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Abstract. The idea of best approximation in linear n-normed space is presented and
some examples showing various possibilities of best approximations in linear n-normed
space is given. Also, we study strictly convex n-norm and enquire about the uniqueness
of best approximations in n-normed linear space. Furthermore, best approximations in
n-Hilbert space is discussed. Moreover, the notion of a Banach algebra in n-Banach space
is presented and some examples are discussed. A set-theoretic property of invertible and
noninvertible elements in an n-Banach algebra is explained and then topological divisor of
zero in n-Banach algebra is defined. Finally, we introduce the notion of a complex homeo-
morphism in an n-Banach algebra and derive Gleason, Kahane, Zelazko type theorem with
the help of complex b-homeomorphism in the case of n-Banach algebra.

Keywords: n-normed space; n-Banach space; b-linear functional; Banach algebra; com-
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1. INTRODUCTION

We know that any real-valued continuous function in [a,b] can be approximated
by a set of polynomials. There are also another facts on approximations, for example
any open interval in the real line can be approximated by a set of closed intervals.
A natural setting for the problem of approximation is as follows.

Let X be a normed linear space and G be a subset of X. Let zg € X and
0 = gnelg [xzo — g||. Then § is the distance of z¢ from G. The problem for best

approximation of xg out of the element of GG is to find an element gy € G such that
d = ||lxo — gol| - We see that a best approximation which occurs for g is an element
of minimum distance from the given zy. Such a gy € G may or may not exist; which

DOI: 10.21136/MB.2025.0159-24 449

© The author(s) 2025. This is an open access article under the CC BY-NC-ND licence @®®E


https://creativecommons.org/licenses/by-nc-nd/4.0
http://dx.doi.org/10.21136/MB.2025.0159-24

raises the problem of existence. The problem of uniqueness is of practical interest
too, since for given zy and G there may be more than one best approximation.

Nagumo [14] introduced the notion of Banach algebra in 1936 and thereafter fur-
ther development of the theory of Banach algebra was given by Gelfand et al. [4], [5].
In recent times, various Banach algebra’s techniques are used to simplify the theories
related to matrices, operators, integral equations and dynamical systems, etc.

The idea of linear 2-normed space was first introduced by Géhler [3] and there-
after the geometric structure of linear 2-normed spaces was developed by Cho and
Freese [2]. The concept of 2-Banach space is briefly discussed in [20]. Mohammad and
Siddiqui [13] introduced the concept of 2-Banach algebra and derived some known
results of the usual Banach algebra in 2-Banach algebra. For more on 2-normed alge-
bras one can go through the papers [17], [19]. Gunawan and Mashadi [11] developed
a generalization of a linear 2-normed space for n > 2. Some fundamental results of
classical normed space with respect to b-linear functional in linear n-normed space
have been studied by Ghosh and Samanta [7], [8], [9]. Also they have studied few
fixed point theorems in linear n-normed space [6]. The concept of 2-inner product
space was first introduced by Diminnie et al. [1] in 1970’s. In 1989, Misiak [12]
developed a generalization of a 2-inner product space for n > 2.

In this paper, first we have studied best approximations theory in linear n-normed
space and observed that finite dimensionality plays an important role for existence of
best approximation. Strictly convex and uniformly convex cases in linear n-normed
space are also discussed. The notion of a Banach algebra in n-Banach spaces is being
discussed with a few examples. The consideration of Bergman space as a Banach alge-
bra and the analyses made on Banach algebra structures in multidimensional spaces
such as C'(n) reveal the richness of algebraic structures in functional spaces. In this
context, these studies, which are closely related to the n-normed space framework,
complement the discussions in this paper and provide natural and valuable contri-
butions in terms of comparative analysis. We shall establish a set-theoretic property
of invertible and noninvertible elements in an n-Banach algebra and then present
topological divisor of zero in an n-Banach algebra. Finally, the idea of a complex
homeomorphism in an n-Banach algebra is being given and few results with respect
to complex b-homeomorphism in n-Banach algebra are established.
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2. PRELIMINARIES

In this section, we give some necessary definitions and theorems.

Definition 2.1 ([11]). Let X be a linear space over the field K, where K is the
real or complex numbers field with dim X > n, where n is a positive integer. A real
valued function |-, ...,||: X™ — R is called an n-norm on X if

(N1) ||z1,x2,...,x,]| = 0 if and only if x4, ..., x, are linearly dependent,

(N2) ||z1,x2, ..., 2y is invariant under permutations of z1,xa, ..., Zn,

(N3) ||ax1, 22, ..., zn|| = || |21, 22, . .., zp|| for all a € K,

(N4) ||z 4+ y,z2,..., x| < ||z, 22, ..., z0| + |y, 22, .., T0l|

hold for all z,y,x1,22,...,2, € X. The pair (X, |-,...,-]|) is then called a linear
n-normed space.

Definition 2.2 ([11]). A sequence {z}} C X is said to converge to z € X if

lim ||z —z,ea,...,e,|| =0
k—o00
for every es, ..., e, € X and it is called a Cauchy sequence if
lm ||z — 2k, e2,...,en]| =0
l,k—o00
for every es,...,e, € X. The space X is said to be complete or n-Banach space if

every Cauchy sequence in this space is convergent in X. If a sequence {z} converges
to z, then it will be denoted by lim zj = x.
k—o0

Definition 2.3 ([16]). We define the following open and closed ball or sphere
in X:
Biey,..eny(@,0) ={z € X: ||z —a,ez,...,e,] < 6}

and
B{e%m?en}[a,é] ={zeX: ||lx—a,ea,...,e,| <0},

where a,es,...,e, € X and 0 is a positive number.

Definition 2.4 ([16]). A subset G of X is said to be open in X if for all a € G,
there exist ez,...,e, € X and ¢ > 0 such that By, . ..3(a,0) CG.

Definition 2.5 ([16]). Let A C X. Then the closure of A is defined as
A={re X|3{r} € A with klim Tk =T}
)

The set A is said to be closed if A = 4.
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Definition 2.6 ([16]). A point x € X is called a boundary point of a subset A
of X if in every open ball with center at x there are points of A as well as points
of A. The boundary of A is the set of all boundary points of A.

Definition 2.7 ([7]). Let W be a subspace of X and by, bs, ..., b, be fixed ele-
ments in X and (b;) denote the subspaces of X generated by b;, for i = 2,3,...,n
Then a map T: W x (b2) X ... x (b,) — K is called a b-linear functional on
W x (ba) X ... x {(by) if for every z,y € W and k € K, the following conditions
hold:

(D) T(x+y,ba,...,by) =T(x,ba,...,bn) + T(y,bay...,bn),
(I1) T'(kx,bay...,by) = kT (x,ba, ..., by).
A b-linear functional is said to be bounded if there exists a real number M > 0 such
that
|T(x,ba,...,0n)| < M|z, ba,... by forallz e W.

The norm of the bounded b-linear functional T is defined by
IT]| = inf{M > 0: |T(z,b2,...,bs)| < M|z, ba,..., byl for all z € W}.

