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Abstract. Let ¥ be a o-algebra of subsets of a set 2, and X and Y be Banach spaces.
Let B(X, X) stand for the Banach space of all X-valued totally measurable functions
on (), equipped with the supremum norm. We study absolutely summing operators
T: B(3,X) =Y. We characterize absolutely summing operators 7: B(3,X) — Y in
terms of their representing operator-valued measures. It is shown that the classes of domi-
nated operators and absolutely summing operators T: B(X, X) — Y coincide if and only
if every bounded linear operator U: X — Y is absolutely summing.
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ming operator; operator-valued measure
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1. INTRODUCTION AND PRELIMINARIES

The theory of absolutely summing operators originates in the fundamental paper
of Grothendieck [12]. It plays an important role in the modern Banach space theory
and has applications in harmonic analysis, approximation theory and operator theory,
among others (see [1], [4]-[8], [13], [14], [16]-][19]).

Recall that a bounded linear operator S: G — H between Banach spaces G and H
is said to be absolutely summing if S carries a weakly unconditionally convergent se-
ries in G into absolutely convergent series in H, that is, § IS (zn)|l e < oo whenever
(zn) is a sequence in G such that ioz |2*(z)] < oo for e%;iy 2t e G*.

n=1
The following characterization of absolutely summing operators is well known

(see [8], pp. 161-162).
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Theorem 1.1. For a bounded linear operator S: G — H, the following state-
ments are equivalent:

(i) S is absolutely summing.
(ii) S maps an unconditionally convergent series in G into absolutely convergent
series in H.

(iii) There exists a constant ¢ > 0 such that for any finite set {z1,...,2,} In G,

(%) DolISGlla < e SUP{Z 2" (z0)]: 2" € G [[27]|ler < 1}~
i=1 i=1

The least constant ¢ such that the inequality (%) holds is called the absolutely
summing norm of S and denoted by ||.S]|as. Then the linear space AS(G, H) of all
absolutely summing operators S: G — H, equipped with the norm ||| .s, is a Banach
space (see [8], p. 162, [17], 2.2.4, Proposition, p. 38).

It is known that every absolutely summing operator S: G — H is Dunford-Pettis
and weakly compact (see [1], Corollary 8.2.15).

From now on we assume that (X,|-||x) and (Y, ]]||y) are Banach spaces over
the real or complex field K. Let (X*,|:||x~) and (Y*,|]-||y~) stand for their duals
and Bx~ denote the closed unit ball in X*. By £(X,Y’) we denote the space of all
bounded linear operators U: X — Y, equipped with the operator norm ||-||. Then
AS(X,Y) C L(X,Y) and ||[U]| € ||Ullas for U € AS(X,Y).

Let ¥ be a o-algebra of subsets of a nonempty set 2. Let T4 stand for the

characteristic function of a set A € 3. By S(X,X) we denote the space of all
n
X-valued ¥-simple functions s = > 14, ® z;, where 4; € ¥, z; € X for 1 < i < n,

and (14, ® z;)(w) = 14, (w)x; for wz_el . Let B(X, X) denote the Banach space of all
totally Y-measurable functions f: € — X, that is, the space of the uniform limits of
all sequences in S(X, X ), equipped with the supremum norm ||-|| (see [9], Section 6).
In particular, let B(X) := B(%, K).

Different classes of linear operators T: B(X, X) — Y have been studied by Din-
culeanu [9], Section 9, [10], Section 1.H, Brooks and Lewis [2], [3], Shuchat [20],
Swong [22] and Nowak [15].

For a bounded operator T: B(X,X) — Y, let m: ¥ — L(X,Y) stand for its
representing measure, that is,

m(A)(z) =T(la®z) for AeX, zeX.

Then
T(f) :/Qf(w)dm(w) for f € B(X, X),
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where [, f(w)dm(w) denotes the so-called immediate integral (see [9], Section 9,
[10], Section 1.G). By |m|(A) we denote the variation of m on a set A € 3, that is,
|m|(A) = sup > ||m(A4;)||, where the supremum is taken over all finite ¥-partitions
(A;) of A.

Denote by bva(X, X*) the Banach space of all finitely additive measures
pw: X — X* of bounded variation, equipped with the norm ||| := |u|(£2). The
Banach dual B(X, X)* of B(3, X) can be identified with bva(X, X*) through the
linear mapping

®: bva(X, X")> p— @, € B(X, X)",

where ®,(f) = [, f( ) for all f € B(X,X) and ||®,] = |u[() (see [9],
Section 9, Corollary 1, p- 147).

In Section 2 we give a characterization of absolutely summing operators 7':
B(3,X) — Y in terms of their representing measures. In Section 3 we show that the
classes of dominated and absolutely summing operators T: B(X, X) — Y coincide
if and only if every bounded linear operator U: X — Y is absolutely summing.

