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Abstract. Let Σ be a σ-algebra of subsets of a set Ω, and X and Y be Banach spaces.
Let B(Σ, X) stand for the Banach space of all X-valued totally measurable functions
on Ω, equipped with the supremum norm. We study absolutely summing operators
T : B(Σ, X)→ Y . We characterize absolutely summing operators T : B(Σ, X) → Y in
terms of their representing operator-valued measures. It is shown that the classes of domi-
nated operators and absolutely summing operators T : B(Σ, X) → Y coincide if and only
if every bounded linear operator U : X → Y is absolutely summing.
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1. Introduction and preliminaries

The theory of absolutely summing operators originates in the fundamental paper

of Grothendieck [12]. It plays an important role in the modern Banach space theory

and has applications in harmonic analysis, approximation theory and operator theory,

among others (see [1], [4]–[8], [13], [14], [16]–[19]).

Recall that a bounded linear operator S : G → H between Banach spaces G andH

is said to be absolutely summing if S carries a weakly unconditionally convergent se-

ries in G into absolutely convergent series in H , that is,
∞
∑

n=1
‖S(zn)‖H < ∞ whenever

(zn) is a sequence in G such that
∞
∑

n=1
|z∗(zn)| < ∞ for every z∗ ∈ G∗.

The following characterization of absolutely summing operators is well known

(see [8], pp. 161–162).
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Theorem 1.1. For a bounded linear operator S : G → H , the following state-

ments are equivalent:

(i) S is absolutely summing.

(ii) S maps an unconditionally convergent series in G into absolutely convergent

series in H .

(iii) There exists a constant c > 0 such that for any finite set {z1, . . . , zn} in G,

(∗)

n
∑

i=1

‖S(zi)‖H 6 c sup

{ n
∑

i=1

|z∗(zi)| : z∗ ∈ G∗, ‖z∗‖G∗ 6 1

}

.

The least constant c such that the inequality (∗) holds is called the absolutely

summing norm of S and denoted by ‖S‖as. Then the linear space AS(G,H) of all

absolutely summing operators S : G → H , equipped with the norm ‖·‖as, is a Banach

space (see [8], p. 162, [17], 2.2.4, Proposition, p. 38).

It is known that every absolutely summing operator S : G → H is Dunford-Pettis

and weakly compact (see [1], Corollary 8.2.15).

From now on we assume that (X, ‖·‖X) and (Y, ‖·‖Y ) are Banach spaces over

the real or complex field K. Let (X∗, ‖·‖X∗) and (Y ∗, ‖·‖Y ∗) stand for their duals

and BX∗ denote the closed unit ball in X∗. By L(X,Y ) we denote the space of all

bounded linear operators U : X → Y , equipped with the operator norm ‖·‖. Then

AS(X,Y ) ⊂ L(X,Y ) and ‖U‖ 6 ‖U‖as for U ∈ AS(X,Y ).

Let Σ be a σ-algebra of subsets of a nonempty set Ω. Let bA stand for the

characteristic function of a set A ∈ Σ. By S(Σ, X) we denote the space of all

X-valued Σ-simple functions s =
n
∑

i=1

bAi
⊗ xi, where Ai ∈ Σ, xi ∈ X for 1 6 i 6 n,

and (bAi
⊗xi)(ω) = bAi

(ω)xi for ω ∈ Ω. Let B(Σ, X) denote the Banach space of all

totally Σ-measurable functions f : Ω → X , that is, the space of the uniform limits of

all sequences in S(Σ, X), equipped with the supremum norm ‖·‖ (see [9], Section 6).

In particular, let B(Σ) := B(Σ,K).

Different classes of linear operators T : B(Σ, X) → Y have been studied by Din-

culeanu [9], Section 9, [10], Section 1.H, Brooks and Lewis [2], [3], Shuchat [20],

Swong [22] and Nowak [15].

For a bounded operator T : B(Σ, X) → Y , let m : Σ → L(X,Y ) stand for its

representing measure, that is,

m(A)(x) := T (bA ⊗ x) for A ∈ Σ, x ∈ X.