If T is a bounded b-linear functional on W x (ba) X ... X (by,), the norm of T' can
be expressed by any one of the following equivalent formula:
@) 7|l = sup{|T (2, b2, ..., bn)l: [lz, b2, ..., bn <1},
I |7 = sup{|T(z, ba, ..., byn)|: ||z, ba, ..., byl = 1},
(II) ||T|| = sup{|T(x, b2, ..., bp)|/ ]|z, b2, ..., bull: |2, b2, ..., byl # 0}
Also, we have |T'(x,ba, ..., by)| < ||T|| ||z, b2, - .., by|| for all x € W.
In 1989, Misiak [12] introduced the concept of n-inner product for n > 2.

Definition 2.8 ([12]). Let n € N and H be a linear space of dimension greater
than or equal to n over the field K, where K is the real or complex numbers field.
An n-inner product on H is a map

(xvyax%"'vxn)'_) <x7y|$2,~~~,$n>,x,y,$2,~~~,xn cH
from H™*! to the set K such that for every z,y,x1,22,...,2, € H and a € K,
(D) (z1,21 | z2,...,2n) = 0and (x1,21 | 22,...,2,) = 0if and only if z1, 22, ..., 2y

are linearly dependent,

I (z,y | z2,...,xn) = (z,y | Tiy,...,x;, ) for every permutations (ia,...,i,) of
(2,...,n),

(I11) <xy|a:2,.. s Tn) = (Y, | T2,y ..., X)),

IV) {az,y | z2,...,zn) = a{z,y | T2,...,Tp),

V) (x+y,2 | z2,-ymn) = (T, 2 | T2y o, Tn) + (Y, 2 | T2, ..o, Tp).
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A linear space H together with an n-inner product (-,- | -, ..., ) is called an n-inner
product space.

Theorem 2.9 ([12]). For n-inner product space (H, (-, |+, ...,")),
(2.1) [{(z,y | 22y s zn) | < |z, 22, x|l |y, 22, - - - T

holds for all z,y, xs,...,x, € H, where

lz1, 2, ..., zn|| = \/<x1,x1 | Zo, ..., xn).

Inequality (2.1) is called Cauchy-Schwarz inequality.

An n-inner product space is called n-Hilbert space if it is complete with respect
to its induced n-norm.

Definition 2.10 ([15]). A complex algebra is a vector space A over the complex
field C in which a multiplication is defined that satisfies

w(yz) = (wy)z, (x+y)z =wz+yz, a(y+2) =2y +az,

and a(zy) = (ax)y = x(ay) for all z,y and z in A and for all scalars a.

3. BEST APPROXIMATION

Let X be an n-normed linear space, bs, bs, ..., b, be fixed elements in X and G be
a subset of X. Suppose z¢ € X with {xg,be,bs,...,b,} is linearly independent and

61)(1‘0) G) = gnelg on - gab25b3a .. 7bn||

Here §p(x0, G) is the distance of zg from G with respect to b, bs, ..., b, and some-
times it will be denoted by d,. The problem for best approximation of zy out of the
elements of G is to find an element gy € G such that

§b = ||(E0 —go,bg,bg,...,an.

This element gy € G (if exists) has therefore minimum distance from zy. Such an
element gop may or may not exist. We shall see below that under certain sufficient
conditions, an element gy with the above property may be found out. If gy exists,
then next problem arises about the uniqueness which has practical importance too.
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In this section, we shall deal with some of these problems. In the following theorem
we observe that the finite dimensionality plays an important role for the existence
of best approximation.

Theorem 3.1. If G is a finite dimensional subspace of an n-normed linear
space X, then for each x of X with {x,bs,bs,...,b,} linearly independent, there
exists a best approximation to x out of the elements of G.

Proof. For x € X, consider the closed sphere
B={ycqG: ||ly,ba,bs,...,bu|l <2||z,b2,b3,...,b,]}
Then # € B and for the distance of = from B, we see that

(51,(%,?) = in%Hx—g,bg,bg,...,an < H:L‘— 9,b2,b3,...,bn” = ||{E,b2,b3,...,bn||.
IS

If y ¢ B, then
Hyab2ab3a"'abn” >2H£L',b2,b3,...,bn||

and using the above

||£C - y,bg,bg, e 7an > Hyab27b37 . 7bn|| - |‘£L’,b2,b3, cee ’bn”
> Hﬂﬁ,bg,bg,...,an > 55(1‘,?)

From this we see that d,(z, B) = d,(z, G) and this value cannot be assumed by any
y € G — B because of the strict inequality in the above relation. Therefore if a best
approximation to x exists, it must be an element of B. Since B is a closed and
bounded subset of a finite dimensional subspace G, B is compact. Consider the map

frye o —y,ba,bs,....ball, y€B.
Since the n-norm function ||z —y, ba, bs, . .., by|| (y variable) is continuous, f is a real

valued continuous function and therefore f attains its least upper bound. So, there
is some yo € B such that f(yo) = inf f(y). From this it follows that
y€B

||(E—y0,b2,b3,...,an = ini”:[:—y,bg,bg,...,bnn.
yeB

By definition, yo is a best approximation to x out of the elements G. This proves
the theorem. ([
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In the next theorem, we see that the set of best approximations has certain geo-
metric property.

Theorem 3.2. Let G be a subspace of an n-normed linear space X and x € X
with {z,ba, b3, ..., by} is linearly independent. Then the set M of best approxima-
tions to x out of G is convex.

Proof. Let &, = dp(x,G), i.e., §p is the distance of zy from G with respect to
ba,b3,...,b,. If M is void or M contains only one element, then there is nothing to
prove. We therefore assume that M contains more than one element. Let y,z € M,
then from definition

||J,‘ — y,bg,bg, .- ,an = 5(,, HJ? — Z,bg,bg, ce ,an = 5(,.

Let w be any element of the form w = Ay + (1 — A)z, where 0 < A < 1. We should
show that w € M. Since w € G, we see that ||x — y, b2, b3, ..., b,|| = & and
|2 — w, b2, b3, ...l = | Az —y) + (1 = A)(x — 2),b2,b3, ..., by
< )\”{E - yab27b3v s 7an + (1 - )\)H{E - va2ab3a cee 7bn||
= Ao+ (1 — A)dp = s,
so ||z — w,ba,bs,...,by|| = dp and w € M. Since y and z are arbitrary elements
of M, this proves the theorem. O

Now, we exhibit some examples showing various possibilities of best approxima-

tions.

Example 3.3. (i) Consider the space Cla,b]. For 1 = x1(t), 2 = z2(t),.. .,
ZTn = zp(t) € Cla,b], define

(3.1) ||z1,- -, xal

sup |z1(t)| X ... x sup |zn(t)| if x1,...,x, are linearly independent,
— J a<t<od a<t<h
0 if x1,...,x, are linearly dependent.
Now, for every x = x(t), y = y(t), 2 = x2(t), ...,z = xn(t) € Cla,b], and « € R,
we get

e+ y,a,. o anl = sup [e(t) +y(®)] x sup laa()] x ... x sup |, (1)
a<t<h a<t<b a<t<h

< ( sup |z(t)] x sup |za(t)] X ... X sup |xn(t)|)
<t<b <b

a<t<b a<t< a<it<

+ ( sup |y(t)| x sup |z2(t)| X ... x sup |xn(t)|)
a<t<b a<t<b a<t<b

= ||(E,(E2,...,£L’n|| + ”yaan"'axn”
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and

oz, za,...,xn|| = sup |axz(t)] X sup |x2(t)] X ...X sup |x,(t)]
a<t<b a<t<b a<t<b
— o] sup [#(t) x sup [z2(t)] x ... X sup |za(t)
a<t<h a<t<b a<t<b
=lalllz, za, ... 2.

