C2 × S4,
and no two elements in a family generate the same sextic field.

2. Preliminaries

Throughout this article, with k ∈ {1, 2} and AB 6= 0, we let

f(x) = x6 +Ax2k +B,

g(x) = x3 +Axk +B,

h(x) = x6 + (−1)kABk−1x6−2k −B2,

ĥ(x) = x3 + (−1)kABk−1x3−k −B2 and
δ = 4A3 + 27B3−k.

(2.1)

Note, from (2.1), that f(x) = g(x2) and h(x) = ĥ(x2).
The next two lemmas provide some nontrivial information that exists among

f(x), ĥ(x) and h(x) concerning their irreducibility.

Lemma 2.1. If f(x) is irreducible over Q, then ĥ(x) is irreducible over Q.

Proof. By way of contradiction, assume that ĥ(x) is reducible. Then ĥ(r) = 0
for some nonzero integer r. If k = 1, then r2(r − A) = B2, which implies that
r −A = s2 for some nonzero integer s. Thus, B = ±rs, and

f(x) = x6 + (r − s2)x2 ± rs = (x2 ± s)(x4 ∓ sx2 + r),

which contradicts the fact that f(x) is irreducible. If k = 2, then

(2.2) r(r2 +AB) = B2.

Let z = gcd(r,B). Then we can write r = z` and B = zs for some integers ` and s
with gcd(`, s) = 1. Thus, it follows from (2.2) that

`(z`2 +As) = s2,

which implies that ` | s2. Hence, ` = ±1 since ` and s are coprime. Therefore, r | B
and B = ±rs. Then, from (2.2), we see that A = (s2 − r)/(±s), which implies that
s | r. Consequently,

f(x) = x6 ± (s− r/s)x4 ± rs = (x2 ± s)(x4 ∓ (r/s)x2 + r),

which again contradicts the fact that f(x) is irreducible. Hence, we have established
that ĥ(x) is irreducible in either case of k ∈ {1, 2}. �

The next lemma follows from [13, Theorem 3.3 and Corollary 3.4].

Lemma 2.2. Suppose that ĥ(x) is irreducible over Q. If h(x) is reducible over Q,
then

(2.3) M(x) := x4 + 2(k − 2)Ax2 − 8Bx+A3−k(−4B)k−1
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has a unique integer zero µ, and h(x) factors into irreducibles over Z as(
x3 + µx2 +

(
µ2 + (k − 2)A

2

)
x+B

)(
x3 − µx2 +

(
µ2 + (k − 2)A

2

)
x−B

)
.

The following theorem, due to Swan [25], gives the formula for the discriminant
of an arbitrary trinomial.

Theorem 2.3. Let F(x) = xn + Axm + B ∈ Z[x], where 0 < m < n, and let
d = gcd(n,m). Then

∆(F) = (−1)n(n−1)/2Bm−1
(
nn/dB(n−m)/d − (−1)n/d(n−m)(n−m)/dmm/dAn/d

)d
.

Applying Theorem 2.3 to f(x) and g(x) yields

Corollary 2.4.
∆(f) = −64B2k−1δ2 and ∆(g) = −Bk−1δ.

The next theorem is an adaptation of the work in [1] to the particular trinomials
f(x) in (2.1), and gives precise criteria to determine Gal(f).

Theorem 2.5. Suppose that f(x) is irreducible over Q. Then, with ∆(g) as given
in Corollary 2.4, we have

Gal(f) '



C6 if and only if −B is not a square, ∆(g) is a square
and h(x) is reducible;

S3 if and only if neither −B nor ∆(g) is a square,
−B∆(g) is a square and h(x) is reducible;

C2 × S3 if and only if neither −B nor ∆(g) nor −B∆(g)
is a square and h(x) is reducible;

A4 if and only if −B and ∆(g) are squares
and h(x) is irreducible;

C2 ×A4 if and only if −B is not a square, ∆(g) is a square
and h(x) is irreducible;

S+
4 if and only if −B is a square, ∆(g) is not a square

and h(x) is irreducible;

S−4 if and only if neither −B nor ∆(g) is a square,
−B∆(g) is a square and h(x) is irreducible;

C2 × S4 if and only if neither −B nor ∆(g) nor −B∆(g)
is a square and h(x) is irreducible.

We now present some basic information concerning the monogenicity of a
polynomial F(x). Suppose that F(x) ∈ Z[x] is monic and irreducible over Q. Let
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K = Q(θ) with ring of integers ZK , where F(θ) = 0. Then, we have [8]

(2.4) ∆(F) = [ZK : Z[θ]]2 ∆(K),

where ∆(F) and ∆(K) denote the discriminants over Q, respectively, of F(x) and
the number field K. Thus, from (2.4),

(2.5) F(x) is monogenic if and only if ∆(F) = ∆(K), or equivalently, ZK = Z[θ].

We then have from (2.5) a sufficient condition for when two monogenic polynomials
of the same degree are distinct.

Corollary 2.6. Let F1(x) 6= F2(x) be two monogenic polynomials such that
deg(F1) = deg(F2). Let Ki = Q(θi), where Fi(θi) = 0. If ∆(F1) 6= ∆(F2), then
K1 6= K2 so that F1(x) and F2(x) are distinct.

The next theorem, due to Jakhar, Khanduja and Sangwan [15], gives necessary
and sufficient conditions for an arbitrary irreducible trinomial to be monogenic.