Then

T (f) =

∫

Ω

f(ω) dm(ω) for f ∈ B(Σ, X),
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where
∫

Ω
f(ω) dm(ω) denotes the so-called immediate integral (see [9], Section 9,

[10], Section 1.G). By |m|(A) we denote the variation of m on a set A ∈ Σ, that is,

|m|(A) = sup
∑

‖m(Ai)‖, where the supremum is taken over all finite Σ-partitions

(Ai) of A.

Denote by bva(Σ, X∗) the Banach space of all finitely additive measures

µ : Σ → X∗ of bounded variation, equipped with the norm ‖µ‖ := |µ|(Ω). The

Banach dual B(Σ, X)∗ of B(Σ, X) can be identified with bva(Σ, X∗) through the

linear mapping

Φ: bva(Σ, X∗) ∋ µ 7→ Φµ ∈ B(Σ, X)∗,

where Φµ(f) =
∫

Ω
f(ω) dµ(ω) for all f ∈ B(Σ, X) and ‖Φµ‖ = |µ|(Ω) (see [9],

Section 9, Corollary 1, p. 147).

In Section 2 we give a characterization of absolutely summing operators T :

B(Σ, X) → Y in terms of their representing measures. In Section 3 we show that the

classes of dominated and absolutely summing operators T : B(Σ, X) → Y coincide

if and only if every bounded linear operator U : X → Y is absolutely summing.

2. A characterization of absolutely summing operators on B(Σ, X)

In this section we characterize absolutely summing operators T : B(Σ, X) → Y in

terms of their representing measures.

Proposition 2.1. Let T : B(Σ, X) → Y be an absolutely summing operator.

Then m(A) ∈ AS(X,Y ) for every A ∈ Σ and |m|as(Ω) 6 ‖T ‖as, where |m|as denotes

the variation of the measure m with respect to the norm ‖·‖as.

P r o o f. Assume that the series
∞
∑

n=1
xn is weakly unconditionally convergent

in X , that is,
∞
∑

n=1
|x∗(xn)| < ∞ for all x∗ ∈ X∗.

Let A ∈ Σ. Then the series
∞
∑

n=1
bA ⊗ xn is weakly unconditionally convergent

in B(Σ, X) because for every µ ∈ bva(Σ, X∗), we have
∞
∑

n=1
|
∫

Ω
(bA ⊗ xn)(ω) dµ| =

∞
∑

n=1
|µ(A)(xn)| < ∞. Since T is absolutely summing, we get

∞
∑

n=1

‖m(A)(xn)‖Y =

∞
∑

n=1

‖T (bA ⊗ xn)‖Y < ∞,

that is, m(A) ∈ AS(X,Y ).

Now we show that |m|as(Ω) 6 ‖T ‖as.

Let F(N) denote the family of all finite subsets of the set N of all positive integers.

Assume that (Aj)
n
j=1 is a Σ-partition of Ω. Let ε > 0 be given and j ∈ {1, . . . , n}.
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Choose σj ∈ F(N) and xij ∈ X for i ∈ σj such that

(2.1)
∑

i∈σj

|x∗(xij)| 6 1 for every x∗ ∈ BX∗

and

(2.2)
∑

i∈σj

‖m(Aj)(xij)‖Y +
ε

2j
> ‖m(Aj)‖as

(see [11], Theorem 3.5). Hence using (2.2), we have

n
∑

j=1

‖m(Aj)‖as 6 ε+

n
∑

j=1

∑

i∈σj

‖m(Aj)(xij)‖Y = ε+

n
∑

j=1

∑

i∈σj

‖T (bAj
⊗ xij)‖Y(2.3)

6 ε+ ‖T ‖as sup

{ n
∑

j=1

∑

i∈σj

∣

∣

∣

∣

∫

Ω

(bAj
⊗ xij)(ω) dµ(ω)

∣

∣

∣

∣

:

µ ∈ bva(Σ, X∗), |µ|(Ω) 6 1

}

.

