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CHAPTER III

TOPOLOGICAL SPACES

(Sections 14 —22)

The general theory of topological spaces had its origin at the beginning of the
20th century. Previously topological problems had usually been investigated for
only those individual spaces and their subsets for which the concepts of a limit, a clus-
ter point, the closure of a set, etc., had a clear intuitive meaning. In the thirties, a
new type of structure was introduced (partly to meet the needs of functional ana-
lysis), namely uniformities, and in the fifties proximity spaces were investigated.

Various other types of what may be called “continuity structures” have been
examined in recent years. Pending further developments, however, it seems that
three kinds of these “continuity structures” constitute a substantial part of general
topology, a part which, on the one hand, can be given a systematic development
and, on the other hand, can serve as a sufficiently broad basis for most investigations
in which we are confronted with an underlying “continuity structure”. Some other
“continuity structures” are mentioned in the Notes at the end of this book where we
also indicate a possible unified approach to various continuity structures.

We shall now try to explain in a brief and informal manner some general ideas
which concern the continuity structures under consideration (that is, closure struc-
tures, uniformities, proximities) and lead to concepts playing an important role in
the subsequent developments. Disregarding historical questions, we shall concentrate
on basic ideas from the standpoint of the present state of knowledge, giving special
attention to their connection with mathematical analysis.

Two basic concepts appear in almost every problem of mathematical analysis,
namely the concept of an operation‘ and the concept of approximation. In applica-
tion of numerical analysis, certain operations, constituting an “algorithm”, are
effectively performed; the degree of approximation (required or actually achieved)
is also actually given. In theoretical questions of mathematical analysis, properties
of various operations are investigated; instead of the actual degree of approximation,
we are really interested in the possibility of approximation; we ask whether a certain
series converges to an element, whether a function admits arbitrarily “good” approx-
imation by functions of a certain kind, or whether two approximative procedures
give, “in the limit”, the same solution of a certain equation.

This observation, although almost trivial, leads to a more precise (but still vague)
description of the “continuity structures” to be investigated.
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Namely, if we put aside questions concerning operations, we are confronted with
a pure theory of approximation, or rather of the possibility of approximation of
elements of a set P by elements of P. Now, the structure of the “possibility of appro-
ximation” of elements of P may be conceived in various ways. We may consider
this structure as given as soon as it is known, for any x € P and any X < P, whether x
admits of an arbitrarily close approximation by elements of X; this approach leads
to topological spaces. On the other hand, we may require a more detailed description
of the “possibilities of approximation”, considering the structure as given if, for
any set M of pairs (x, y> € P x P, it is known whether or not M contains pairs
{x, y> with y arbitrarily close to x; this approach leads to uniform spaces. Finally,
there is an “intermediate” approach under which the structure in question is given
as soon as we know, for any A < P, B — P whether or not there are xe A, ye B
with y arbitrarily close to x (or, which will be shown to be equivalent, if we know
whether 4 and B are “proximal”); this approach leads to proximity spaces.

To be more concrete, consider a set P endowed with a “distance”, i.e. with a real-
valued function ¢ on P x P such that 0 £ o(x, y> = 9(y, x> < 0{x, z) + 04z, y).
If x e P, X < P and X contains elements y with ¢{x, y) arbitrarily small, we say that x
may be approximated by elements of X or that “x is close to X”. If we restrict our
attention to the fact that, for any X < P and x e P, it is known whether or not x
may be approximated by elements of X, and disregard the metric g, then we consider,
in fact, a topological space. If we say that a set X is close to a set Yif there are elements
x € X, y € Y with g{x, y) arbitrarily small, and confine our attention to this relation
disregarding other properties of g, then we investigate a proximity space, and so on.
Of course, a topological, proximity or uniform structure need not be determined
by a metric, and may be described in any manner sufficient for a determination of the
“structure of approximation” concerned.

Of course, whether or not the investigation of the structures indicated above (and
described exactly in 14, 23 and 25) is useful and has its place in mathematics can
hardly be answered on the ground of any a priori considerations (although this may
give an important heuristic lead); this can be settled only by the future development of
mathematics. In the same sense, only a small part of the main results of the theory
of these structures follows from general considerations only; the core of the theory
constitutes, in the last instanc®, an answer to problems raised by the development
of general analysis.

In the present chapter we shall consider basic ideas concerning closure spaces which
include topological ones. A topological space is currently defined to be a struct
(P, %) such that P is a set and % is a collection of subsets of P satisfying certain
conditions; the elements of % are called open sets. Given such a space (P, %) we
can define the closure operation u associated with % as follows: u is a single-valued
relation, Du = exp P o Eu, and uX is the smallest set containing X such that
(P — uX)e%. The relation u has the following properties: up = @, X < uX,
u(X UY) = uX UuY, and uuX = uX. We shall examine a more general kind of
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spaces, the so-called closure spaces. A closure space is defined to be a struct # =
= (P, u) where P is a set and u is a closure operation for P, i.e., a relation with the
properties mentioned above except for the last property; if u also has the last property
then u is termed a topological closure operation and £ is termed a topological closure
space, or merely a topological space. A classical example of a closure space which
is not topological is the following: Let P be the set of all functions on the interval
I = [0, 1] of real numbers and let uX, where X < P, be the set of all functions f such
that some sequence {f,} in X converges pointwise to f. Clearly {P, u) is a closure
space. If C is the set of all continuous functions on I then uC consists of all functions
of the 1st Baire class, uuCis the set of all functions of the 2nd Baire class, etc., and hence
u is not topological.