Therefore Ca, b] becomes a linear n-normed space with respect to the n-norm defined
by (3.1). Let z = zx(t) € Cla,b] be a Cauchy sequence, i.e., for every es = ex(t),

cyen = en(t) € Cla,b], ||lxx — xi1,e2,...,en] = 0 as k,l — oco. Thus, for € > 0,
there exists a positive integer N such that ||xx — 2, €e2,...,e,]| < eif k,l > N. This
implies that if k,1 > N,

sup |zx(t) —z(t)] X sup lea(t)] X ... x sup le,(t)] <e

a<t<h a<t<b a<t<b
€
= sup |zpx(t) —z(t)] < —— =€’
S [on(t) = 1) < gy =<
where M = max{ sup |ez2(t)|,..., sup |en(t)|}. Thus, we get that |z (t)—zi(t)| <&’

a<t<h a<t<b
for k,I > N and for all ¢ € [a,b]. This shows that the sequence {zj(t)} converges

uniformly to a function, say z(t), in [a,b]. Since xj(t) are continuous, z(t) is also
continuous on [a, b] and so x € Cla, b]. Letting | — oo in the above inequality, we get

sup |z (t) — z(t)| x sup |ea(t)] X ... x sup |e,(t)] <e
a<t<b a<t<b a<t<b

for £k > N. This implies that
lxg —x,e2,...,en]| <e for k> N.

So, x — x as k — oo. This shows that C|a, b] is complete with respect to the above
n-norm and hence, it is an n-Banach space.

Now, let z4(t) = t* and Y be the subspace of C[a, b] generated by xo, 1, . .., Tm,
where m > n is fixed. Then Y is finite dimensional and Y consists of all polynomials
of degree at most m. If x is any element of C|a, b], then by Theorem 3.1, there exists
a polynomial, say p,,, of degree at most m such that

sup |z(t) — pm(t)| X sup |ea(t)] X ... x sup |en(t)]
a<t<b a<t<b a<t<b

< sup fo(t) = p(t)] x sup lea(®)] x ... x sup len(t)],
a<t<h a<t<b a<t<h

for every p(t) € Y.
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(ii) In this example, we shall see that the finite dimensionality of G in Theorem 3.1
is essential. Consider the space C[0,a], where 0 < a < 1 and let G be the set of
polynomials of any degree on [0,a]. Then the dimension of G is infinite. Let x(t) =
(1—t)~! and e;(t) = (—1)? for j = 2,...,n. Then for arbitrary ¢ > 0 there is IV such
that ||z — yk,e2,...,e,]| < e forall k > N, where y,(t) =1+t +t2+... +tF € G.
Since € > 0 is arbitrary, this shows that d,(z,G) = 0. However, since z is not
a polynomial, we see that there is no yg € G such that

0p(z,G) = ||z — yo,ea,...,en| =0.

(iii) In this example we show that the uniqueness of best approximations
may not hold. Consider the space R™ and for z; = (a(ll),aél),...,asll)), To =

(a(12),a(22), . .,ag)), ceey Ty = (agn),aén), .. .,a%")) € R™ define

(3.2)  |lz1,z2,. .. x|
max |a§1)| X max |al(.2)| X ... X max |a§n)|
3 K3 3
= if z1,...,x, are linearly independent,
0 if z1,...,z, are linearly dependent.
Now, for every z1 = (a(ll),a(;), . .,asll)), Y1 = (b(ll),b(;), . ,b;”), Ty = (a(12),a(22),
(2)

ey )y Ty = (agn),aén),...,a%n)) € R™ and o € R, we have

)

i

+ b§1)| X max|a§2)| X ... X max|a(n)|
K] 7

||$1+y17$2a~~~;$n||: Inle|a 7

< (max|a§1)| X max|a§2)| X ... X max |a§n)|)
3 (2 3

+ (m?X|b§1)| x meX|a§2)| X ... X m?X|al(")|)
= |lz1, z2, .. s x| + Y1, @2, - - - Zal|s
and
laxt, z2, ..., zu|| = miax|oza£~1)| X m?X|a§2)| X ... X m?X|al(,n)| — a1, 39, 70|

Thus, R™ is a linear m-normed space with respect to the above m-norm defined
by (3.2). Let G = {y = (9,9,...,9): g € R}. Then G is a subspace of R™. Let
z=(1,1,...,1)and es = (1,-1,...,1),..., e, = (1,1,...,—1) € R™ . Then for all
y € G we have

|z —y,ea,....en|| =1 —g| > 1.
The distance from z to G with respect to eg, ..., e, is d(z,G) = 1, and all y =
(9,9,-..,9) with |g| < 1 are best approximations to x out of G.
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4. STRICTLY CONVEX n-NORM

We observe from the above examples that there are spaces where the uniqueness
of best approximations in n-normed space may not hold. To enquire about the
uniqueness, the following definition becomes helpful in some cases.

Definition 4.1. An n-normed linear space X is called strictly convex if for
all z,y,ea,...,e, € X with [|z,ea,...,e,|| = 1, ||y,e2,...,en]| = 1 we have
|z +y,ea,...,en] < 2,unless x = y. An n-normed linear space with such an n-norm
is called a strictly convex n-normed linear space.

If ||z, e2,...,enll =1, ||y, €2,...,epn] =1, then
||5E+y,62,...,6n|| < ||£L',62,...,€n|| + ||y7627"'76n|| =2

and the strict convexity excludes the equality sign, unless = = y.
In the following theorem, we observe that any n-Hilbert space is strictly convex.

Theorem 4.2. Any n-Hilbert space H is strictly convex.
Proof. Letz,y€ H, x #y and

||£C,€2,.. '7671” = 1) ||y;€2;~ "7671” =1
Let || — y,ea,...,en] = a, then o > 0. By the parallelogram law
||£L'+y,62, . '7671”2 = 2(”25,62, oo aen”Q + ||y7627 .. '7671”2) - ||£L’ —Y,e2,.. 'ﬂen”Q

=2(1+1)—a’=4-a*<4
and this gives ||z + y,ea,...,en| < 2. O

Example 4.3. We consider the space C[a, b] with respect to the n-norm given
by (3.1). Let x,y,ea,...,e, be defined by

z(t) =1,y(t) = L—a ex(t) = (=1)*, k=2,....n,

where ¢ € [a,b]. Then = # y and z,y, ez, ..., e, € Cla,b]. Also,

|z, e2,...;enll =1, |ly,e2,...,en] =1
Now,
—a
|z +y,ea,...,en]| = sup 1—|—b X sup |ea(t)| x ... x sup |en(t)] = 2.
a<t<b —a|  agi<h a<t<b

Therefore Cla, b] is not strictly convex.
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In the next theorem, we see that strict convexity implies the uniqueness of best
approximations.