2. A CHARACTERIZATION OF ABSOLUTELY SUMMING OPERATORS ON B(XZ, X)

In this section we characterize absolutely summing operators T: B(X,X) — Y in

terms of their representing measures.

Proposition 2.1. Let T: B(X,X) — Y be an absolutely summing operator.
Then m(A) € AS(X,Y) for every A € ¥ and |m|as(2) < ||T||as, where |m|.s denotes
the variation of the measure m with respect to the norm ||-||as.

Proof. Assume that the series io: x, is weakly unconditionally convergent
in X, that is, Z |z*(x,)| < oo for all - 6 X*.

Let A € Z Then the series E T4 ® x, is weakly uncondltlonally convergent
in B(X, X) because for every u e bva(E,X ), we have Z | Jo (T4 ® zp)(w) dp| =
il |(A)(xy)| < 0o. Since T' is absolutely summing, we gne:t1

Do lImA)@a)lly =Y IT(Ta @ @)y < oo,
n=1 n=1

that is, m(A) € AS(X,Y).

Now we show that |m|as(Q) < ||T||as-

Let F(N) denote the family of all finite subsets of the set N of all positive integers.
Assume that (A;)7_; is a X-partition of 2. Let ¢ > 0 be given and j € {1,...,n}.
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Choose 0; € F(N) and z;; € X for ¢ € ¢; such that

(2.1) Z |z*(zi;)| <1 for every z* € Bx-
€0

and

(2.2) D ImA)@ply + 55 2» 2 [[m(A4;)[las
€0

(see [11], Theorem 3.5). Hence using (2.2), we have

n
Z”m |a5\5+ZZHm xi] |Y_5+ZZHTHA @ xij My

j=licoy j=licoj

s+||T|assup{Zz/ (a, ® 215)(w )du(w)‘:

j=1li€o;

e bral= X, Jul@) <1},

Note that by (2.1) for z* € X*, 2* # 0, we have

2

€0

*

T

[l -

(zi5)

<L

so > |z*(xs)| < ||x*||x+. Thus for every p € bva(X, X*) with |u|(2) < 1, we get

1€0;

(2.4) Z >

j=1li€o;j

/M@x”() ‘ ZZIM )(@ij)|

j=1li€o;j

n
<Y lu(A))llx- < lul(@) <1
Jj=1

n
Then in view of (2.3) and (2 4) we obtain that > [|m(A4;)|las < €+ ||T]|as, and since
=1

]_
€ > 0 is arbitrary, we have Z [lm(A;)]las < |T||as- It follows that [m]as(2) < ||T||as,
as desired. =t O

We will need the following lemma (see [21], Lemma 10).

Lemma 2.2. For a bounded linear operator T: B(X,X) — Y, the following
statements are equivalent:

(i) T is absolutely summing.
(ii) The restriction Ts(s, x): S(X,X) — Y is an absolutely summing operator.

In this case, ||T||las = [|Ts(s,x)||as-
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Proposition 2.3. Let T: B(X,X) — Y be a bounded linear operator. If m(A) €
AS(X,Y) for every A € ¥ and |m|.s(2) < oo, then T is absolutely summing and
[T[las < [m2fas(€2).

Proof. In view of Lemma 2.2 it is enough to show that the operator Ts(s x):
S(X,X) = Y is absolutely summing and ||Ts(s, x)|las < [m]as(£2).

Indeed, assume that s; € S(X, X) for j = 1,...,n. Note that there exists a 3-par-

k
tition (A;)F_, of Q such that forevery j € {1,...,n},s; = 3 14, ®;;, where z;; € X
i=1
fori=1,...,k. Hencefor j=1,...,n,
k k

T(s;) =Y T(Va, @ wyy) = > m(A;)(wij),

i=1 i=1

and since m(4;) € AS(X,Y), we get

(25) Znng My < 303 () e ||YZ<Z|m (@)l )

j=11i=1
k

ZHm i)las SUP{Z|$ zij)|: x* eBX*}.
For i € {1,...,k}, pick w; € A; and for z* € Bx~, let us put

D, o+ () :=2"(s(w;)) for seSE,X).
Then ®; .. € S(E,X)* with ||®; .-

Thus for ¢ = 1,...,k, we have

D et (@) =) @i (s5)] < SHP{Z |(s5)]: @€ S(E,X)", |2 < 1}7
j=1 j=1 j=1
and hence

sup{2|m*(mij)|: x* e BX*} < sup{z |D(s;)]: @ € S(E,X)", ||| < 1}.
j=1

j=1

< 1 and O, 4-(s;) = z*(ay;) for j =1,...,n

Then using (2.5), we get

é 1T(s)lly < (Z [m(A IIas> sup{2|<1> s;): @ € ST, X)", |9 < 1}

< |mlas(92 sup{Z@ sj)l: @ € S(E,X)", |2 < 1}.