It may be in place to explain the reasons which led to an examination of more
general spaces than topological ones, namely closure spaces, although currently
topological spaces form the adopted background for topological investigations. It
turns out that there are some important closure spaces which are not topological;
e.g. spaces of mappings with pointwise convergence of sequences, quotient spaces,
and the “sequential continuity”’ of mappings of topological linear spaces can be
regarded as the usual continuity with respect to some closure spaces which are not
topological. Furthermore, a great deal of basic definitions and theorems for topological
spaces carries over to closure spaces. Finally, one can set up a general background
for various continuous structures, such as uniform spaces, proximity spaces, etc.
Discussing this problem we can conclude that the condition uuX = uX is rather spe-
cial in character. Some investigations of the present chapter are motivated by general
considerations (e.g. the examination of subspaces, sums, products, etc.); to a certain
degree, this also applies to the examination of pseudometrics, etc. For some proper-
ties, the motivation comes from analysis. Thus, the examination of meager and
non-meager sets has its origin in the fact that some properties (by the way, unpleasant
ones, as a rule) are possessed by “almost all continuous functions”; the exact
definition of “almost all”” involves topological properties. Naturally, the properties
of being meager or non-meager, investigated in general topology, have lost their
connection with this motivation and are investigated for their own sake. Nevertheless,
pertinent facts from analysis remain, at least, a valuable heuristic lead.

In Sections 14 and 15 we shall describe closure spaces and characterize topological
spaces among closure spaces by means of neighborhoods, cluster points and con-
vergent nets. Section 16, which contains elementary facts concerning continuous
mappings, is followed by a closely related section (17) in which some constructions
of new spaces from older ones will be examined, namely subspaces, sums, products
and inductive products. In Section 18 pseudometrics (more generaly, semi-pseudo-
metrics) and some special closures for ordered sets will be examined. Subsection
18 B may serve as an introduction to uniform spaces. The results of 14—18 are
applied to topologized algebraic structs in Section 19; the basic concepts are a topo-
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logized internal composition {o, #) and a topologized external composition {u, g, v>
for which we define continuity and inductive continuity. Special attention is given
to topological groups, which are treated as continuous topologized groups with
continuous . inversion.

In Section 20 separation and semi-separation in a closure space are examined and
applied to connectedness. In. Section 21 a general discussion of the localization
of properties is given and applied to locally connected spaces.

The last section contains basic facts concerning dense, nowhere dense, meager
and non-meager sets, and also Baire sets, Borel sets and Baire or Borel measurable
mappings.
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14. CLOSURE SPACES

All definitions, examples and propositions in this section are fundamental and they
appear frequently in later developments. Most of the results of this section will be
used without any reference, and therefore the reader is asked to read it carefully
even though all proofs are almost evident.

In the first subsection we shall introduce the notions of a closure operation, closure
space, open set, closed set, interior of a set and a closure-preserving family. In addi-
tion, we shall introduce an order in the class of all closure operations, which will
be studied throughout this book.

The second part is concerned with the description of a closure operation in terms
of neighborhoods. Theorems of this subsection are illustrated by two rather general
examples, namely we shall introduce the order closure and the notion of a generalized
order closure for a monotone ordered set; in particular, we shall define the space R
of reals as the ordered set of reals endowed with the order closure, and we shall
introduce a closure operation for the set of all ultrafilters of a given set X. (It should
be noted that the resulting space, called the ultrafilter space associated with the set
X and denoted by X, is the Cech-Stone compactification of X endowed with the
discrete closure operation.) Next, the notion of a locally finite family is introduced
and its relation to closure-preserving families is clarified.

In the last subsection notions such as a cluster point, an isolated point, a regular
closed and a regular open set are introduced and studied.

A. CLOSURE OPERATIONS

14 A.1. Definition. If P is a set and u is a single-valued relation on exp P ranging
in exp P, then we shall say that u is a closure operation (or simply a closure) for P
provided that the following conditions (also called axioms) are satisfied:

(c11) ud =0,

(c12) X < uX foreach X c P,

(c13) (X vY)=uX vuY foreach X < P and Y P.

A struct (P, u), where P is a set and u is a closure operation for P, will be called
a closure space. If (P, u) is a closure space and X < P, then the set uX will be called
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the closure of X in (P, u) or under u. The closure of a set X in a closure space &
will also be denoted by X?; if there is no danger of misunderstanding, then we shall
write simply X instead of X?.

Conventions. In accordance with the conventions introduced in 7 A.2 we shall
often write P instead of (P, u) and we shall speak of subsets of a closure space
instead of subsets of the underlying set of the space in question. Moreover, we shall
rarely speak of elements of a space (cf. 7 A.2); for the most part, if x belongs to the
underlying set of a closure space, we shall say that x is a point of the space in question.

Let us notice that the underlying set of a space (P, u) is uniquely determined by u;
indeed, P is the union of the domain of u. It follows that the relation {u — {UDu,u}|
| u is a closure} is a one-to-one relation on the class of all closure operations ranging
on the class of all closure spaces.

14 A.2. Definition. The class of all closure operations as well as the class of all
closure spaces will be denoted by €. According to the above remark this ambiguity
cannot lead to a confusion. A closure u is said to be coarser than a closure v, and v
to be finer than u, if Du = Dv and uX o vX for each X (in the common domain
of both u and v). Evidently the relation

< = E{(v, u) | v, u € C, u is coarser than v}

is an order on the class C. If P is a set then the set of all closures for P is denoted
by €(P) and the restriction of < to C(P) is also denoted by <. Usually C also denotes
the class € ordered by <, and C(P), P being a set, the set C(P) ordered by <.

14 A.3. Let P be a set. The identity relation on exp P is clearly a closure operation
for P which is finer than any closure for P; in other words, the identity relation
on exp P is the finest closure for P. It will be called the discrete closure for P. A
discrete space is a set endowed with the discrete closure. Setting u¢ = @ and uX = P
for each non-void subset of P, we obtain a closure operation for P which is obviously
coarser than any other closure for P, in other words, which is the coarsest closure
operation for P. This closure will be called the accrete closure for P, and a set endowed
with the accrete closure will be called an accrete space. It is to be noted that some
authors employ the word indiscrete instead of accrete.