Theorem 4.4. Let X be an n-normed linear space with a strictly convex n-norm
and G be a subspace of X. If x € X, then there is at most one best approximation
to x out of the elements of G.

Proof. Let &, = dist(z, @) and suppose if possible, that there are two distinct
best approximations g; and gs to z. Then
HJ? — gl,bg, . ,an = 5}), ||J,‘ — gg,bg, PN ,an = 5(,
and x — g1 and x — g9 are distinct. Therefore by strict convexity

|z — g1+ 2 —g2,b2,...,bnl <28

and this implies that

ab2a"'7bn

Hx_w <6b~

2

Because (g1 + g2)/2 € G, this implies a contradiction and the theorem is proved. O

Theorem 4.5. Let C be a closed convex subset of an n-Hilbert space H. Then
C contains a unique element of smallest n-norm.

Proof. Letd=inf{||z,bs,...,b,|: © € C}. Then there exists a sequence {xy}
of elements of C such that ||zk,ba,...,b,|| = d. Now, zx,z; € C and C is convex,
so (zr + x1)/2 € C and therefore

Tr + X
2

Jboy bl > d.

This implies that
||(Ek + 27, b9, ... ,an > 2d.

Using parallelogram law, we get

(41) ||(Ek - {El,bg, .. .,an2 = 2|‘£L’k,b2, .. .,an2
+ 2”:[:1,1)2, .. .,an2 — ||(Ek + 27, bo, .. .,an2
< 2|z, b2, . b2 4 2|20, b,y - . . b ||? — 4d2.

Since ||z, ba,...,bs|| = d as k — oo and ||x;,be,...,bs|| = d as | — oo, the right-
hand side of (4.1) tends to 2d* + 2d® — 4d? = 0 as k,l — co. So, {z}} is a Cauchy
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sequence. Since H is complete, there exists x such that xy — z. As C is closed, we
have z € C. So,
|z, b2, ..., bp|| = lim |lag,bs,..., byl = d.
k— o0

Therefore, = is an element in C' with the smallest n-norm (i.e., d). Now, we prove
the uniqueness. Let y be an element of C such that ||y,be,...,b,| also equals d.
Then C' being convex, we have (z + y)/2 € C and also

Tty
— b2,

(4.2) .

bl = d

Applying the parallelogram law, we obtain
r+vy 2

||(E,b2,...,bn||2 ||y7b2a"'7bn||2 ||£C—y,b2,...,bn||2
2 * B

2 2 2

ab27"-7bn

2 2
< ”x’bz"é"b"” +”y’b2"2'"b"” —d ifxty

and this gives that

LY by ba|| < d
2
This contradicts (4.2) and so = y. This proves the theorem. ]

Theorem 4.6. Let M be a closed subspace of an n-Hilbert space H and x© €
H — M. Let d be the distance from x to M with respect to bs,...,b,, ie.,

d= inf || —y,b2,b3,...,b,]-
ylélMHx Y, 02,03, B n”
Then there exists a unique element yy € M such that

|z — o, b2, bs, .. ., byl = d.

Proof. Consider the set C defined by
C={x+y: ye M}

We will now see that C is a closed convex set and that d is the distance from the
origin 6 to C.
(1) C is closed: Let z + yx, — = + y, where y;, € M. So,

||{E+yk—(E—y,bg,bg,...,an = Hyk—y,bg,bg,...,an — 0,
i.e., yr — y. Since M is closed, y € M and this implies that z +y € C.
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(2) C is convex: Let 21,29 € C, then 21 = x + y1, 22 = & + Y2, where y1,y2 € M.
So, if 0 < A < 1, then

A+ 1 =Nzm=x+ Iy + (1 =Ny =z +y,

where y = Ay1 + (1 — N)y2 € M, because M is a subspace. So, A\z; + (1 = N)z2 € C
and C is convex.
(3) d is the distance from the origin to C: We have

d= y}I€1§\4||x _y,7b2ab3;' . ’an = y:irg}feM”x—’_y’b%bg’. . aan

= inf ba, b3, ..., b,
Z:;Eyecnz, 2, U3, 5 nH
By Theorem 4.5, there exists a unique element z € C' such that

HZ, b2, bg, ceey an =d.
Let yo = « — 2, then clearly yo € M and

||x—y0,b2,b3,...,bn|\ = Hz,bg,bg,...,bnn =d.

We now prove the uniqueness of yq.
Let y1 € M and y; # yo and if possible, suppose that

||x_y1)b27b37"'7bn” :d
Then z; = x — y1 € C such that z; # zy and moreover,
||Zl,b2,b3,...,bn|| Zd

This contradicts the uniqueness of zg. Hence, the theorem is proved. O

In Theorem 4.6, if instead of assuming M to be a closed subspace, we assume M
to be a closed convex subset of H, we still obtain the best approximation as the next
theorem shows.

Theorem 4.7. Let M be a nonempty closed convex subset of H and x € H.
Let d be the distance from x to M with respect to b, ..., b,, ie.,

d= yléllf/l ||£L’ - y7b2;b3a s 7bn||
Then there exists a unique element yy € M such that

|z — o, b2, bs, .. ., byl = d.
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Proof. It follows from the definition d that there exists a sequence {y;} in M
such that

(4.3) d= lm ||z —yg,b2,b3,...,0n.
k—o0
Using parallelogram law, we see that

||yk - yl7b27b37 .. ')anQ = 2||yk - J),bg,bg, .. ,anQ + 2||yl - $,b2,b3, o '7bn||2
— ||2J) — Yk — yl)b25b3) .. '7bn||2

= 2||yk - (E,bg,bg, cee abn||2 + 2||yl - (E,bg,bgg, e '7bn||2
2
—4

1
x—g(ymLyz),bz,bg,...,bn

As M is convex, %(yk + 1) € M and therefore

> d2.

1
L= §(yk+yl)7bz,bg,...,bn

Using this we obtain from the above
lye — ¥, b2, bss -y bul|? < 2|lyp — 2, b2, b3, .., by ||* + 2|y — 2, ba, b3, ..., by ||* — 4d?
and now from (4.3) it follows that

lyk — yi, b2, b3, ..., bu|| = 00 as k,l — oo,

ie., {yx} is a Cauchy sequence. Consequently, there exists yo € H such that
lyk — yo,b2,bs, ..., by|| = 00 as k — oo. Since M is closed, yo also belongs to M.
Now,

|z —y0,02,03, ..., bl < |2 — Yk, b2, b3, - -, ball + Yk — Yo, b2, b3, - - ., bl
and because
lz =k, b2, b3, ball = dy |k — o, b2, b3, bnl| =0,
it follows that ||z — yo, b2, b3, ..., b,|| < d. Also, it is easy to clear that
llx — yo, ba, b3, ..., b, = d.
Thus, ||z — yo,b2,bs,...,bs] = d.
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We now prove the uniqueness part. Assume y; € M be such that
||J,‘ — yl,bg,bg, . ,an =d.

The convexity of M implies that %(yo +y1) € M. From these we obtain that

1
x— =(yo+y1),b2,b3,...,by,

d <
2

1 1 1 1
= H§x—§y0+§$—§y17b27537~~~abn

1 1
< §H$—yo,bz,b3,...,bn|| + 5”%‘—3}1,[)2,()3,...,[)”” =d

and therefore

1
x—g(yo+yl),bz,b3,---7bn =d.