Theorem 2.7. Let n,m ∈ Z with n > m ≥ 1. Let K = Q(θ) be an algebraic
number field with θ ∈ ZK , the ring of integers of K, having minimal polynomial
F(x) = xn +Axm +B over Q, where gcd(m,n) = d0, m = m1d0 and n = n1d0. A
prime factor p of ∆(F) does not divide [ZK : Z[θ]] if and only if p satisfies one of
the following conditions:

(i) when p | A and p | B, then p2 - B;
(ii) when p | A and p - B, then

either p | a2 and p - b1 or p - a2 ((−B)m1an1
2 + (−b1)n1) ,

where a2 = A/p and b1 = B+(−B)p
j

p , such that pj || n with j ≥ 1;

(iii) when p - A and p | B, then

either p | a1 and p - b2 or p - a1b
m−1
2

(
(−A)m1an1−m1

1 − (−b2)n1−m1
)
,

where a1 = A+(−A)p
l

p , such that pl || (n−m) with l ≥ 0, and b2 = B/p;

(iv) when p - AB and p | m with n = s′pr, m = spr, p - gcd (s′, s), then
the polynomials

G(x) := xs
′
+Axs +B and H(x) := Axsp

r +B + (−Axs −B)p
r

p

are coprime modulo p;
(v) when p - ABm, then

p2 -
(
Bn1−m1nn1

1 − (−1)m1An1mm1
1 (m1 − n1)n1−m1

)
.

The next theorem is an application of Theorem 2.7 to the trinomials f(x) in
(2.1).
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Theorem 2.8. Let k ∈ {1, 2}, and suppose that f(x) = x6 +Ax2k+B is irreducible
over Q. Then

∆(f) = −64B2k−1δ2

by Corollary 2.4. Let K = Q(θ), where f(θ) = 0, and let ZK denote the ring of
integers of K. A prime factor p of ∆(f) does not divide [ZK : Z[θ]] if and only if p
satisfies one of the following conditions:

(1) when p | A and p | B, then p2 - B;
(2) when p | A and p - B, then p ∈ {2, 3} such that

(A mod 4, B mod 4) ∈ {(0, 1), (2, 3)} if p = 2, and
(A mod 9, B mod 9) ∈ Rk if p = 3,

where Rk = {(0, 2), (0, 4), (0, 5), (0, 7),
(3, 1), (3, 2), (3, 8), (3, 10− 3k),

(6, 1), (6, 5), (6, 8), (6, 3k + 1)};
(3) when p - A and p | B, then p - [ZK : Z[θ]] if p 6= 2 and

(A mod 4, B mod 4) = (3, 2) if p = 2;

(4) when 2 - AB, then 2 - [ZK : Z[θ]];
(5) when p - 2AB, then p2 - δ.

Proof. Let p be a prime divisor of ∆(f). Note that conditions (1) and (5) remain
the same as conditions (i) and (v) of Theorem 2.7.

For condition (2), we suppose that p | A and p - B. Then, from condition (ii) of
Theorem 2.7, we have that pj || 6 with j ≥ 1. Hence, p ∈ {2, 3} with j = 1 for each
of these primes, a2 = A/p and

b1 =
{

B+B2

2 if p = 2
B−B3

3 if p = 3.

Observe that, in Theorem 2.7, we have for each value of k ∈ {1, 2} that n1 = 3
and m1 = k. Then, it is easy to calculate, in each of the two cases p ∈ {2, 3} with
k ∈ {1, 2}, the congruence classes of A and B modulo p2 for which

either p | a2 and p - b1, or p - a2
(
(−B)ka3

2 − b3
1
)
.

For condition (3), suppose that p - A and p | B. Then, from condition (iii) of
Theorem 2.7, we have that pl || (6− 2k), which implies that either ` = 0 if p ≥ 3,
in which case the first statement under condition (iii) of Theorem 2.7 must be true
for monogenicity, or p = 2 and pl = 23−k. In this latter case, we have

a1 = A23−k +A

2 ≡

{
1 (mod 2) if A ≡ 1 (mod 4),
0 (mod 2) if A ≡ 3 (mod 4).

Since m = 2k > 1, we observe that 4 - B so that 2 - b2; otherwise, condition (iii) of
Theorem 2.7 fails. It follows that we must have (A mod 4, B mod 4) = (3, 2).
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Finally, for condition (4), suppose that p - AB and p | m. Thus, p = 2 since
p | 2k with k ∈ {1, 2}. Hence, the possibilities of (A mod 4, B mod 4) are
(2.6) (A mod 4, B mod 4) ∈ {(1, 1), (1, 3), (3, 1), (3, 3)}
since 2 - AB. From condition (iv) of Theorem 2.7, we see that

G(x) = x3 +Axk +B and H(x) =
(
A2 +A

2

)
x2k +ABxk +

(
B2 +B

2

)
.

Straightforward calculations reveal that G(x) and H(x) are coprime in F2[x] for
all possibilities of (A mod 4, B mod 4) in (2.6). Consequently, the prime p = 2
satisfies condition (4) when 2 - AB. That is, 2 - [ZK : Z[θ]] when 2 - AB. �

The following corollary, which follows immediately from conditions (1) and (3)
of Theorem 2.8, will be useful in the proof of Theorem 1.1.

Corollary 2.9. If f(x) is monogenic, then B is squarefree.

3. The Proof of Theorem 1.1

We first prove a lemma.

Lemma 3.1. Suppose that f(x) is irreducible over Q. If h(x) is reducible over Q,
then ∆(g) < 0.

Proof. Since f(x) is irreducible, then ĥ(x) is irreducible from Lemma 2.1. Then,
since h(x) is reducible, it follows from Lemma 2.2 that M(µ) = 0 for some µ ∈ Z.
Calculating ∆(M), using [10, Theorem 3.1] when k = 1, and Theorem 2.3 when
k = 2, reveals that
(3.1) ∆(M) = −212Bk+1(4A3 + 27B3−k) = 212B2∆(g).
Note that g(x) is irreducible, since f(x) is irreducible, so that ∆(g) 6= 0. Assume,
by way of contradiction, that ∆(g) > 0. Thus, ∆(M) > 0, from (3.1). Consequently,
M(x) has four distinct real zeros since µ ∈ R. Note that since A 6= 0, it follows
from (2.3) that µ 6= 0 for either value of k, and µ 6= −A/2 if k = 2. Observing from
(2.3) that

µ3 − 2Aµ− 8B = −A2/µ if k = 1

and

µ3 − 8B = µ3A/(A+ 2µ) if k = 2,
straightforward calculations show that M(x) = (x− µ)Q(x), where

Q(x) =
{

x3 + µx2 + (µ2 − 2A)x−A2/µ if k = 1

x3 + µx2 + µ2x+ µ3A/(A+ 2µ) if k = 2.
Calculating ∆(Q) using [10, Theorem 3.1], or Theorem 2.3 if µ2 = 2A and k = 1,
yields

(3.2) ∆(Q) =
{
−(3µ4 − 14Aµ2 + 27A2)(−µ2 +A)2/µ2 if k = 1

−4µ6(3µ2 − 4Aµ+ 4A2)/(A+ 2µ)2 if k = 2.
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Since Q(x) has three distinct real zeros, then ∆(Q) > 0, which implies from (3.2)
that

−(3µ4 − 14Aµ2 + 27A2) > 0 if k = 1, and − (3µ2 − 4Aµ+ 4A2) > 0 if k = 2.