We have just seen that the ordered set of all closure operations for a given set P
possesses the least and the greatest elements. Rather extensive investigations of this
ordered set are given in Chapter VI. For example it will be shown that the set of all
closures for a given set is order-complete. These investigations become the starting
point for many general constructions. Nevertheless, even in Chapters III and IV we
shall make use of the notation and we shall prove some preliminary results.

14 A.4. Definition. A subset X of a closure space (P, u) will be called closed if
uX = X, open if its complement (relative to P) is closed, i.e.ifu(P — X) = P — X.
If u is a closure operation, then a set X is called u-closed (u-open) if X is closed
(open) in the space (UDu, u) .
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Thus closed sets of a space (P, u) are exactly the “fixed elements” of u. Since
always X < uX (by axiom (cl 2)) we obtain that a subset X of a space (P, u) is
closed if and only if X o uX.

14 A5. Examples. (a) Let P be a set. Setting uX = X if X is a finite subset
of P and uX = P if X is an infinite subset, we obtain a closure operation u =
= {X — uX} for P (prove!). Observe that X = P is closed in (P, u) if and only
if X is finite or X = P. The closure of any subset is a closed set. The space (P, u)
is discrete if and only if P is finite.

(b) The construction in (a) admits the following generalization. Let P be a set
and let m be an infinite cardinal. Define a closure operation u for P by settinguX = X
if the cardinal of X is less than m,and uX = P otherwise. The space of (a) is obtained
for m = N,. A set X < P is closed in (P, u) if and only if the cardinal of X is less
than m or X = P. The space {P, u) is discrete if and only if the cardinal of P is less
than m.

(c) Let (P, <) be a well-ordered set. For each X < P let uX be the subset of P
consisting of all points of X and the successors of all x € X. The relation u =
= {X — uX} on exp P is a closure operation. If P contains at least three elements,
then there exists a subset X of P such that uuX #F uX. Indeed, if x is the least ele-
ment, then u(x) # uu(x).

(d) Let P be a set. Fix a point x of P. Let us define a closure operation u for P
by setting uX = X if X is finite and uX = X U (x) otherwise. A subset X of P is
closed in P if and only if X is finite or x € X. The closure of any subset is a closed set.

(¢) Let P be a set. Fix a point x of P. Put up = @ and uX = X U (x) for X # 0.
Clearly u = {X - uX } is a closure operation for P and X < P is closed in {P, u)
ifand only if X = 0 or x € X.

(f) Let g be a reflexive relation for a set P, i.e. J =« ¢ = P x P. The expansion
{X — o[X]} of ¢ (see 1 E.14) is a closure operation for P which will sometimes be
called the closure operation associated with g. Indeed, ¢[0] = 0, X < o[X]
because ], = g and obviously o[ X U Y] = ¢[X] U [ Y]. If ¢ is a reflexive quasi-order
(that is, if g is also transitive), then the closure of any set is a closed set. A closure u
for a set P is associated with a reflexive relation if and only if

(*) uX = U{u(x) | x e X}
for each X < P, i.e. the closure of a set X is the union of closures of all one-point
sets contained in X. Indeed, if u = {X — o[ X]}, then clearly (x) is fulfilled for each
X < P. Conversely, if u fulfils () and ¢ = Z{u(x) | x € P} (= E{<x, y) | y e u(x)}),
then clearly g is reflexive and uX = o[X] for each X = P, i.e., u is the closure asso-
ciated with g. The closures associated with reflexive relations will be studied in
Section 26 under the name quasi-discrete closures.

By induction we obtain at once from condition (cl 3) that

(=) U{X.} = U{X.}

for every finite family of subsets of a space P. Formula (**) need not be true if the
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family is infinite. For example, if (P, u) is the space in the example 14 A.5 (d), then
the family {X, | a € A}, where X, = (a) and 4 < (P — (x)), fulfils (*) if and only
if A is finite. For convenience we shall introduce the following important notion.

14 A.6. Definition. A family {X,|a e 4} of subsets of a closure space P will be
called closure-preserving if, for each B = 4, U{X,|ae B} = UY{X,|ae B}.

14 A.7. Every subfamily of a closure-preserving family is a closure-preserving
family. Every finite family of subsets of space a is a closure-preserving family.

Proof. The first statement is obvious and the second one has already been proved.

Using the fact that X U Y = Yif and only if X < Y, we obtain from condition (cl 3)
the following proposition, which asserts that if u is a closure operation for a set P,
then the mapping u : {exp P, =) — {exp P, =) is order-preserving.

14 A8. If X and Y are subsets of a closure space P such that X < Y, then X < Y.

14 A.9. Theorem. The collection of all closed subsets of a space P is closed
under finite unions and arbitrary intersections, i.e. additive and completely multi-
plicative. The collection of all open sets of a space P is closed under arbitrary
unions and finite intersections, i.e. completely additive and multiplicative. The
sets O and P are simultaneously closed and open.

Proof. If X is the union of a finite family {X a}, then X = J{X,}, because any
finite family is closure-preserving by 14 A.7, and if, moreover, all X, are closed, i.e.
X, = X,, we obtain X = Y{X,} = X which means that X is closed. Now let X be the
intersection of ‘a family {X,} of closed sets. Since X = X, for each a, by 14 A.8
we obtain X = X, = X, for each a,i.e. X = N{X,} = X, which implies that X is closed.
The set @’is closed by (cl1) and P is closed by (cl 2). The proof of all assertions
concerning closed sets is complete. The statements concerning open sets follow from
the statements concerning closed sets and de Morgan formulas. Indeed, for any family
{X,} in exp P the following de Morgan formulas are valid (see 2.16):

P —nN{X,} = U{P - X,},

P — U{X} = nN{P - X,}.
Now, if X is the intersection of a finite family of open sets, then X is open because,
by the first formula, the complement of X is closed as a finite union of closed sets.
Similarly, the union of any family of open sets is open because, by the second for-

mula, its complement is closed (as the intersection of a family {P - Xa} of closed
sets). Finally, since @ and P are closed, their complements P and @ are necessarily open.