Applying parallelogram law we now see that

Hyo - y17b27b37 . ')anQ = 2”1‘ - y07b27b37 . ')anQ + 2”‘7" - y1)b25b3) .. -7bn||2
2

—4

1
x—a(yo+y1),bg,bg,...,bn

=2d* + 2d* — 4d* = 0,

i.e., yo = y1. This proves the theorem. ([

Definition 4.8. The n-Banach space X is said to be uniformly convex if for

every € > 0 there exists 6 > 0 such that if
||J),b2,b3,-.-,bn|| <17 ||y7b2;b3;---7bn|| Sl

and
& =y, b2, by, ., bal > €,

then
<1-04.

1
Ha(x-l—y),bg,bg,...,bn

Theorem 4.9. Every n-inner product space H is uniformly convex with respect
to the n-norm defined by the n-inner product. In particular, every n-Hilbert space

is uniformly convex.
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Proof. Let e > 0 be arbitrary and

2, b2,b3, ... ball <1, ||y, bo, b, ..., bal| < 1,
| — 1, b2, bs, ..., b > e.

By the parallelogram law we obtain

1 2
H§(£L'+y),b2,b3,...,bn

=

2

T
§7b25"-;bn

+HQ bQ,...,an?) .

£2 1/2
<(1-%
(-5)

and this gives that §(¢) > 1 — (1 — 2/4)'/2, which is positive for all positive £ < 2.
Hence, H is uniformly convex. This proves the theorem. O

1
= Hi(x-l—y),bg,bg,...,bn

Theorem 4.10. Every uniformly convex n-Banach space is strictly convex.
Proof. This follows from the definition. ([

Theorem 4.11. Let X be a uniformly convex n-Banach space and {x}} be a se-
quence in X such that |z, b, bs, ..., b,|| = 1 as k — oo and

|k + 21, b2,b3,...,byn]| = 2 ask,l — oco.

Then {z} is a Cauchy sequence.

Proof. If {x} is not a Cauchy sequence, then there exists ¢ > 0 and a sequence
of positive integers k1 < ko < ... such that

1
||J)k‘77b2,b3,. . )bYLH < 1 + ;) kaj+1 _xkj)b27b37" 7bn|| 2 26

for j = 1,2,.... Since X is uniformly convex, corresponding to this €, there exists
0 > 0 such that

1
“§($+y),b2,b3,...,bn <1-96

whenever
||£C,b2,b3,...,bn||<1, ||y7b2;b3a7bn||<1
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and
| — 1, b2, bs, ... b > e.

Now, it is easily seen that

H#k‘lj/j,bg,bg,...,bn <1, 1xj‘j1;j,b2,b3,...,bn <1

and )

T, T, €

kii 1/ij R BTy e
Therefore
”;’“(f;;/xj’“) ba,bs, byl <10
and this implies that
jliglo Tk, + Thy, 02,03, .. by || < 2(1 —0) < 2.

This contradicts the assumption that

|k + 21, b2,b3,...,byn]| = 2 as k,l — oco.
Therefore, {x1} is a Cauchy sequence and this proves the theorem. O

5. PRELIMINARIES OF BANACH ALGEBRA IN n-BANACH SPACE

In this section, we shall see that if a linear space is equipped with an algebra,
many interesting results are obtained. We give the formal definition of a Banach
algebra in n-Banach space.

Definition 5.1. Let X be a complex algebra of dim X > n with the n-norm
[I;..-,]]. Then X is said to be an n-normed algebra if the n-norm satisfies the
inequality, known as multiplicative inequality,

(5.1) lzy, az,...,an|| < ||z, a2,..., a0 |y, az, .., an]l

for all z,y,as,as,...,a, € X and if X contains a unit element e, i.e., xe = ex = x,
x € X, and |e,az,...,a,]| = 1, for all az,as,...,a, € X. If] in addition, X is
an n-Banach space with respect to the n-norm ||-, ..., ||, then X is called an n-Banach
algebra.

465



In the definition of an n-Banach algebra, we do not assume that xy = yx for all
xz,y € X. But if this happens, then X is called a commutative n-Banach algebra.
An n-Banach subalgebra of the n-Banach algebra X is a subset of X which is itself
an n-Banach algebra with respect to the algebraic operations defined on X and with
the same identity and with the same n-norm.

Theorem 5.2. Let {1} and {yi} be two sequences in X such that x, — = and
Yk — y as k — oo for some x,y € X. Then xy, — xy as k — oo.

Proof. Letx,y,as,...,a, € X. Then

kayk_xyaa%"'van” ||(xk_x)yk+x(yk_y)aa2a"'7an”
< ||J)k _x7a/2;-"7a/n|| ||ykaa25"-7an||
+ lue —y, a2, .., an|l |2, a2, ... an]] = 0 as k — occ.

Thus, zpyr — zy as k — oo. This means that the multiplication is a continuous
operation in X. O

Example 5.3. Let X denote the set of all polynomials
z(t) = co + crt + cot®> + ...+ cpt™ (co, .. . , ¢ are complex),

where m > n is not a fixed positive integer. Then X is a complex linear space with
respect to the addition of polynomials and scalar multiplication of a polynomial. For
eachi=1,2,...,n,let z;(t) = a} + alt + abt® + ...+ al,t™. Now, define

(5.2) lz1, ..., znll

{ m]ax |a}| X ... X mjax la}| if x1,...,2, are linearly independent,

0 if x1,...,z, are linearly dependent.

Let
y1(t) =bh +bit +bit2 ..+t e X

and a € K. Now, we see that

lazy, ... zn| = max|aa}| X ... xmax|a}| = |al |z, ..., 2],
J J

lz1 +y1,. .20l = mjax|a§+b}| X ... ijaXW?

N

(max|ajl| X ... x max|a} ) + (max|b;| X ... xmax|a?)
j j j J
=lz1, . zn] + Y1, .-, Tall-
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Therefore, X becomes a linear n-normed space with respect to the n-norm defined
by (5.2). Now, we take the product of
z1(t) = ap + ait + adt* + ...+ al t™
y1(t) = by + byt + byt + ... + by, t™
as
(z191)(t) = b + it + 3t® + ...+ cht,

where
1 11 1;1 1,1
Ck} = arobk‘i_albkil +...+akb0.

Also, we have
lz1y1, - znll = mjf;mx|ajlb}| X ... X mjax|a?
< (mjax|a%| X ... X mjax|a?|) (mjax|b%| X ... X mjax|a?|)
=llz1,.. ., znll lys, - anll-

Thus, X is commutative n-normed algebra with identity (e = 1).

Guediri et al. [10] and Tapdigoglu [18] studied techniques on Banach algebra and
their applications. These two studies focus on the study of Banach algebra structures
in multivariable function spaces.

Example 5.4. The space C[a,b] with respect to the n-norm given by (3.1) is
a commutative n-Banach algebra with identity e = 1, where the product xy is defined
as (zy)(t) = z(t)y(t) for all t € [a, b)].