This means that Ts(s x): S(¥,X) — Y is an absolutely summing operator and
HTS(E,X)”as < mlas(92). U
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As a consequence of Proposition 2.1 and 2.3, we have the following characterization
of absolutely summing operators T': B(3,X) — Y.

Corollary 2.4. Assume that T: B(¥X,X) — Y is a bounded linear operator.
Then the following statements are equivalent:
(i) T is absolutely summing.
(it) m(A) € AS(X,Y) for every A € ¥ and |m|as(2) < 0.

In this case, ||T||as = |[m]as(€2).

3. RELATIONSHIP BETWEEN DOMINATED AND ABSOLUTELY SUMMING
OPERATORS ON B(X, X)

Following [9], Section 9.3, we can distinguish the class of dominated operators
T: B(X,X)—=Y.

Definition 3.1. A linear operator 7: B(X,X) — Y is said to be dominated if
there exists a positive finitely additive measure A\ on ¥ such that

I\T(f)lly</Q||f(w)|\xd/\(w) for f e B(%, X).

Then we say that T' is dominated by .

We have the following characterization of dominated operators B(3,X) — Y
(see [9], Section 9.3, p. 150).

Proposition 3.2. Let T: B(X,X) — Y be a bounded linear operator. Then the
following statements are equivalent:

(i) T is dominated.
(i) |m|(2) < oo.
In this case, |m| is the least positive finitely additive measure on ¥ dominating T'.

It is known that a linear operator T': B(X) — Y is absolutely summing if and only
if its representing measure m: ¥ — Y has a finite variation (see [6], Theorem 1). This
means that the classes of absolutely summing operators and dominated operators
T: B(X) = Y coincide.

Note that if T: B(X,X) — Y is an absolutely summing operator, then T is
dominated because |m|(Q2) < |m|.s(2) < oo (see Proposition 2.1). Now we show
that every dominated operator T: B(X, X) — Y is absolutely summing if and only
if every bounded linear operator U: X — Y is absolutely summing.

Lemma 3.3. Assume that L(E,F) C AS(E,F). Then there exists a > 0 such
that ||U|as < a||U|| for all U € L(E, F).
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Proof. AssumethatU € L(E,F),U, € L(E,F)forn=1,2,...,and |[U,|| = 0
and ||Up — Ullas — 0. Then

IO < NUnll + [1Un = Ul < [|Unll + [[Un = Ullas = 0.

Hence U = 0 and by the Closed Graph Theorem, the identity operator I: L(E, F) —
AS(E, F) is bounded, so there exists a > 0 such that |U||,s < a||U|| for U € L(E, F).
O

Recall that if X is an abstract £i-space (e.g., X = L') and Y is a Hilbert space,
then £(X,Y) C AS(X,Y) (see [14], Theorem 4.1, [12], Corollary 1, p. 59).

Proposition 3.4. For Banach spaces X and Y, the following statements are equiv-
alent:
(i) L(X,Y) C AS(X,Y).
(ii) Every dominated operator T': B(X, X) — Y is absolutely summing.

Proof. (i)=(ii) Assume that (i) holds and T: B(X,X) — Y is a dominated
operator, that is, |m|(£2) < oo (see Proposition 3.2). Then by Lemma 3.3 there exists
a > 0 such that [|[m(A)|las < allm(A)|| for all A € ¥. Tt follows that |m|as(©2) <
alm|(£2) < oo, and by Proposition 2.3, T is absolutely summing.

o0
(ii) = (i) Assume that (ii) holds and (z,,) is a sequence in X such that > |z*(z,)| <oo
n=1

for every z* € X*.

For a fixed wg € 2, let 0y, (u) := u(wp) for u € B(X). Then 5wo € B(X)* and hence
there exists a unique measure A, € ba(X)" such that oy, (u) = [, u(w) dAy, (w) for
u € B(X). In particular, for f € B(X, X), we have || f(wo) HX = Jo If(@)lx dAuy (w).

For U € L(X,Y), let us put Ty (f) := U(f(wo)) for f € B(E, X). Then we have

ITo(F)lly = 10(F@o)lly < U1 Fwo)llx
—HUH/Hf Jx oy (@ /Hf Jlx dA@W),

where A = ||U||Ay,- This means that Ty;: B(E,X) — Y is a dominated operator
and hence Ty is absolutely summing.
Let ¥(z) := lg®x forx € X. Then ¥: X — B(X, X) is a bounded linear operator

o0
and for every ® 6 B(%,X)*, we have ® o ¥ € X*. Thus > |®(¥(x,))| < oo and
n=1
it follows that E 1Ty (¥ (xn))|ly < oo. Note that Ty (VU (zy,)) = U(¥(zy)(wo)) =
U(xy). This means that U € AS(X,Y), as desired. O

Acknowledgement. The author wishes to express his thanks to the referee for
valuable remarks leading to an improvement of the paper.
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