14 A.10. Definition. With :clny closure u for a set P there is associated the interior
operation int,, usually denoted briefly by int, which is a single-valued relation on
exp P ranging in exp P such that, for each X <= P,

int,X =P — u(P — X)
The set int, X is called the interior of X in (P, u) or the u-interior of X.
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From the definitions of a closure operation and an interior operation one immedia-
tely obtains the following assertion:

14 A.11. In any space P the following three conditions are fulfilled:
(int1) intP =P

(int2) For each X = P, intX < X

(int 3) For each X = P and Y< P, int(X nY) =intX nint Y.

It is worth noticing that the conditions (int 1), (int 2) and (int 3) are characteristic
for the interior operation. More precisely, one can prove the following assertion:
If int is a relation on exp P ranging in exp P satisfying the conditions (int k), k =
=1, 2, 3, and if we define

uX = P —int (P - X)

for each X = P, then u = {X — uX} is a closure operation for P and int, = int.
Next, it is to be observed that open sets are exactly the “fixed elements™ of the inte-
rior operation; stated in other words:

14 A.12. A subset X is open if and only if int X = X,

If u is a closure for P and int, is the corresponding interior operation, then Du =
= Dint, and int, X = P — u(P — X),uX = P —int, (P — X). Thus the closure
of a space is uniquely determined by the interior operation of the space (and of
course, the interior operation is uniquely determined by the closure). In consequence,
the relation

{u - int,|ueC}

is a one-to-one relation ranging on the class of all interior operations, and every
notion based upon the notion of a closure operation can be described in terms of
interior operations. Closely related to the interior operation of a space P is the
notion of a neighborhood of a subset of P. The next subsection is devoted to an
examination of neigborhoods and the description of a space in terms of neighbor-
hoods.

B. NEIGHBORHOODS

14 B.1. Definition. A neighborhood of a subset X of a space P is any subset U
of P containing X in its interior. Thus U is a neighborhood of X if and only if X <
c P — P — U. By a neighborhood of a point x of P we mean a neighborhood of
the one-point set (x). The neighborhood system of a set X — P (a point x € P) in
the space P is the collection of all neighborhoods of the set X (the point x).

14 B.2. Let P be a space. A subset U of P is a neighborhood of a subset X of P
if and only if U is a neighborhood of each point of X. A subset U of P is open if

and only if it is a neighborhood of all of its points, or equivalently, it is a neighbor-
hood of itself.

16 — Topological Spaces
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Proof. The first assertion is obvious and the second one is a restatement of 14 A.12
in view of the first statement. '

From 14 A11 and the definition of neighborhood one obtains at once the fol-
lowing result:

14 B.3. Theorem. Let % be the neighborhood system of a subset X of a space P.
Then % is a filter on P (see 12B.2) the intersection of which contains X, i.e. every
element of U contains X, finite intersections of members of U belong to % and if
PoVoUe¥U then Ved.

14 B.4. Definition. Let P be a space. By 14 B.3 the neighborhood system of a set X
(a point x) in P is a filter. A base or a sub-base of this filter is called, respectively,
a base or a sub-base of the neighborhood system of X in P. Thus a collection ¥~
of subsets of P is a base of the neighborhood system of a set X (point x) if and only
if each Ve 7" is a neighborhood of X (of x) and every neighborhood of X (of x)
contains a Ve ¥". A collection #~ of subsets of P is a sub-base of the neighborhood
system of a set X (a point x) if and only if the collection of all finite intersections
of elements of #”is a base of the neighborhood system of X (of x). The terms a local
base at x and a local sub-base at x will often be used instead of a base and a sub-base
of the neighborhood system of the point x.

By 14 B.3 a local base at a point x is a base of a filter whose intersection contains x.
There follows:

14 B.5. If %U(x) is a local base at a point x, then the following assertions are
true:

(nbd 1) %(x) * 0.

(nbd 2) For each U e %(x), xeU.

(nbd 3) For each U, and U, in U(x) there exists a U in %(x) withU = U, n U,.

The following simple but very important theorem shows that the closure of a set
is completely determined by neighborhoods of points of the space.

14 B.6. Theorem. A point x € P belongs to the closure of a subset X of a space
{P, u) if and only if each neighborhood of x in {P, u) intersects X.

Proof. If a neighborhood U of x does not meet X, then x eint U < int (P — X) =
= (P — uX), which shows that x ¢ uX. Conversely, if x ¢ uX,then P — Xisa
neighborhood of x which does not meet X.

14 B.7. Corollary. If % is a local base at a point x in a space P, then xe X if
and only if X < P and each U € % intersects X.

Proof. If x € X, then by 14 B.6 each neighborhood of x, and hence each member
of % intersects X. Conversely, if each member of % intersects X, then obviously
each neighborhood of x intersects X, and by 14 B.6 we obtain x € X.

14 B.8. Let u and v be two closure operations for a set P.In order that u should
be coarser than v it is necessary and sufficient that, for each x € P, every u-neigh-
borhood of x be a v-neighborhood of x.
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Proof. If u is coarser than v, then x €int, U = (P — u(P — U)) implies x €
e(P — o(P — U)) = int, U because u(P — U) > o(P — U). It follows that every
u-neighborhood of a point x is a v-neighborhood of the point x. Conversely, if
every u-neighborhood of a point x is a v-neighborhood of the point x, then by Theo-
rem 14 B.6, x € vX implies x € uX for each X c P, that is, uX > vX for each X < P,
which means that u is coarser than v.