Definition 5.5. Let X be a linear n-normed space and bs, ...,b, € X. Then an
operator T: X — X is called b-bounded if there exists a positive constant M such
that

T2, ba, ..., bn|| < M2, be, ..., by for all x € X.

The norm of T is denoted by ||T’|| and is defined as
IT|| = inf{M: |Tz,ba,...,bn|| < M|z,bs,..., by for all z € X}.

Remark 5.6. If T is b-bounded on X, the norm of 7" can be expressed by any
one of the following equivalent formulas:
(M 1T = sup{||Tz, ba, ..., bull: ||z, b2, ..., byl <1},
AD T = sup{[| Tz, b2, ..., bull: [|2, 2, ..., bull = 1},
I || T[] = sup{[| Tz, ba, ..., bull /[, b2, .., bull: (|2, b2, ... bul| # OF.
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Also, we have
Tz, ba, ..., 0n|| < T |2, b2, ...,by] forall z € X.

Example 5.7. Let X, be the set of all b-bounded linear operators on H,
where H is an n-Hilbert space. We define the operations

Ty + T2 by (Th + T2)(x) = Ti(z) + T2(z), oT by (aT)(z) = oT'(z),
TWTy by (ThT)(x) = T1(T2(x)),

for every z € H. Define
IT|| = sup{||Tx,ba, ... ,bnl|l: ||z, bay... 05 <1}

Now, it can be easily verified that (X3, ||||) is a Banach space. Also, we get that
ITAT%) < ||T1] [|T2]|- Thus, X, is a Banach algebra. The identity operator is the
identity element of this Banach algebra. Clearly, X} is not commutative.

If an n-Banach algebra X does not have an identity, we can extend X, which
we show now, so that the extended n-Banach algebra has an identity. Let X be
the set of all ordered pairs (x,a), where x € X and a € C. Now, we show that X
can be equipped conveniently with algebraic operations and an n-norm such that X
becomes an n-Banach algebra. We define the operations in X as follows:

(x,a) + (y,b) = (x +y,a+b),
(a:,a)(y,b) = (xy +ay + bxaab)v

a(z,a) = (azx,ax), o€kK.

We can easily verify that with the above operations, X becomes an algebra. The
n-norm on X is defined as:

”(mla Cl)a (x2a CQ); CER (xna CH)H
lz1, 2, ... &0 +|c1ca. .. cnl
= if (x1,c¢1),...,(®n, ) are linearly independent,
0 if (x1,¢1),. .., (Tn,cn) are linearly dependent,
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where z1,22,...,2, € X and c¢j,c9,...,¢, € C. Here, the n-norm axioms are
fulfilled. Also, for z,y,as,...,a, € X and a,b, b, ..., b, € C, we have

[(z,a)(y,b), (az, ba), - .., (an, bn)||
= ||(zy + ay + bz, ad), (a2, b2), ..., (an,by)]]
= |lzy + ay + bz, ag, ..., an| + |abby ... by|
< @, ag, .. anl |y, az, ...y anll + lal |y, az, - - ., anl|+
+ 10 |z, az, ..., an|| + |abbs ... by]
< (o, az, ..o yanl| + |aba .. bu])(|ly, a2, . - .y an|l + |bba ... by])
— (2, @), (@2,52), - (s b 19, (@2,52), - (ams )

We now show that X is an n-Banach space, i.e., X is complete. Clearly, a sequence

{(zx,ar)} is a Cauchy sequence in X if and only if {z}} is a Cauchy sequence in X

and {ax} is a Cauchy sequence in C. Since X and C are complete, there exist z € X

and a € C such that lim z; =z and lim ar = a. Therefore, lim (zy,ar) = (x,a)

- k—o0 k— o0 k— o0

is in X. Also, it is easy to verify that (z,a)(0,1) = (z,a) = (0,1)(z,a), where 8 is

the zero element in X. Thus, X is an n-Banach algebra with the indentity (6, 1).
For 2-normed algebra, augmentation of unity is discussed by Srivastava et al. [17].

5.1. Invertible and noninvertible elements. In this section, we deal with the
set of invertible and noninvertible elements in an n-Banach algebra. We remember
that G' denotes the set of all invertible elements of X. It is easy to verify that G is
a group. Let S denote the set of all noninvertible elements of X. Clearly, SUG = X.

Theorem 5.8. Let X be a complex n-Banach algebra with unity e. If v € X
satisfies ||z, az,...,an|| < 1 for every ag,...,a, € X, then e — x is invertible and
o) .
(e—x)t=e+ > ad.
j=1

Proof. From (5.1) we get

lx7, ag,...,an|| < ||z, a2,...,a,]|° for every ag,...,a, € X,
S} .
for any positive integer j, so that the infinite series ). z7 is convergent because
Jj=1
||z, asz,...,a,|| < 1. Since X is complete, it is easy to verify that the infinite series
oo

> a7 is convergent to an element in X. Let therefore s = e+ Y 27. If we prove
Jj=1 j=1
that s = (e — x) ™!, the proof is finished. Now, by a simple calculation, we obtain

(5.3) (e—z)etaz+...+2F)=(e+a+...+2")(e—1)=e— 2"
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Since ||z, as,...,a,| < 1 and so 2**1 — 6 as k — oo, letting k — oo in (5.3) and
using the continuity of multiplication in X, we obtain (e — x)s = s(e — ) = e. Thus,
s = (e — x)~!. This proves the theorem. O

In Theorem 5.8, if z is replaced by (e — x), we obtain the following corollary.

Corollary 5.9. Ifx € X satisfies |[e—x,aq,...,a,|| <1 for every ag,...,a, € X,
oo

then z~ 1 exists and 2=t =e+ > (e — x)7.
j=1
Next, we prove another corollary.

Corollary 5.10. Let x € X and A be a scalar such that ||z, aq,...,a,| < || for
every as,...,a, € X. Then (Ae — x)~! exists and

(Ne—z)t = Z)\_ja:j_l, (2% =e).
j=1

Proof. Ify € X is such that y=' € X and a # 0 be a scalar, then it is

clear that (ay)~! exists and (ay)~! = a~ly~!. Having noted this, we can write

Xe —z = Ae — x/)) and we show that (e — z/)\) ! exists. Now, by hypothesis, we
have
|z, ag, ..., anl| -

T
e—(e—x)ag,...,an i

So, by Corollary 5.9, (e — 2/\)~! exists and so (e — )~ ! exists.
For the infinite series representation, we make use of the second part of Corol-

1.

lary 5.9. Now, we have (Ae — x) = X e — A"'x) and it is easy to verify that
o0

(Ae —2)~1 = 3> A7J2971. This proves the corollary. O

7j=1

In the following theorem, we obtain a set-theoretic property of invertible and
noninvertible elements of X.

Theorem 5.11. The set G of all invertible elements of X is an open subset.

Proof. Let zg € G. We should show that there exists a sphere around zq, each
element of which belongs to G. Consider the open sphere

1
Bias,,....an (330 - )
{az,an} 7|\Jt:01,a2,...,(1n||

with center at xg and radius 1/Hx61, as, ..., a,||. Every point x of this sphere satisfies

the inequality
1

||a:al,a2,...,an||'

(5.4) |z — zo,az2,...,an| <
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Let y = 25 '« and z = e —y. Then by (5.1) and (5.4), we have

lzya2, ..., anl| = |ly — €,a2,...,an] = ||a:ala: —xalxo,ag,...,anﬂ
= Hxal(x_xo)ﬂa%"'van”
< Hxal,ag,...,anﬂ |z — zo,a2,...,a,] <1.