However,

−(3µ4 − 14Aµ2 + 27A2) = −(3(µ2 − 7A/3)2 + 32A2/3) < 0

and
−(3µ2 − 4Aµ+ 4A2) = −(3(µ− 2A/3)2 + 8A2/3) < 0.

These contradictions complete the proof that ∆(g) < 0. �

The following corollary of Lemma 3.1 indicates that the list of possible Galois
groups for f(x) is slightly smaller than the list given in Table 1 for an arbitrary
even sextic polynomial.

Corollary 3.2. Suppose that f(x) is irreducible over Q. Then Gal(f) 6' C6.

Proof. We proceed by way of contradiction, assuming that Gal(f) ' C6. Then,
from Theorem 2.5, we have that:

(3.3) −B is not a square, ∆(g) is a square, and h(x) is reducible.

Since h(x) is reducible, we have from Lemma 3.1 that ∆(g) < 0, which contradicts
the fact that ∆(g) is a square. �

Remark 3.3. It is easy to verify that the groups listed in Table 1, with the
exception of C6, actually do occur as Galois groups of f(x).

Proof of Theorem 1.1. We address the Galois groups, one at a time, as presented
in the statement of the theorem. It will sometimes be convenient to handle the
cases k = 1 and k = 2 separately. Recall that

f(x) = x6 +Ax2 +B,

δ = 4A3 + 27B2,

∆(f) = −26Bδ2 and
∆(g) = −δ,

(3.4)

when k = 1, while

f(x) = x6 +Ax4 +B,

δ = 4A3 + 27B,
∆(f) = −26B3δ2 and
∆(g) = −Bδ,

(3.5)

when k = 2.

The Case C6. By Corollary 3.2, it follows that no monogenic trinomials f(x)
exist with Gal(f) ' C6.
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The Case S3. Assume, by way of contradiction, that f(x) is monogenic with
Gal(f) ' S3. By Theorem 2.5, we have:
(3.6) −B is not a square, −B∆(g) is a square, h(x) is reducible.

We first address the case k = 1 in (3.4). Suppose that p is a prime divisor of
B. Then p || B by Corollary 2.9, which implies that p | δ since −B∆(g) = Bδ is a
square. If p 6∈ {2, 3}, then p3 || Bδ, which contradicts the fact that Bδ is a square.
Hence, p ∈ {2, 3}. Consequently,
(3.7) |B| ∈ {1, 2, 3, 6},
since B is squarefree. Since −B∆(g) is a square, we can write

y2 = −B∆(g) = B(4A3 + 27B2),
for some y ∈ Z, so that
(3.8) (4By)2 = (4AB)3 + (16)(27)B5.

It follows then from (3.8) that, for each of the eight values of B in (3.7), we need
to determine the integral points (X,Y ) on the elliptic curve

Y 2 = X3 + 2433B5,

such that X = 4AB for some integers A and Y with AY 6= 0. To do this, we use
Sage and we provide the results of these calculations in Table 2.

B 1 −1 2 −2 3 −3 6 −6
A none −3 none −5 none none −3 −9

Tab. 2: Possible values for A and B

From Table 2, we get the four trinomials:
(3.9) x6 − 3x2 − 1, x6 − 5x2 − 2, x6 − 3x2 + 6, x6 − 9x2 − 6.
Observe that

x6 − 5x2 − 2 = (x2 + 2)(x4 − 2x2 − 1).
Straightforward methods verify that the remaining three trinomials in (3.9) are
irreducible over Q. Then, a computer algebra system, such as Maple, Sage or
Magma, in conjunction with Theorem 2.8, can be used to complete the proof that
there exist no even monogenic trinomials f(x) with Gal(f) ' S3 when k = 1. The
results of these computations are summarized in Table 3.

f(x) x6 − 3x2 − 1 x6 − 3x2 + 6 x6 − 9x2 − 6
Gal(f) A4 S3 S−4

Monogenic yes no yes
Tab. 3: Results for trinomials when k = 1
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Suppose next that k = 2 as in (3.5). Since −B∆(g) = B2δ is a square, we
deduce that δ must be a square. Let p be a prime divisor of δ. Then, since f(x)
is monogenic, it follows from condition (5) of Theorem 2.8 that p | 2AB. If p 6= 3,
then p3 || δ by Corollary 2.9, which contradicts the fact that δ is a square. Hence,
p = 3, so that 3 | AB and

(3.10) δ = 4A3 + 27B = 32z,

for some integer z ≥ 0.
We consider first the two cases z ∈ {0, 1} in (3.10). If z = 0, then we see that

3 - A. Therefore, 3 | B, and we get that A3 ≡ 61 (mod 81), which is impossible
since 61 is not a cube modulo 81. Suppose next that z = 1. If 3 | A, then it follows
from (3.10) that

3
(
4(A/3)3 +B

)
= 1,

which is impossible. Thus, 3 - A and 3 | B, so that A3 ≡ 63 (mod 81) from (3.10),
which is also impossible since 63 is not a cube modulo 81.

We have shown that z ≥ 2 in (3.10). Therefore, 2z − 3 is a positive integer, and
we can rewrite (3.10) as

(3.11) B = 32z−3 − 4(A/3)3,

which implies that A/3 ∈ Z. If z ≥ 3, then we deduce from (3.11) and Corollary 2.9
that 3 - (A/3). Thus, 3 - B and

(A mod 9, B mod 9) ∈ {(3, 5), (6, 4)}.