We must keep in mind that, in general, there exist many local bases at a point x.
Indeed, if % is a local base at x and U is any element of %, then the collection of all
Ved, V< U, is also a local base at x. Therefore it will be useful to state the
following corollary of the foregoing result.

14 B.9. Corollary. Let u and v be two closure operations for a set P. For each x
in P let %(x) and ¥°(x) be local bases at x in (P, u) and (P, v respectively. Then
u is coarser than v if and only if, for each x € P, every element of %U(x) contains
an element of ¥(x). In particular, u = v if and only if, for each x in P, every
U e %(x) contains a Ve ¥ (x) and every Ve ¥ (x) contains a U € U(x), or equi-
valently, %(x) and ¥°(x) are bases of the same filter on P.

Remark. A collection & of subsets of a space P is sometimes said to contain
arbitrarily small neighborhoods of a point x if 4 contains a local base at x.

The foregoing corollary 14 B.9 asserts that every closure operation is completely
determined by local bases at all points. It is sometimes convenient to define a closure
operation for a set P by specifying which subsets of P are neighborhoods of what
points, or, stated in other words, which filters on P are neighborhood systems of
points, or, which filter bases are local bases at points. Now we shall prove that if
{#(x)| x € P} is any family of filter bases on P such that x € (%(x) for each x,
then there exists a closure operation u for P such that, for each x e P, #(x) is a local
base at x in (P, u).

14 B.10. Theorem. For each element x of a set P let U(x) be a collection of
subsets of P satisfying conditions (nbd 1), (nbd 2) and (nbd 3) of proposition 14B.5.
Then there exists exactly one closure operation u for P such that, for each x € P,
U(x) is a local base at x in {P, u).

Proof. I. If there exists such a closure operation u for P, then by 14B.7

(*) uX = E{x|xeP,Uec(x)=UnX + 0}
for each X = P. Thus there exists at most one closure operation u on P such that the
%(x) are local bases. We must prove that the relation u defined by (%) is a closure
operation on P and %(x) are u-local bases. — II. Clearly (cl 1) is fulfilled. The axiom
(c12) follows from (nbd2). To prove (cl3), let X and Y be subsets of P. If
x € (uX U uY), then by (+) each set from %(x) meets X or Y, and consequently, X u Y.
By (*) we have x e u(X U Y) which proves (uX U uY) < u(X U Y). To prove the
converse inclusion, let x ¢ (uX U uY). By (x) there exist U and Vin %(x) with U n X =
=0 =VnY By (nbd 3) there exists a W in' %(x) contained in ¥V n U. Clearly

16*
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WnA(XuUY)=0 By (x) x¢u(X vY) which proves u(X U Y) < (uX U uY).
We have proved that u is a closure operation. — IIL If x € P and U € %(x), then U
is a u-neighborhood of the point x for, otherwise, x e u(P — U) and by (¥) V' n
N (P - U) # 0 for each Ve %(x), which is not correct for ¥ = U. It remains
to prove that every u-neighborhood W of x contains a U € %(x). Let us suppose
U-W=Un(P—-W)=+0 for each Ue % (x). Then by (x) xe u(P — W),
which shows that Wis not a neighborhood of x.

14 B.11. Corollaries. (a) For each element x of a set P let %(x) be a filter on P
such that x € \%(x). Then there exists exactly one closure u for P such that %(x)
is the neighborhood system at x in {P,u) for each x in P.

(b) For each element x of a set P let %(x) be a non-void family of subsets of P
such that x € NU(x). Then there exists exactly one closure u for P such that %(x)
is a local sub-base at x in (P, u) for each x in P.

Theorem 14 B.10 and its corollaries 14 B.11 (a) and (b) will be used in the defini-
tion of the space of ultrafilters of a given set P and the generalized order closures
for ordered sets, especially for the ordered set of reals. The set of all ultrafilters on
a given set was considered in 12.

14 B.12. Ultrafilter space (associated with a given set X). Suppose that X is
a set and BX is the set consisting of all elements of X and all free ultrafilters
on X. We shall define a family {%, | x € fX} such that %, is a filter base on X
and x € %, for each x. If x € X, then we put %, = ((x)). If x is a free ultrafilter
on X, then

(*) %, = E{YUE{y|ye(BX — X), Yey} | Yex}.

Obviously x € %, for each x. By virtue of 14 B.10 there exists exactly one closure
for BX such that %, is a local base at x for each x in fX. The set §X endowed with
this closure operation will be called the ultrafilter space associated with X and it
will also be denoted by X . If X is finite, then evidently X is defined to be the discrete
sphce with underlying set X. In the following development let X be a fixed infinite
set and %, be the collection given by ().

(a) If xe(BX — X), then %, = E{Y| Yex} and [%Z,] n X = x.

Proof. Fix an x in X — X. Obviously, if Ye x then

Y=YUE{y|ye(pX — X), Yey}

Comparing this formula with (*) we obtain the first formula. The second one is
self-evident.

(b) If {Y;|i < n} is a disjoint finite cover of X, then {¥;} is a disjoint cover
of pX.

Proof. I. If xe fX — X, then Y; € x for some i because x is an ultrafilter on X
and {Y;} is a finite cover of X (see 12 C.8). It follows that {Y;} is a cover of fX. —
ILIfxeY,nY; withi=+j, thenxe(fX — X)because X n ¥, =Y, X nY; =Y,
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and Y; n Y; = 0. Thus x is an ultrafilter on X and, by definition, Y; as well as Y;
belong to x. But this is also impossible because Y; N Y; = .
(¢) If Y = X, then Y is simultaneously open and closed in BX.

Proof. It is obvious that Y is a neighborhood of each of its points and hence ¥
is open. The collection (Y, X — Y) is a disjoint cover of X and consequently,
(Y, X — Y)is a disjoint cover of BX by (b). Since X — Yis open, as was just proved,
its complement ¥ in X is closed.