By Theorem 5.8, e—z is invertible, i.e., y is invertible. So,y € G. Now, zp € G,y € G

and by our earlier verification, G is a group, so zoy € G. But xoy = ror 'z = 2.

So, any x satisfying (5.4) belongs to G. This shows that G is an open subset of X.
This completes the proof. ([
Corollary 5.12. The set of all noninvertible elements is a closed subset of X .

Definition 5.13. A linear operator 7: X — X is said to be continuous at

rg € X if for any open ball By, . ..1(T(20),e) > 0 there exists 6 > 0 such that

T(B{ez,...,en}(x(% 5)) C B{ez,...,e"}(T(xO% 5)-

Equivalently, for given ¢ > 0, there exist some eo,...,e, € X and § > 0 such that
forz e X

|z — x0,e2,...,en|| <= ||T(x) = T(x0),€2,...,en] <e.

Theorem 5.14. The mapping T: G — G given by T'(z) = v~ ! for all x € G is

continuous.

Proof. Letxg be an element of G and = be any other element of G that satisfies
the inequality

1
|z — xo,a2,...,a.]| < — .
e 2lzgt, az, - . ., an
Now,
(5.5) lzg e — e a9, ... an|| = ||z ' (x — 20), a2, - - ., an|
. 1
<zg s az, .., an | — o, a2, ..., anl| < 3
and so by Corollary 5.9, 2 € G and further
o0
(5.6) z g = (zgt2)"! = e—f—Z(e—xalx)].
j=1
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Next, we show that the mapping 7: G — G given by T(z) = 27! is continuous
at ro. Now, we have

(5.7) Tz — Txo, a2, ... a4 = |27 — x5, az, ..., a.]
= |[(z7 wo —e)xg L, az, ..., an|
<llzgtaz, s an|l 27 @0 — e, as, .. |
oo
=Ygl Y06~ a5 ) an, | oy (5.6)
]:
oo
< gt 2,...,an||2||e—m0 x,a2,...,an|7
TR -1 -1 j
= |lzg ", az,. .., anlllle — zg J;,ag,...,anHZHe—xO X,02,. .., 0]
_ 2ot az, ... an| |le — 2y 2, az,. .. a4
1—||e—fc61x,a2,...,an||
<2l|zgt ag, ... a0l lle — x5 2, a2, . .., a4, [by (5.5)]
<2zt ag, .. anl? |z — 0, a0, - . ., anl,
since
le — x5 ta,az, ... au] = ||zg 'z — e, a0, ..., a4, = ||z (x — 20)az, . .., a|
<oty ag, ..o anll |2 — 20, a2, - - -, anl.

Thus, from (5.7), the continuity of T" at x¢ follows. This completes the proof. O

Theorem 5.15. Let x € G and h € X be such that
Lo -1
Iz, sanl < G lla " an.

for every as,...,a, € X. Then x + h € G and

l(x+h) =t o ha ™t ag,. .. a4, <227 a2, ..., a,|? ||h, az, . . ., anl?.
Proof. Since for every as,...,a, € X we have
by ag, ... anll |25 ag, ... anl| < 2
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we have

_ _ 1
[ hyas, ..y anll < [l271 a2, an] [y as, . an| < 3

Thus, by Theorem 5.8, we get that e + 2 'h € G. Since G is a group, we have that
z(e+27'h) € G. But (e + 2 'h) =z + hand so x + h € G.
Before proving the second part, we note by Theorem 5.8 that

(e+ax th)~! = i (x~th)?

and so
(5.8) le+2th)™ —e+athyas, ... a.
e .
< Z |2~ h, ag, ..., an|’
=2
e .
= |lz7 h,az, ..., an? Z lz= h, ag, ..., an|’
1
< |‘£L’71h, az, ..., an||2 Z 2_] = 2”‘%71}17 ag; . .. aanH2'
j=0
Now,

(z+h) =2zttt = e+ W) e o thae Tt
=(e+ath)y et —2t 2 ha !
=[(e+z7'h)t—e+athz!

and so taking the n-norm and using (5.8), for every as,...,a, € X we get
g g Yy g
||(£C + h)il - xil + xilhxila az,..., an“
< ||(6 + x_lh’)_l —e+ x_1h7a/27 s aanH Hx_laGQa s aanH
<2la hyag, .. an|)? lz7t ag, .. an|
<2z ag, ..., an|? ||hy ag, - an.
This proves the theorem. O

5.2. Topological divisor of zero. In this section, we give the idea of a topo-
logical divisor of zero in an n-Banach algebra and establish its relationship with
noninvertible elements.
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Definition 5.16. Let X be an n-Banach algebra. An element z € X is
said to be a topological divisor of zero if there exists a sequence {zx} in X with
|2k, a2, ..., an]| = 1 for every ag,...,a, € X and k = 1,2,... and such that either
zzp — 0 or zpz — 0 as k — oo.

Clearly, every divisor of zero is also a topological divisor of zero. Let Z denote
the set of all topological divisors of zero in X. In the next theorem, we give certain
connection between Z and the set S of all noninvertible elements.

Theorem 5.17. The set Z is a subset of S.

Proof. Let z € Z. Then there exists a sequence {z;} with |2k, az,...,a,| =1
for every as,...,a, € X and k = 1,2,... and such that either zz; — 6 or zpz — 0

1 exists.

as k — oo. Suppose that zz; — 0 as k — oo. If possible, let z € G. Then z~
Now, as multiplication is a continuous operation, we should have zj, = z71(22;) —
2710 = 0 as k — oo. This contradicts the fact that ||z, as,...,a,| = 1 for every

as,...,an, € X and k=1,2,.... So z € S and this proves the theorem. [l

Theorem 5.18. The boundary of S is a subset of Z.

Proof. By Corollary 5.12, S is a closed subset of X. So, any boundary point
of S is in S. Further, for every boundary point of S, there exists a sequence of
elements from G that converges to the boundary point. Let x be any boundary
point of S, then z € S and there exists a sequence {si} of elements from G such
that s — x as k — oco. Now, we have s,;lx —e = slzl(a: — 8k). Therefore, if

Hs;l,ag, ...,ay] is a bounded sequence, then because s, — = as k — oo, we get
from above that for all large values of k, Hslzlx —e,ag,...,a,]| < 1 and so by
Corollary 5.9, sglx € G and therefore x = sk(sglx) belongs to G, which contradicts
the fact that € S. Thus, ||s,;17 az, . ..,ay|| is not a bounded sequence. Clearly, we
may assume that |[s; !, as,...,a,| — 00 as k — co. Let zj be defined as
sgl
Ty = 1 )
ls, " az,. .. anl
then ||zg, az,...,a,]| =1 and
zs; " e+ (v —si)s;
T = 1
llsp s az,...,an ls; " az, ... anl
e
= — + (x — sg)xp, — 0 as k — oo,
||Sk y A2y - -+ ;anH
because ||s,;1,a2,...,an|\ — 00, Sy — x as k — oo, and |xg,a2,...,a,] = 1.
Therefore, x € Z and this proves the theorem. O
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5.3. Complex homeomorphism in n-Banach algebra. In this section, we
introduce the idea of a complex homeomorphism in an n-Banach algebra and then
deduce some of its properties.