Since {(3, 5), (6, 4)} ∩ R2 = ∅, we conclude from condition (3) of Theorem 2.8
that f(x) is not monogenic when z ≥ 3.

Hence, we only need to examine the situation z = 2. Then we have

(3.12) B = 3− 4(A/3)3,

from (3.11). Since f(x) is monogenic, then f(x) is irreducible over Q, and so ĥ(x)
is irreducible over Q by Lemma 2.1. Since h(x) is reducible over Q from (3.6), we
have, from Lemma 2.2, that

(3.13) M(x) = x4 − 8Bx− 4AB

is reducible over Q. Let p be a prime divisor of B. Observe from (3.12) that p 6= 2.
If p - A, then, since B is squarefree, we get the contradiction that M(x) in (3.13)
is irreducible over Q because M(x) is Eisenstein with respect to p. Thus, p | A,
and we deduce from (3.12) that p = 3. Hence, we only need to address the cases
|B| ∈ {1, 3}. From (3.12), it is easy to see that cases B ∈ {1,−3} are impossible,
while the case B = 3 yields the contradiction that A = 0. The only viable case is
then (A,B) = (3,−1). However, in this case, it is straightforward to verify that
M(x) = x4 + 8x+ 12 is irreducible over Q. This final contradiction completes the
proof of the nonexistence of even monogenic trinomials f(x) with Gal(f) ' S3.
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The Case C2 × S3. Assume that f(x) is monogenic with Gal(f) ' C2 × S3. By
Theorem 2.5, we have:

(3.14) neither −B, nor ∆(g), nor −B∆(g) is a square, and h(x) is reducible.

Suppose first that k = 1. Since h(x) is reducible, we have from Lemma 2.2 that

(3.15) M(µ) = µ4 − 2Aµ2 − 8Bµ+A2 = 0,

for some µ ∈ Z. Solving (3.15) for A yields

(3.16) A = µ2 ± 2
√

2Bµ,

which implies that 2Bµ is a nonzero square, since A,B ∈ Z with AB 6= 0. Observe
from (3.15) that

(3.17) µ ≡ A (mod 2).

We claim that 2 | µ. Suppose, by way of contradiction, that 2 - µ. Then 2 - A from
(3.17), and 2 | B since 2Bµ is a nonzero square. Furthermore,

µ2 ≡ A2 ≡ 1 (mod 8),

so that 2(A−1) ≡ 0 (mod 8) from (3.15). Hence, A ≡ 1 (mod 4), which contradicts
the fact that A ≡ 3 (mod 4) from condition (3) of Theorem 2.8, and the claim that
2 | µ is established. Observe from (3.16) that if 2 | B, then (B/2) | µ since 2Bµ
is a nonzero square and B is squarefree. However, since 2 | µ and 2 - (B/2), we
actually have that 2(B/2) = B divides µ. Clearly, if 2 - B, then B | µ. Therefore,
B | µ, regardless of the parity of B.

Let
B = 2ε

∏
pi≥3

pi and 2e || µ,

where ε ∈ {0, 1}, e ≥ 1 and the pi are the odd prime divisors of B. Thus, since
2Bµ is a nonzero square, we have that

(3.18) 2Bµ = 2e+1+ε
∏
pi≥3

p2
i

(
µ

2e
∏
pi≥3 pi

)
,

where 2 | (e+ 1 + ε) and µ/(2e
∏
pi≥3 pi) = m2 for some nonzero odd integer m.

Hence,

(3.19) µ = 2e−εm22ε
∏
pi≥3

pi = 22r−1m2B,

where r = (e+ 1− ε)/2 ≥ 1. Then

(3.20) A = 2r+1mB
(
23r−3m3B ± 1

)
,

from (3.16) and (3.19). An easy calculation shows that

(3.21) δ = 4A3 + 27B2 = B2 (23r−1m3B ± 1
)2 (26r−1m6B2 ± 23r5m3B + 27

)
,

where the plus sign holds in (3.21) if and only if the plus sign holds in (3.20). Let
d = 23r−1m3B ± 1. Note that |d| > 1 since r ≥ 1 and mB 6= 0. Let p be a prime
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divisor of d, and observe that p - 2mB. Since f(x) is monogenic and p2 | δ from
(3.21), it follows from condition (5) of Theorem 2.8 that p | A. Hence,

p |
(
23r−3m3B ± 1

)
,

from (3.20). Consequently, p divides

d−
(
23r−3m3B ± 1

)
= 3 · 23r−3m3B,

so that p = 3. Therefore,

(3.22) |d| =
∣∣23r−1m3B ± 1

∣∣ = 3z,

for some integer z ≥ 1. If z = 1 in (3.22), we get that

23r−1m3B ∈

{
{−4, 2} when the plus sign holds in (3.22) and (3.20)
{−2, 4} when the minus sign holds in (3.22) and (3.20).

It follows that r = 1, so that m3B = ±1. Since −B is not a square from (3.14), we
see that B 6= −1. We conclude that (m,B) = (±1, 1), where the plus sign (minus
sign) holds if and only if the minus sign (plus sign) holds in (3.22) and (3.20). Both
of these scenarios yield the contradiction that A = 0.

Hence, we may assume that z ≥ 2 in (3.22). Thus,

B mod 9 = ∓1
23r−1m3 mod 9 ∈ {2, 7},

which implies from (3.20), regardless of the sign, that

(3.23) A mod 9 = −3
22rm2 .

Let S = {1, 4, 7}, which is the multiplicative subgroup of squares modulo 9. Since
22r mod 9 ∈ S, m2 mod 9 ∈ S and

−3
s1

+ 3
s2

= −3
(
s2 − s1

s1s2

)
≡ 0 (mod 9)

for any s1, s2 ∈ S, it follows from (3.23) that A mod 9 = 6. Hence,

(A mod 9, B mod 9) ∈ {(6, 2), (6, 7)},

which yields the contradiction that f(x) is not monogenic by condition (2) of
Theorem 2.8 since neither (6, 2) nor (6, 7) is an element of R1. This completes the
proof that there are no monogenic trinomials f(x) with Gal(f) ' C2 × S3 in the
case of k = 1.