14 B.13. Generalized order closures for monotone ordered sets. Suppose that
{P, <) is a monotone ordered set. Intervals of the form Ja, 8[,] <, B[, Jo. — [
and ]| «, - [ (= P) will be called order-open. Evidently, the collection of all order-
open intervals containing a given point x is multiplicative and non-void, and thus
it is a filter base. By virtue of 14 B.10 there exists exactly one closure operation u
for P such that, for each x in P, the collection of all order-open intervals containing
x is a local base at x in (P, u). This closure will be called the order closure for
{P, £>. More generally, a closure v for P will be called a generalized order closure
Jor (P, <> if, for each x in P, there exists a local base at x consisting of intervals
and containing all order-open intervals containing x.

(a) If v is a generalized order closure for (P, <), then every order-open interval
is open in <P, v). Indeed, any order-open interval is a neighborhood in (P, v)
of all of its points (14 B.2).

(b) The order closure u for (P, <) is the coarsest generalized order closure for
{P, £>. By definition the order closure u is a generalized order closure for P. If
v is any generalized order closure for (P, <), then v is finer than u by 14B.9, be-
cause, for each x, the collection %, of all order-open intervals containing x is a local
base at x in {P, u) and simultaneously %, is contained in the neighborhood system
at x in (P, v).

(c) Let v be a generalized order closure for (P, <) and let x € P. Only the fol-
lowing four cases are possible:

(o) Order-open intervals containing x form a local base at x in (P, v);

(B) intervals of the form [ x, B[, x < B, form a local base at x in (P, v);

(1) intervals of the form ] &, x ], « < x, form a local base at x in (P, v); and

(8) the collection ([ x, x ])) is a local base at x in {P, v).

Of course none of these possibilities excludes any of the other ones. For example,
if x is a point of P such that [ &, B[ = (x) for some « and B, and u is a generalized
order closure for (P, <), then all cases («) — (8) actually appear. On the other hand
if Ja, x ] # (x) for each @ < x and [ x, §[ + (x) for each x < f, then each case
excludes each of the other ones. The simple proof of these statements is left to the
reader. If () is fulfilled for each x, then the closure u is the order closure for (P,<).
If condition (B) (condition ()) is fulfilled for each x, then u is said to be the closure
of the approximation from the right (from the left). In accordance with this termin-
ology the order closure is sometimes called the closure of two-sided approximation.
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If condition (8) is fulfilled for each x in P, then evidently u is the discrete closure
for P. It is to be noted that all foregoing definitions are meaningful, with slight
modifications, for ordered sets which are not necessarily monotone. Nevertheless,
the resulting closures are not too significant for general ordered sets and therefore
we want to employ the term “order closure™ for a more significant situation.

(d) A generalized order closure v for an ordered set (P, <) is the order closure
for (P, <) if and only if every open interval (i.e. every interval in (P, <)which is
open in {P,v)) is order-open.

14 B.14. Definition. The set R of reals endowed with the order closure will be
called the space of reals and will be denoted by R.

By 14 A.7 every finite family in a closure space is closure-preserving. Now we will
introduce a wide class of closure-preserving families containing all finite families.

14 B.15. Definition. A family {X, | a € 4} of subsets of a space P is called locally
finite if each point x of P possesses a neighborhood intersecting a finite number
of X, only, i.e. for each x in P there exists a neighborhood U of x such that the set
E{a|ae 4, X,n U + 0} is finite.

As a straightforward consequence of the definition we obtain:

14B.16. If {X,|ac A} is a locally finite family in a space P, B'< A and
Y, c X, for each a in B, then the family {Y,_,|aeB} is also locally finite. In
particular, every subfamily of a locally finite family is locally finite.

14 B.17. Theorem. Every locally finite family is closure-preserving.
Proof. Since any subfamily of a locally finite family is locally finite, it suffices to

show that if {X,| a € A} is a locally finite family in a space P, then U{X, | ac A} =
= U{X,| a € A}. The inclusion > follows from proposition 14 A.8 asserting that
the closure considered as a mapping of {exp P, <) into itself is order-preserving.
To prove the converse inclusion, let us choose a point x in the set on the left side.
The family being locally finite, we can choose a neighborhood U of x such that the
set A; of all a € A for which U n X, + 0 is finite. In consequence, x belongs to the
closure of the family {X,|ae 4,}. But {X,|ae 4,} is finite and hence closure-
preserving. Thus x € X, for some a € 4,, which establishes that x belongs to the right
side of the above equality and completes the proof.

Of course, a closure-preserving family need not be locally finite. For example,
if P is a space and A is any set, then {X, | a € A} is closure-preserving, when X, = P
for each a in A. This family is not locally finite, not even point-finite, provided
that A is infinite. By 14 B.16, if {X,} is locally finite and Y, < X, for each a, then
also {Y,} is locally finite. The similar assertion for closure-preserving families is not
true. This follows from the following observation: if {Y,} is any family in a space P
and if X, = P for each a, then {X,} is closure-preserving as we have noted above,
and obviously:Ya c X, for each a. To clarify the relationship between closure-pre-
serving and locally finite families we shall prove the following theorem.
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14 B.18. Theorem. The following two conditions are necessary and sufficient
for a family {X,} of subsets of a space P to be locally finite:

(a) {X,} is closure-preserving;

(b) {X,} is point-finite.

Proof. By the foregoing theorem 14 B.17 every locally finite family is closure-pre-
serving. Evidently, if {X,} is locally finite then {X,} is point-finite. Thus conditions
(a) and (b) are necessary. Conversely, let {X,|ae A} be a family of subsets of
a space P such that (a) and (b) are fulfilled. Choose a point x € P. We must find
a neighborhood U of x intersecting only a finite number of X,. Put

Y=U{X,|a ed,x¢X,}.