Note that by (2.1) for x∗ ∈ X∗, x∗ 6= 0, we have

∑

i∈σj

∣

∣

∣

∣

x∗

‖x∗‖X∗

(xij)

∣

∣

∣

∣

6 1,

so
∑

i∈σj

|x∗(xij)| 6 ‖x∗‖X∗ . Thus for every µ ∈ bva(Σ, X∗) with |µ|(Ω) 6 1, we get

n
∑

j=1

∑

i∈σj

∣

∣

∣

∣

∫

Ω

(bAj
⊗ xij)(ω) dµ(ω)

∣

∣

∣

∣

=

n
∑

j=1

∑

i∈σj

|µ(Aj)(xij)|(2.4)

6

n
∑

j=1

‖µ(Aj)‖X∗ 6 |µ|(Ω) 6 1.

Then in view of (2.3) and (2.4) we obtain that
n
∑

j=1

‖m(Aj)‖as 6 ε+ ‖T ‖as, and since

ε > 0 is arbitrary, we have
n
∑

j=1

‖m(Aj)‖as 6 ‖T ‖as. It follows that |m|as(Ω) 6 ‖T ‖as,

as desired. �

We will need the following lemma (see [21], Lemma 10).

Lemma 2.2. For a bounded linear operator T : B(Σ, X) → Y , the following

statements are equivalent:

(i) T is absolutely summing.

(ii) The restriction TS(Σ,X) : S(Σ, X) → Y is an absolutely summing operator.

In this case, ‖T ‖as = ‖TS(Σ,X)‖as.
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Proposition 2.3. Let T : B(Σ, X) → Y be a bounded linear operator. Ifm(A) ∈

AS(X,Y ) for every A ∈ Σ and |m|as(Ω) < ∞, then T is absolutely summing and

‖T ‖as 6 |m|as(Ω).

P r o o f. In view of Lemma 2.2 it is enough to show that the operator TS(Σ,X) :

S(Σ, X) → Y is absolutely summing and ‖TS(Σ,X)‖as 6 |m|as(Ω).

Indeed, assume that sj ∈ S(Σ, X) for j = 1, . . . , n. Note that there exists a Σ-par-

tition (Ai)
k
i=1 of Ω such that for every j ∈ {1, . . . , n}, sj =

k
∑

i=1

bAi
⊗xij , where xij ∈ X

for i = 1, . . . , k. Hence for j = 1, . . . , n,

T (sj) =

k
∑

i=1

T (bAi
⊗ xij) =

k
∑

i=1

m(Ai)(xij),

and since m(Ai) ∈ AS(X,Y ), we get

n
∑

j=1

‖T (sj)‖Y 6

n
∑

j=1

k
∑

i=1

‖m(Ai)(xij)‖Y =

k
∑

i=1

( n
∑

j=1

‖m(Ai)(xij)‖Y

)

(2.5)

6

k
∑

i=1

‖m(Ai)‖as sup

{ n
∑

j=1

|x∗(xij)| : x∗ ∈ BX∗

}

.

For i ∈ {1, . . . , k}, pick ωi ∈ Ai and for x
∗ ∈ BX∗ , let us put

Φi,x∗(s) := x∗(s(ωi)) for s ∈ S(Σ, X).

Then Φi,x∗ ∈ S(Σ, X)∗ with ‖Φi,x∗‖ 6 1 and Φi,x∗(sj) = x∗(xij) for j = 1, . . . , n.

Thus for i = 1, . . . , k, we have

n
∑

j=1

|x∗(xij)| =

n
∑

j=1

|Φi,x∗(sj)| 6 sup

{ n
∑

j=1

|Φ(sj)| : Φ ∈ S(Σ, X)∗, ‖Φ‖ 6 1

}

,

and hence

sup

{ n
∑

j=1

|x∗(xij)| : x∗ ∈ BX∗

}

6 sup

{ n
∑

j=1

|Φ(sj)| : Φ ∈ S(Σ, X)∗, ‖Φ‖ 6 1

}

.

Then using (2.5), we get

n
∑

j=1

‖T (sj)‖Y 6

( k
∑

i=1

‖m(Ai)‖as

)

sup

{ n
∑

j=1

|Φ(sj)| : Φ ∈ S(Σ, X)∗, ‖Φ‖ 6 1

}

6 |m|as(Ω) sup

{ n
∑

j=1

|Φ(sj)| : Φ ∈ S(Σ, X)∗, ‖Φ‖ 6 1

}

.