Suppose next that k = 2. Since h(x) is reducible, we have from Lemma 2.2 that

(3.24) M(µ) = µ4 − 8Bµ− 4AB = 0,

for some µ ∈ Z, or equivalently,

(3.25) µ4 = 4B(2µ+A).
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Note that µ 6= 0 since AB 6= 0. Observe from (3.25) that B | µ since B is squarefree.
Thus, we can write µ = mB, for some nonzero integer m. Then, noting that 2 | µ
from (3.25), and solving for A in (3.24), we get

A = µ(µ3 − 8B)
4B

= mB(m3B2 − 8)
4

=
(
mB

2

)(
m3B2

2 − 4
)
,(3.26)

where each factor in (3.26) is an integer. Hence,

δ = 4A3 + 27B

= B(m6B4 − 20m3B2 + 108)(m3B2 − 2)2

16

= B

(
m6B4

4 − 5m3B2 + 27
)(

m3B2

2 − 1
)2

,(3.27)

where each factor in (3.27) is an integer.
Let d = m3B2/2− 1 from (3.27). Since f(x) is irreducible, we know that d 6= 0.

We claim that |d| = 1. Suppose, by way of contradiction, that |d| > 1, and let p
be a prime divisor of d. Observe that p - mB, which also implies that p 6= 2 since
2 | mB. Since f(x) is monogenic and p2 | δ from (3.27), it follows from condition
(5) of Theorem 2.8 that p | A. Hence,

p | (m3B2/2− 4),

from (3.26). Consequently, p divides

d−
(
m3B2

2 − 4
)

= 3,

so that p = 3. Therefore,

(3.28) |d| =
∣∣m3B2/2− 1

∣∣ = 3z,

for some integer z ≥ 1. If z = 1 in (3.28), then it is easy to see that

(m,B) ∈ {(2,±1), (−1,±2)}.

The solutions (m,B) = (2,±1) yield the contradiction that A = 0. The solutions
(m,B) = (−1,±2) produce the pairs (A,B) ∈ {(−6,−2), (6, 2)}, so that

(A mod 9, B mod 9) ∈ {(3, 7), (6, 2)}.

However, neither of these pairs is contained inR2 from condition (2) of Theorem 2.8,
which contradicts the fact that f(x) is monogenic.

Hence, we may assume that z ≥ 2 in (3.28). Then, m3B2 ≡ 2 (mod 9), which
implies that

(3.29) (m mod 9, B mod 9) ∈ {(2, 4), (2, 5), (5, 4), (5, 5), (8, 4), (8, 5)}.
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It follows from (3.29) and (3.26) that
(A mod 9, B mod 9) ∈ {(3, 5), (6, 4)},

and neither of these pairs is an element of R2 from condition (2) of Theorem 2.8,
which again contradicts the fact that f(x) is monogenic. Thus, we have established
the claim that |d| = 1, so that z = 0 in (3.28).

The only solutions to |d| = 1 are easily found to be (m,B) ∈ {(1,±2)}, and
these solutions lead to the pairs (A,B) ∈ {(2,−2), (−2, 2)}. Using Theorem 2.5 and
Theorem 2.8 (or a computer algebra system), it is straightforward to verify that
f(x) is monogenic with Gal(f) ' C2 × S3, for each of these pairs (A,B), which
completes the proof of this case.

The Case A4. Assume that f(x) is monogenic with Gal(f) ' A4. By Theorem 2.5,
we have:

−B and ∆(g) are squares, and h(x) is irreducible.
Then, by Corollary 2.9, it follows that B = −1. Thus, since

∆(g) = −Bk−1 (4A3 + 27B3−k) = (−1)k
(
4A3 + 27(−1)3−k) = (−1)k4A3 − 27

is a square, we need to find the integral points on the elliptic curve
E : Y 2 = X3 − 2433,

where X = (−1)k4A. Using Sage, we get X = 12, which yields A = −3 when k = 1,
and A = 3 when k = 2. It is easy to confirm that

(k,A,B) ∈ {(1,−3,−1), (2, 3,−1)}
produce monogenic even sextic trinomials f(x) with Gal(f) ' A4.

The Case C2 ×A4. Suppose first that f(x) is monogenic with Gal(f) ' C2×A4.
Then
(3.30) −B is not a square, ∆(g) is a square, and h(x) is irreducible,
by Theorem 2.5. Regardless of the value of k, we need to show that
(3.31) 2 - AB, B 6= −1 is squarefree and rad(|δ|) | A.

To show that 2 - AB, we proceed by way of contradiction. Suppose first that
2 | A. Since B is squarefree, we have that

B mod 32 6∈ {0, 4, 8, 12, 16, 20, 24, 28}.
Consequently,

∆(g) mod 32 ∈ {5, 13, 20, 21, 29},
regardless of the value of k, which contradicts the fact that ∆(g) is a square, since
the squares modulo 32 are {0, 1, 4, 9, 16, 17, 25}. Hence, 2 - A. Suppose that 2 | B.
Then, since f(x) is monogenic, we have from condition (3) of Theorem 2.8 that
(A mod 4, B mod 4) = (3, 2). But then

∆(g) ≡
{

8 (mod 16) if k = 1;
12 (mod 16) if k = 2.
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which contradicts the fact that ∆(g) is a square. Therefore, 2 - B, and the claim
that 2 - AB is established.

Since f(x) is monogenic, we have from Corollary 2.9 that B is squarefree. Since
−B is not a square, we deduce that B 6= −1.

We turn next to showing that rad(|δ|) | A. Since
∆(g) = −Bk−1δ = −Bk−1(4A3 + 27B3−k)

is a square, we deduce from condition (5) of Theorem 2.8 that rad(|δ|) | 2AB. Let
p be a prime divisor of δ. Since 2 - B, it follows that p 6= 2. Therefore, p | A or
p | B, with p ≥ 3. If p - A, then p | B, which yields the contradiction that p - δ.
Thus, p | A, which completes the proof that conditions (3.31) hold, regardless of
the value of k.