‘According to (a) the point x does not belong to ¥ and hence U = P — Yis a neigh-
borhood of x. According to (b) the set A, = E{a | a € 4, x € X,} is finite. It follows
that U intersects only a finite number of X,, namely those X, for which a € A;.

It is to be observed that condition (b) cannot be replaced by the weaker condition
“{X,} is point-finite”. Indeed, if (P, u) is the space from 14 A.5 (e) such that P
is infinite, then the family {(y) | y e P — (x)} is point-finite as well as closure-pre-
serving, but not locally finite.

14 B.19. Corollary of 14 B.18. The union of any locally finite family of closed
sets is a closed set. In other words, the collection of all closed subsets of a space
is closed under locally finite unions.

In conclusion we shall prove a property of open sets, the usefulness of which will
become clear later.

14 B.20. Theorem. If X and Y are subsets of a space P and U is a neighborhood
of X, then

() XnY=Xn YA U.

In particular, if U is an open subset of P, then

(x¥) UnY = UnYnU.

Proof. By proposition 14 A.8 asserting that every closure operation is order-
preserving, the inclusion o (in (*)) holds. Let us suppose that there exists a point x
nXnY)—(Xn Y—nﬁ) Since Y= (YA U)u (P — U), we have Y < YnUu
u P — U. It follows that x € P — U, which contradicts the fact that U is a neigh-

borhood of ) The second assertion is a consequence of the first one. Indeed, if U
is open, then U is a neighborhood of itself (by 14 B.2) and we may put X = U in ().

C. CLUSTER POINTS

14 C.1. Definition. A cluster point or an accumulation point of a set X in
ﬁ\space P is a point x belonging to the closure of X — (x) A cluster point or an
accumulation point of a space P is defined to be a cluster point of the underlying
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set of P. The set of all cluster points of a set X is denoted by X’ and called the
derivative of X in P.

14 C.2. In any space P the following assertions are true:

(a) X = P implies X =X u X', (X - X) c X';

(b) 0 = 0;

(¢) X c P, Ycleply(XuY) =X'0uY;

(d) X =« Y P implies X' < Y".

Proof. L Clearly X’ = X, and if x €(X — X) then x € X'. Thus (a) is true. —
IL. The statements (b) and (d) are evident. — IIL Since X =« (X U Y), Y (X U Y),
we obtain from (d) that X' = (X U Y), Y = (X v Y) and hence (X' U Y') c
c(XuYy. Ifxe(XUY), ie xe(XUY)—(x), then xe X — (x) U ¥ — (x)
by (c13), and consequently, xe X’ or xe Y’, ie. xe(X’ U Y') which completes
the proof.

It follows from 14 C.2 (a) that the closure of a space is a uniquely determined by
the relation {X — X’ | X < P}. In consequence, every notion based upon the closure
operation can be described in terms of cluster points. One can show that conditions
(b) and (c) are almost characteristic for the relation {X — X'} of a closure space.
More precisely, if {X — X'} is a single-valued relation on exp P ranging in exp P,
satisfying conditions (b) and (c), and such that x ¢ (x)’ for each x € P, then there
exists exactly one closure u for P such that X’ is the derivative of X in the space
(P, u).

14 C.3. Definition. An isolated point of a set X in a space P is a point x of X
which is not a cluster point of X. Isolated points of a space P are defined to be the
isolated points of the underlying set of P.

14 C.4. The closure of a subset X of a space P is the disjoint union of the set of all
cluster points of X and the set of all isolated points of X. — Obvious.

14 C.5. A point x is an isolated point of a subset X of a space P if and only if there
exists a neighborhood U of x in P so that U n X = (x). A point x is an isolated
point of a space P if and only if (x) is an open subset of P.

Proof. The second statement is a corollary of the first one. We shall prove the
first statement. If U n X = (x) for some neighborhood of x, then U n (X — (x)) =

= 0 and hence x ¢ X — (x), which means that x is not a cluster point of X, i.e. x
is an isolated point of X. Conversely, if x ¢ X — (x) then the complement U of the
set X — (x) is a neighborhood of x and clearly U n X = (x).

Corollary. A space P is discrete if and only if each of its points is isolated.

14 C.6. Cluster points in ordered spaces. Suppose that (P, <) is a mono-
tone ordered set and u is a generalized order closure for (P, ). By 14C5 xe P
is an isolated point of (P, u) if and only if [ x, x | = (x) is a neighborhood of x.
A point x of P will be called isolated from the left (from the right) or simply left-
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isolated (right-isolated), if the interval [ x, — [ (] <, x ], respectively} is a neighbor-
hood of x in {P, u). Obviously:

x is isolated from the left in (P, u) if and only if x ¢ u E{y |y < x}, and x is
isolated from the right if and only if x ¢ u E{y | x < y}.

It is to be noted that left-isolated and right-isolated points were defined for a gene-
ralized order closure for a monotone ordered set (P, <), and they depend essen-
tially upon both u and <. For example, if u is a generalized order-closure for (P, <)
then u is also a generalized order closure for (P, < ~!), and clearly x is left-isolated
in (P, u) relative to < if and only if x is right-isolated in (P, u) relative to < 1.
There are many notions depending on both < and u. Therefore it is convenient
to introduce the following definition.

14 C.7. Definition. An ordered space (a generalized ordered space) is a struct
(P, £, u) such that (P, £) is a monotone ordered set and u is the order closure
(a generalized order closure) for (P, < ). It will be convenient to employ the term ge-
neralized ordered space also for an underlying space of a generalized ordered space.

14 C.8. The ordered space of all ordinals § < & will be denoted by T,. The spaces
T, have several special properties, in particular if £ is an initial ordinal, and they
will often be used as counter-examples. For any ordinal o« we denote by w, the
initial ordinal 5 (see 11 B.6, remark 2) such that card Ord, = N,.