Definition 5.19. Let X be a complex n-Banach algebra and T be a bounded
b-linear functional defined on X X (by) X ... X (b,). Then T is called a complex
b-homeomorphism if

T(xyvan v abn) = T(vaQa s abn)T(yaan . 7bn)
for all z,y € X.

Lemma 5.20. IfT is a complex b-homeomorphism defined on X X (ba) X ...x (by,),
then T'(e,ba,...,b,) =1, and if x € X is invertible, then T'(x,ba, ..., b,) # 0.

Proof. Since T is not identically zero, there exists y such that T'(y, ba, . .., b,) #0.
Now,

T(y,ba,...,bn) =T (ye,ba,...,bn) =T(y,ba,...,b,)T(e,ba,... by).
This implies that T'(e, ba,...,b,) = 1. If x is invertible, then
T(x,ba, ..., 0)T (" b, . by) = T(zz ™ boy ... by) = T(e, b, ..., by) = 1.
So, T'(x,ba,...,b,) # 0. This proves the lemma. O

Theorem 5.21. Let « € X and ||z,aq,...,a,|| < 1 for every as,...,a, € X.
Then |T(z,ba,...,b,)| < 1 for every complex b-homeomorphism T defined on X x

(ba) X ... x (by).

Proof. Let A be a complex number such that |A| > 1. Then |2/ ag, ..., a,| <1
and so by Theorem 5.8, e — A~'x is invertible. Therefore, by Lemma 5.20,
T(e— A"tz by,...,b,) # 0. But

T(e—A"1a,bo,...,by) =T(e ba,...,bp) — N1 (2, b, ... by)
=1-A"1'T(z,ba,...,by,).

So, T'(x,ba,...,b,) # A, which shows that |T'(x,bs,...,b,)| < 1. This proves the
theorem. g
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In the following theorem, we deal with the converse part of Lemma 5.20,
i.e., we derive Gleason, Kahane, Zelazko type theorem with respect to complex

b-homeomorphism.

Theorem 5.22. Let T be a bounded b-linear functional defined on X x {bs) X ...X
(by,) such that T'(e, ba,...,b,) =1 and T(x,bs,...,by,) # 0 for every invertiblex € X.
Then T is complex b-homeomorphism defined on X x (ba) X ... x {by).

Proof. Let N be the null space of T, i.e.,
N={xeX: T(x,ba,...,b,) =0}.
Let € X and consider the element = — e, where = T'(z,bs,...,b,). Then

T(x— pe,ba,...,by) =T(x,ba,...,b,) — BT (e,ba, ..., by)
=T(x,ba,...,b,) — =0

and so x—fe € N. Let z—fe = a. Then every element x € X can be expressed as ¢ =
a+T(x,ba,...,by)e, where a € N. Similarly, if y € X, let y = b+ T(y,ba,...,by)e,
where b € N. So,

z=a+T(zba,....,bn)e, y=b+T(y,ba,...,bn)e,
where a,b € N and therefore
xy=ab+T(y,ba,....bn)a+T(x,bay ..., bp)b+T(x,ba,...,00)T(y,ba,..., bp)e.
Thus,
(5.9) T(xy,bay...,bn) =T (x,bay...,00)T(y,ba, ... ,bn) + T (ab,ba,...,by,).
Therefore, the theorem will be proved if T'(ab, bs, ..., b,) =0, i.e., if
(5.10) ab € N whenever a € N and b € N.
Suppose that a special case of (5.10) is true, i.e.,
(5.11) a>c€ Nifa€N.

Assuming (5.11), we can deduce (5.10) as follows. In (5.9), we assume z = y and so
a =b. Then because of (5.11), we get

(5.12) T (2% bg, ..., by) = T(a? b, ..., by) + [T(z,ba,. .., 0,)>
= [T(2,ba,...,b,)]%, x€X.
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In (5.12), we replace z by = + y and get
T(xy + yz,bay ..., by) = 2T (2, bay ..., bn)T(y, b2y ... by),z,y € X.
Therefore,
(5.13) zy+yre N ifzxeN, yelX.
By a simple calculation we obtain
(5.14) (2y — yo)* + (2y +yo)* = 2[a(yzy) + (yay)a].

If x € N, then the right side of (5.14) belongs to N because of (5.13). Also, for the
same reason vy +yz € N and so by application of (5.12), (xy+yx)? € N. Therefore,
(ry — yx)? € N and another application of (5.12) gives that

(5.15) zy—yre N ifzeN, yelX.

Adding (5.13) and (5.15), we get (5.10) and so the theorem is proved provided we
establish (5.11), which we do now.

Since by hypothesis T'(z, ba, ..., b,) # 0, for every invertible x € X, N contains
no invertible element. So, if « € N, then by Corollary 5.9,

lle — a,ba, ..., byl = 1.

Clearly, o/\ € N for any complex number A and so |le — a/A ba, ..., byl > 1.
Therefore,

«
6——,b2,...,bn

(5.16) |[Ae — a, b, ... byl = || \

> |Al = |T(Ae — a,ba, ... by)l

As in the first part of the proof, we can show that every element z € X can be
expressed as * = Ae — «, where a € N and A is a complex number. So, by (5.16),
we get that

|T(x,ba,...,0n)] < ||z, b2y ..., ball

for all z € X. Thus, T is a bounded b-linear functional defined on X x (bs) x...x (by)
with norm 1.

Let a € N and without loss of generality, we may assume that ||a,be, ..., by| = 1.
Now, we define

f(>\) _ i T(aj7b27!""bn)>\j’

j=0 J
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where A is a complex number. Now,
IT(a?, b, ..., bn)| < |la?, b2, ... bull < [laybay .. byl =1

for all j and so f is an entire function and further

> T (a?, by, . .., by)| >
NEDS ! AP < Z
3=0 I =0

Also, by hypothesis f(0) = T(e,ba,...,b,) = 1 and since a € N, we get f'(0) =
T(a,bg, ce ;bn) =0.

Thus, if we can prove that |f(A)] > 0 for every complex number A, then
Lemma 5.20 gives that f(A) = 1 for all A\, ie, f”(0) = 0. But f’(0) =
T(a?,ba,...,b,) and so T'(a? ba,...,b,) =0, i.e., a®> € N and this is (5.11).

Consider the series

Mo
L)) = Z Faﬂ
7=0
where A is a complex number and this converges in the n-norm of X. Since T is
b-bounded, we obtain

(5.17) T(L(N), b, ..., by) = T(Z %a],bg,...,bn>

7=0

iM)\jzﬂ)‘)'

j=0

From the expression for L(\) we can verify, as in the classical case, the following
functional equation L(A + p) = L(A)L(u). We have in particular L(A)L(=\) =
L(0) = e, which shows that L()\) is an invertible element in X. By hypothesis,
T(L(N),ba,...,b,) #0,ie., from (5.17) we get f(A) # 0. This completes the proof.

O
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