Moving forward, we split our analysis into the two cases k ∈ {1, 2}, as described
in (3.4) and (3.5). Consider first the case k = 1. Suppose that 3 | ∆(f). If 3 - A,
then 3 | B, and we see from condition (3) of Theorem 2.8 that 3 - [ZK : Z[θ]].
Suppose then that 3 | A. We claim that 3 - B. Assume, to the contrary, that 3 | B,
and let

Z := 4(A/3)3 +B2 ∈ Z.
Then, since ∆(g) = −33Z is a square, we have that 3 | Z, which implies that
3 | (A/3). Hence, 32 || Z since 3 || B, so that 35 || ∆(g), which contradicts the fact
that ∆(g) is a square. Thus, 3 - B, and it is easy to verify that

(A mod 9, B mod 9) ∈ {(6, 1), (6, 4), (6, 5), (6, 8)},
from condition (2) of Theorem 2.8.

Next, suppose that p is a prime divisor of ∆(f) with p ≥ 5. If p | δ, then p | A
since rad(|δ|) | A, which implies that p | B. Since B is squarefree, we see that
condition (1) of Theorem 2.8 is satisfied with no further restrictions on A and B. If
p | B and p - δ, then p - A so that p - [ZK : Z[θ]] from condition (3) of Theorem 2.8,
which concludes our analysis of the case k = 1.

Consider now the case k = 2. Since ∆(g) = −B(4A3 + 27B) is a square, 2 - B
and B is squarefree, it follows that B | δ. Thus, B | A and
(3.32) − δ/B = −

(
4A2(A/B) + 27

)
is a square, since ∆(g) = −Bδ = B2(−δ/B) is a square. Let p be a prime divisor
of δ/B. Then p | A, since rad(|δ|) | A from (3.31). Thus, p = 3 from (3.32) and

−δ/B = −
(
4A2(A/B) + 27

)
= 32n,

for some integer n ≥ 0, or equivalently,

(3.33) A2(A/B) = 32n + 33

−4 .

For values of n ∈ {0, 1, 2}, it is then straightforward to determine all solutions of
equation (3.33), which are given in Table 4.

For n ≥ 3, we rewrite equation (3.33) as

(3.34) A2(A/B) = 33
(

32n−3 + 1
−4

)
,



MONOGENIC EVEN SEXTIC TRINOMIALS 35

n 0 1 2
Solutions none (A,B) ∈ {(−3, 3), (3,−3)} (A,B) = (−3, 1).

Tab. 4: Solutions to Equation (3.33) for n ∈ {0, 1, 2}

from which we deduce that 3 || A and 3 - B. Consequently, 3B | A and, rewriting
equation (3.34), we get

(3.35) (2B)2
(
−A
3B

)3
= 32n−3 + 1 ≡ 1 (mod 9),

since n ≥ 3. Since f(x) is monogenic, it follows from condition (2) of Theorem 2.8
that

(A mod 9, B mod 9) ∈ {(3, 1), (3, 2), (3, 8), (3, 4),
(6, 1), (6, 5), (6, 8), (6, 7)}.

(3.36)

However, a simple computation reveals that

(2B)2
(
−A
3B

)3
mod 9 ∈ {4, 5, 7, 8},

for each of the pairs (A mod 9, B mod 9) in (3.36), contradicting (3.35). This
contradiction shows that no monogenic trinomials f(x) with Gal(f) ' C2 × A4
exist when k = 2 and n ≥ 3, which completes the proof in this direction.

Conversely, assume that conditions (3.31) hold. When k = 2, the fact that f(x),
where (A,B) ∈ {(−3, 1), (−3, 3), (3,−3)}, is monogenic with Gal(f) ' C2 × A4
can be confirmed easily from conditions (3.31) and Theorem 2.8, or simply using a
computer algebra system on the three trinomials, and we omit the details.

So, suppose that k = 1 and let f(x) ∈ F1. We show first that Gal(f) ' C2 ×A4
by verifying that conditions (3.30) hold. Observe that −B cannot be a square,
since B is squarefree with B 6= −1. Thus, the first condition of (3.30) is satisfied
for f(x).

We show next that the second condition in (3.30) holds; that is, that ∆(g) is a
square. If 3 | A, then

(A mod 9, B mod 9) ∈ {(6, 1), (6, 4), (6, 5), (6, 8)}.

Hence, in this case we have

∆(g)/(−33) = δ/33 = 4(A/3)3 +B2 ≡

{
6 if B mod 9 ∈ {1, 8}
3 if B mod 9 ∈ {4, 5},

so that 34 || ∆(g). Observe that if 3 - A, then 3 - ∆(g). Suppose next, regardless of
whether 3 | A, that p ≥ 5 is a prime divisor of ∆(g) = −δ. Since rad(|δ|) | A, it
follows that p | A and p | B. Then p2 || B2 since B is squarefree, and therefore,

δ

p2 = 4A3 + 27B2

p2 = 4A(A/p)2 + 27(B/p)2 ≡ 27(B/p)2 6≡ 0 (mod p).
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Thus, p2 || ∆(g). Consequently,

(3.37) |∆(g)| = |δ| =
∣∣4A3 + 27B2∣∣ =

{
34∏

i p
2
i if 3 | A,∏

i p
2
i if 3 - A,

where the pi are the distinct prime divisors of δ with pi ≥ 5. Since 2 - B, then we
see that δ ≡ 3 (mod 4) so that δ cannot be a square, and we deduce from (3.37)
that |δ| = −δ. Hence, ∆(g) is a square, which confirms that the second condition
of (3.30) is satisfied for f(x) ∈ F1.