This means that TS(Σ,X) : S(Σ, X) → Y is an absolutely summing operator and

‖TS(Σ,X)‖as 6 |m|as(Ω). �
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As a consequence of Proposition 2.1 and 2.3, we have the following characterization

of absolutely summing operators T : B(Σ, X) → Y .

Corollary 2.4. Assume that T : B(Σ, X) → Y is a bounded linear operator.

Then the following statements are equivalent:

(i) T is absolutely summing.

(ii) m(A) ∈ AS(X,Y ) for every A ∈ Σ and |m|as(Ω) < ∞.

In this case, ‖T ‖as = |m|as(Ω).

3. Relationship between dominated and absolutely summing

operators on B(Σ, X)

Following [9], Section 9.3, we can distinguish the class of dominated operators

T : B(Σ, X) → Y .

Definition 3.1. A linear operator T : B(Σ, X) → Y is said to be dominated if

there exists a positive finitely additive measure λ on Σ such that

‖T (f)‖Y 6

∫

Ω

‖f(ω)‖X dλ(ω) for f ∈ B(Σ, X).

Then we say that T is dominated by λ.

We have the following characterization of dominated operators B(Σ, X) → Y

(see [9], Section 9.3, p. 150).

Proposition 3.2. Let T : B(Σ, X) → Y be a bounded linear operator. Then the

following statements are equivalent:

(i) T is dominated.

(ii) |m|(Ω) < ∞.

In this case, |m| is the least positive finitely additive measure on Σ dominating T .

It is known that a linear operator T : B(Σ) → Y is absolutely summing if and only

if its representing measurem : Σ → Y has a finite variation (see [6], Theorem 1). This

means that the classes of absolutely summing operators and dominated operators

T : B(Σ) → Y coincide.

Note that if T : B(Σ, X) → Y is an absolutely summing operator, then T is

dominated because |m|(Ω) 6 |m|as(Ω) < ∞ (see Proposition 2.1). Now we show

that every dominated operator T : B(Σ, X) → Y is absolutely summing if and only

if every bounded linear operator U : X → Y is absolutely summing.

Lemma 3.3. Assume that L(E,F ) ⊂ AS(E,F ). Then there exists a > 0 such

that ‖U‖as 6 a‖U‖ for all U ∈ L(E,F ).
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P r o o f. Assume that U ∈ L(E,F ), Un ∈ L(E,F ) for n = 1, 2, . . ., and ‖Un‖ → 0

and ‖Un − U‖as → 0. Then

‖U‖ 6 ‖Un‖+ ‖Un − U‖ 6 ‖Un‖+ ‖Un − U‖as → 0.

Hence U = 0 and by the Closed Graph Theorem, the identity operator I : L(E,F ) →

AS(E,F ) is bounded, so there exists a > 0 such that ‖U‖as 6 a‖U‖ for U ∈ L(E,F ).

�

Recall that if X is an abstract L1-space (e.g., X = L1) and Y is a Hilbert space,

then L(X,Y ) ⊂ AS(X,Y ) (see [14], Theorem 4.1, [12], Corollary 1, p. 59).

Proposition 3.4. For Banach spacesX and Y, the following statements are equiv-

alent:

(i) L(X,Y ) ⊂ AS(X,Y ).

(ii) Every dominated operator T : B(Σ, X) → Y is absolutely summing.

P r o o f. (i)⇒ (ii) Assume that (i) holds and T : B(Σ, X) → Y is a dominated

operator, that is, |m|(Ω) < ∞ (see Proposition 3.2). Then by Lemma 3.3 there exists

a > 0 such that ‖m(A)‖as 6 a‖m(A)‖ for all A ∈ Σ. It follows that |m|as(Ω) 6

a|m|(Ω) < ∞, and by Proposition 2.3, T is absolutely summing.

(ii)⇒ (i) Assume that (ii) holds and (xn) is a sequence inX such that
∞
∑

n=1
|x∗(xn)| <∞

for every x∗ ∈ X∗.