To show that h(x) = x6 −Ax2 −B2 is irreducible, which is the third condition
of (3.30), we proceed by way of contradiction and assume that h(x) is reducible.
Then, with M(x) as defined in (2.3), we have that

(3.38) M(µ) = µ4 − 2Aµ2 − 8Bµ+A2 = 0
for some µ ∈ Z, by Lemma 2.2. Observe from (3.38) that 2 - µ since 2 - A from
(3.31). Solving (3.38) for A, we get

A = µ2 ± 2
√

2Bµ ∈ Z.

Thus, 2Bµ is a nonzero square, which yields the contradiction that 2 | Bµ. Hence,
h(x) is irreducible and Gal(f) ' C2 ×A4. The fact that f(x) is monogenic follows
easily from conditions (3.31) and Theorem 2.8, and we omit the details.

The Case S+
4 . Assume that f(x) is monogenic with Gal(f) ' S+

4 . By Theorem 2.5,
we have:
(3.39) −B is a square, ∆(g) is not a square, and h(x) is irreducible.
Since −B is a square and B is squarefree by Corollary 2.9, it follows that B = −1.
If A = (−1)k3, then we see from Case A4 that Gal(f) ' A4. Hence, A 6= (−1)k3.
If 4 | A, then (A mod 4, B mod 4) = (0, 3), which contradicts condition (2) of
Theorem 2.8. Similarly, if 9 | A, then (A mod 9, B mod 9) = (0, 8) 6∈ Rk, which
also contradicts condition (2) of Theorem 2.8. Hence, 4 - A and 9 - A. The fact
that δ/3ν3(δ) is squarefree follows from condition (5) of Theorem 2.8. We conclude
that f(x) ∈ F2, which proves the first direction.

Conversely, suppose that f(x) ∈ F2. We show first that Gal(f) ' S+
4 by verifying

that conditions (3.39) hold. Clearly, −B is a square since B = −1. If ∆(g) is a
square, then
(3.40) Y 2 = X3 − 2433,

where
(X,Y ) =

(
(−1)k4A, (−1)k16δ

)
.

Using Sage to find the integral points on the elliptic curve (3.40) yields X = 12, so
that A = (−1)k3, which gives f(x) with Gal(f) ' A4. Hence, we conclude that ∆(g)
is not a square. To see that h(x) is irreducible, we assume that h(x) is reducible
and proceed by way of contradiction. Exactly the same argument used in the proof
of Corollary 3.2 can be used here with B = −1 to achieve a contradiction. Thus,
Gal(f) ' S+

4 . The fact that f(x) is monogenic can be deduced from Theorem 2.8,
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and we omit the details, since they are essentially outlined in the proof of the first
direction.

The Case S−4 . Assume that f(x) is monogenic with Gal(f) ' S−4 . By Theorem 2.5,
we have:

(3.41)
neither −B nor ∆(g) is a square, −B∆(g) is a square,

and h(x) is irreducible.
Recall that
(3.42) −B∆(g) = −B(−Bk−1(4A3 + 27B3−k)) = Bk(4A3 + 27B3−k).

Suppose first that k = 1, so that
(3.43) −B∆(g) = B(4A3 + 27B2).
Then, since B is squarefree from Corollary 2.9 and −B∆(g) is a square from (3.41),
we see from (3.43) that B | (4A3 + 27B2). Thus,

(3.44) A ≡

{
0 (mod B) if 2 - B

0 (mod (B/2)) if 2 | B.
If 2 - B, then we see from (3.43) and (3.44) that

B3(4B(A/B)3 + 27)
is a square. Since B is squarefree, it follows that B | (4B(A/B)3 + 27), so that
B | 27, and we deduce that B ∈ {±1,±3}.

Similarly, if 2 | B, then B | 2A from (3.44), and
B3(A(2A/B)2 + 27)

is a square. Thus, (B/2) | (A(2A/B)2 + 27), which implies that (B/2) | 27, and
consequently, B ∈ {±2,±6}.

To determine the possible corresponding values of A for each of these values of
B, we use Sage to find all integral points on the elliptic curves:

E±1 : Y 2 = X3 ± 2433 when B = ±1, with X = ±4A;
E±2 : Y 2 = X3 ± 2438 when B = ±3, with X = ±12A;
E±3 : Y 2 = X3 ± 2333 when B = ±2, with X = ±2A;
E±4 : Y 2 = X3 ± 2338 when B = ±6, with X = ±6A.

The curves E+
1 and E−2 contain no integral points. For the other curves, we provide

the values of X and the corresponding viable integer pairs (A,B) in Table 5.

Curve E−1 E+
2 E+

3 E−3 E+
4 E−4

X 12 0 −6 6,10,33 −18 54,1942
(A,B) (−3,−1) ∅ (−3, 2) (−3,−2),(−5,−2) (−3, 6) (−9,−6).
Tab. 5: Integral X-coordinates on E±i and corresponding pairs (A,B)
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It is straightforward to verify that (A,B) = (−9,−6) is the only pair in Table 5
such that f(x) is monogenic with Gal(f) ' S−4 , which completes the proof when
k = 1.

Suppose now that k = 2. It follows from (3.41) and (3.42) that
(3.45) δ = 4A3 + 27B is a square.
Using the same argument as given in Case S3 when k = 2, we arrive at the equation

B = 3− 4(A/3)3,

given in (3.12). Observe that 3 | A since B ∈ Z. Also, B 6= −1 by (3.41), B is
squarefree by Corollary 2.9, and 4 - A by condition (2) of Theorem 2.8.

Conversely, it is straightforward to verify that these conditions are sufficient for
f(x) to be monogenic with Gal(f) ' S−4 .

The Case C2 × S4. The necessity of these conditions is straightforward and we
omit the details. To prove that these conditions are sufficient, we need to show
that −Bδ(g) is not a square and that h(x) is irreducible. To see that −Bδ(g) is
not a square, we assume the contrary, and proceed using the arguments contained
in the Case S3. To prove that h(x) is irreducible, recall from Lemma 2.2 that the
reducibility of h(x) implies that M(µ) = 0 for some unique integer µ. Then, we
proceed by way of contradiction and apply the the arguments used in the Case
C2 × S3 to complete the proof. �

4. The Proof of Corollary 1.2

Proof. We first address item (1), and we begin with the family
F1 = {f(x) : 3 - A or (A mod 9, B mod 9) ∈ {(6, 1), (6, 4), (6, 5), (6, 8)}}.

Recall, in this scenario we have k = 1 such that
(4.1) 2 - AB, B 6= −1 and is squarefree, rad(δ) | A,
where f(x) = x6 +Ax2 +B ∈ F1 is monogenic with Gal(f) ' C2×A4. We provide
two infinite single-parameter subfamilies T1 and T2 of F1, such that all elements of
each subfamily generate distinct sextic fields. We let t denote an integer parameter
for both examples.

For our first example, define
A := −(27t2 + 27t+ 7), B := (2t+ 1)A and
T1 := {ft(x) = x6 +Ax2 +B : t ≥ 0 and B is squarefree}.

Let ft(x) ∈ T1 and let gt(x) = x3+Ax+B. Note that −A > 1 and gcd(2t+1, A) = 1.
Then, since B = (2t+ 1)A is squarefree, we have that A is squarefree and so ft(x)
is Eisenstein with respect to every prime divisor of A. Thus, ft(x) is irreducible
over Q. An easy computation shows that

∆(gt) = −δ = −(4A3 + 27B2) = A2.

Hence, ft(x) satisfies the conditions in (4.1), and since 3 - A, we see that T1 ⊂ F1.
Since there exist infinitely many integers t such that (2t + 1)(27t2 + 27t + 7) is
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squarefree [3], it follows that T1 and consequently, F1, is infinite. We claim that
the elements of T1 generate distinct sextic fields. For i ∈ {1, 2}, let fti(x) ∈ T1 with
t1 6= t2, let fti(θi) = 0 and Ki = Q(θi). Assume, by way of contradiction, that
K1 = K2. Then, ∆(K1) = ∆(K2), and since fti(x) is monogenic, it follows from
(2.4) that ∆(ft1) = ∆(ft2). Calculating ∆(fti) using Corollary (2.4), we get

64(2t1 + 1)(27t21 + 27t1 + 7)5 − 64(2t2 + 1)(27t22 + 27t2 + 7)5 = 64(t1 − t2)T = 0,

where T > 0, which yields the contradiction that t1 = t2. Thus, if t1 6= t2, then
∆(ft1) 6= ∆(ft2), and the claim that each element of T1 generates a distinct sextic
field follows from Corollary 2.6. We point out that the argument used in this first
example to show that the sextic fields are distinct is similar to the argument needed
to establish the same claim in the examples that follow, and so we omit the details.

For our second example, we define

A := −3(9t2 − 21t+ 13), B := (6t− 7)A and
T2 := {ft(x) = x6 +Ax2 +B : t ≥ 0 and B is squarefree}.

Note, as in the example T1, ft(x) ∈ T2 is irreducible over Q since ft(x) is Eisenstein
with respect to every prime divisor of A, due to the fact that A is squarefree and
gcd(6t− 7, 3(9t2 − 21t+ 13)) = 1. Here, with gt(x) = x3 +Ax+B, we have

∆(gt) = −δ = −(4A3 + 27B2) = 9A2,

so that rad(δ) | A. Hence, ft(x) satisfies (4.1). Since (A mod 9, B mod 9) = (6, 1),
it follows that T2 ⊂ F1.

We turn next to the family

F2 = {f(x) : B = −1, A 6= (−1)k3, 4 - A, 9 - A and δ/3ν3(δ) is squarefree},

where f(x) ∈ F2 is monogenic with Gal(f) ' S+
4 . We focus on k = 1 since that

will suffice to establish what we claim. We let s be an integer parameter, and define

S := {fs(x) = x6 + (6s+ 1)x2 − 1 : s ≥ 0 and δ is squarefree},

where δ = 4(6s + 1)3 + 27. It is easy to see that S ⊂ F2, and since there exist
infinitely many positive integers s such that δ is squarefree [9], it follows that S is
infinite.

Finally, for item (1), we consider the family

F3 = {f(x) : 3 | A, 4 - A, B 6= −1, B = 3− 4(A/3)3 is squarefree},

where f(x) = x6 +Ax4 +B is monogenic with Gal(f) ' S−4 . We let u be an integer
parameter, and define

A := 6u+ 3, B := 3− 4(2u+ 1)3 and
U := {fu(x) = x6 +Ax4 +B : u ≥ 1 and B is squarefree}.

Note that B 6= −1 since u 6= 0. It is clear that U ⊂ F3 and that U is infinite since
there exist infinitely many positive integers u such that B is squarefree [9].

We turn now to item (2). Let v be an integer parameter.
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Suppose that k = 1, and define
A := 6v + 1, B := 1 and
V1 := {fv(x) = x6 +Ax2 +B : v ≥ 0 and δ is squarefree},

where δ = 4(6v + 1)3 + 27. Note that −δ cannot be a square since δ > 0. Then
fv(x) ∈ V1 is monogenic with Gal(fv) ' C2 × S4, and V1 is infinite since there
exist infinitely many positive integers v such that δ is squarefree [9].

Suppose that k = 2, and define
A := 36v + 12, B := 1 and

V2 := {fv(x) = x6 +Ax4 +B : v ≥ 0 and δ/
∏
p|2AB

pνp(δ) is squarefree},

where
δ = 4(36v + 12)3 + 27 = 33 (28(3v + 1)3 + 1

)
.

Thus,
δ/

∏
p|2AB

pνp(δ) = δ/33 = 28(3v + 1)3 + 1,

and since there exist infinitely many positive integers v such that 28(3v+ 1)3 + 1 is
squarefree [9], we conclude that V2 is infinite. Since (A mod 9, B mod 9) = (3, 1),
it follows that fv(x) ∈ V2 is monogenic with Gal(fv) ' C2 × S4. �

Remark 4.1. The infinite families given in the proof of Corollary 1.2 are not
exhaustive, in the sense that other such single-parameter infinite families can be
constructed in a similar manner.
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