For a fixed ω0 ∈ Ω, let δω0
(u) := u(ω0) for u ∈ B(Σ). Then δω0

∈ B(Σ)∗ and hence

there exists a unique measure λω0
∈ ba(Σ)+ such that δω0

(u) =
∫

Ω u(ω) dλω0
(ω) for

u ∈ B(Σ). In particular, for f ∈ B(Σ, X), we have ‖f(ω0)‖X =
∫

Ω
‖f(ω)‖X dλω0

(ω).

For U ∈ L(X,Y ), let us put TU (f) := U(f(ω0)) for f ∈ B(Σ, X). Then we have

‖TU (f)‖Y = ‖U(f(ω0))‖Y 6 ‖U‖ ‖f(ω0)‖X

= ‖U‖

∫

Ω

‖f(ω)‖X dλω0
(ω) =

∫

Ω

‖f(ω)‖X dλ(ω),

where λ = ‖U‖λω0
. This means that TU : B(Σ, X) → Y is a dominated operator

and hence TU is absolutely summing.

Let Ψ(x) := bΩ⊗x for x ∈ X . ThenΨ: X → B(Σ, X) is a bounded linear operator

and for every Φ ∈ B(Σ, X)∗, we have Φ ◦ Ψ ∈ X∗. Thus
∞
∑

n=1
|Φ(Ψ(xn))| < ∞ and

it follows that
∞
∑

n=1
‖TU(Ψ(xn))‖Y < ∞. Note that TU (Ψ(xn)) = U(Ψ(xn)(ω0)) =

U(xn). This means that U ∈ AS(X,Y ), as desired. �

Acknowledgement. The author wishes to express his thanks to the referee for

valuable remarks leading to an improvement of the paper.

383



References

[1] F. Albiac, N. J. Kalton: Topics in Banach Space Theory. Graduate Texts in Mathematics
233. Springer, Cham, 2016. zbl MR doi

[2] J. K. Brooks, P. W. Lewis: Operators on function spaces. Bull. Am. Math. Soc. 78 (1972),
697–701. zbl MR doi

[3] J. K. Brooks, P. W. Lewis: Linear operators and vector measures. Trans. Am. Math. Soc.
192 (1974), 139–162. zbl MR doi

[4] A. Defant, K. Floret: Tensor Norms and Operator Ideals. North-Holland Mathematics
Studies 176. North-Holland, Amsterdam, 1993. zbl MR doi

[5] J. Diestel: An elementary characterization of absolutely summing operators. Math. Ann.
196 (1972), 101–105. zbl MR doi

[6] J. Diestel: The Radon-Nikodym property and the coincidence of integral and nuclear
operators. Rev. Roum. Math. Pures Appl. 17 (1972), 1611–1620. zbl MR

[7] J. Diestel, H. Jarchow, A. Tonge: Absolutely Summing Operators. Cambridge Studies in
Advanced Mathematics 43. Cambridge University Press, Cambridge, 1995. zbl MR doi

[8] J. Diestel, J. J. Uhl, Jr.: Vector Measures. Mathematical Surveys 15. AMS, Providence,
1977. zbl MR doi

[9] N. Dinculeanu: Vector Measures. Hochschulbücher für Mathematik 64. VEB Deutscher
Verlag der Wissenschaften, Berlin, 1966. zbl MR doi

[10] N. Dinculeanu: Vector Integration and Stochastic Integration in Banach Spaces. Pure
and Applied Mathematics. A Wiley-Interscience Series of Texts, Monographs and
Tracts. John Wiley and Sons, New York, 2000. zbl MR doi

[11] K. Floret, J. Wloka: Einführung in die Theorie der lokalconvexen Räume. Lectuer Notes
in Mathematics 56. Springer, Berlin, 1968. (In German.) zbl MR doi

[12] A. Grothendieck: Résumé de la théorie métrique des produits tensoriels topologiques.
Bol. Soc. Mat. São Paulo 8 (1953), 1–79. (In French.) zbl MR

[13] H. Jarchow: Locally Convex Spaces. Mathematische Leitfäden. B.G.Teubner, Stuttgart,
1981. zbl MR doi
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