14 C.9. Definition. A regular open set of a closure space P is an open subset U
of P such that U = int U. A regular closed set is a closed set X such that X =

= int X.

14 C.10. Let P be a space. A subset U is regular open if and only if its comple-
ment P — U is regular closed. The collection of all regular open (regular closed)
subsets of P is multiplicative (additive) and contains P and 0.

Proof. It is easily seen that U = int U if and only if (P — U) = int (P — U)
which proves the first statement. According to the de Morgan formulae it remains
to prove, for instance, the statements concerning regular closed sets. Obviously P
and @ are closed, and int P= P = P, int ® = § = @, which show that both P

and @ are regular closed. If X and Y are regular closed, then X u Y is closed by
14 A9 and

mMXouY)simtXuintY=intXuintY=X0uY

which shows that int (X U Y) = X U Y and completes the proof.

The union of two regular open sets need not be regular open. Indeed, in
every generalized ordered space every order-open interval is regular open, but the
union of two order-open intervals need not be regular open. For example, X =
=(]0,1[ u]1,2])is not regular open in the space R of reals, because the closure
of X is [0, 2] and the interior of [0,2] is ] 0,2 + X.
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15. TOPOLOGICAL SPACES

In this section an extensive and important class of closure spaces, called topological
spaces (Definition 15 A.1), will be introduced and studied. A closure operation is
not uniquely determined by the collection of all open sets while two topological
closures coincide provided that the corresponding collections of open sets coincide.
Thus a topological closure for a set P is uniquely determined by a subset of exp P.
Here we shall show that generalized ordered spaces are topological and later we shall
show that also metrizable spaces (18 A.12) and uniformizable spaces (= completely
regular spaces) (24 A2) are topological and that every topological group is
a topological space (19 B.4).

The second part is devoted to a preliminary exposition of the convergence of nets.
It will be shown that topological closures are characterized (among closure spaces)
by the condition on iterated limits (15 B.13).

A. TOPOLOGICAL CLOSURES

15 A.1. Definition. A topological closure operation (or simply a topological
closure or merely a T-closure) for a set P is a closure operation u for P satisfying
the following condition:

(c14) For each X < P, uuX = uX.

A closure space P is said to be topological (or simply a T-space) if the closure of P
is topological.

Stated in other words, a closure u is topological if and only if u is a transitive
relation. Next, a closure u is topological if and only if 4 o 4 = u, i.e. u is an “idem-
potent element” relative to the internal composition o.

Notice that the discrete and the accrete closures for a set are topological, and
so are all closures from 14 A.5 with the exception of those in (c) and (f).

15 A.2. Theorem. Each of the following four conditions is necessary and suf-
ficient for a closure space P to be a topological space.

(a) The closure of each subset of P is closed in P;
(b) The interior of each subset of P is open in P;
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(c) For each x € P the collection of all open neighborhoods of x is a local base
at x;

(d) For each x in P, if U is a neighborhood of x, then there exists a neighbor-
hood V of x such that U is a neighborhood of each point of V. Stated in other words,
every neighborhood of any point x € P is a neighborhood of a neighborhood of x.

Proof. The pattern of the proof is (a) = (b) = (c) = (d), (a) is necessary and (d)
is sufficient. Condition (a) is a restatement of condition (c14). In particular,
(a) is necessary. If the closure of every subset of P is closed, then the interior of any

set X is open as the complement of the closed set P — X (by definition 14 A.10,int X =

= P — P — X). Thus (a) = (b). Now assume (b) and let us consider a neighbor-
hood U of a point x of P. By (b) int U is open and by 14 B.2 int U is a neighborhood
of each of its points, in particular, of x. Since obviously int U = U, condition (c)
* is fulfilled. Thus (b) implies (c). The implication (c) = (d) is obvious because an
open set is a neighborhood of itself (pick an open V¥ such that x € V = U). It remains
to prove that (d) is a sufficient condition. Suppose x € uuX. We must prove x € uX.
By 14 B.6 it is sufficient to show that every neighborhood U of x intersects X. By
condition (d) we can choose a neighborhood ¥V of x such that U is a neighborhood
of each point of V. Since x € uuX, by 14 B.6 V intersects uX, and therefore we can
choose a point y in ¥~ uX. Since y € uX and U is a neighborhood of y (U is a neigh-
borhood of each z € V), again by 14B.6 U intersects X.

15 A.3. Corollary. Each of the following two conditions is necessary and suf-
Sficient for a closure space P to be a topological space:

(a) the closure of any subset X of P is the intersection of all closed sets contain-
ing X;

(b) the interior of any subset X of P is the union of all open subsets contained
in X.

For further characterizations of topological spaces see the exercises.

According to 15 A.3 a topological closure operation is uniquely determined by the
collection of all open sets and also by the collection of all closed sets. This fact
enables us to define a topological closure operation on a set P by declaring a suit-
able subcollection of exp P to be the collection of all open or closed sets (Theorem
15 A.6, 15 A.10). It will be seen that it is sufficient to specify suitable subcollections
of open or closed sets, the so-called bases and sub-bases (Theorems 15 A.9, 15 A.13).

We begin with an adaptation of Theorem 14 B.10 to topological closures.

15 A.4. Theorem. Let P be a set and for each x in P let %(x) be a collection
of subsets of P satisfying the conditions (nbd 1), (nbd 2) and (nbd 3) of 14B.5
and also the following condition:

(nbd 4) For each x in P and each U in %(x) there exists a V in %(x) such that
Jor each y in V, some We "i/(y) is contained in U.

Then there exists exactly one closure operation u on P such that %(x) is a local
base at x in (P, u) for each x € P. The closure operation u is topological.
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Proof. According to Theorem 14 B.10 there exists exactly one closure operation
u on P such that the collections %(x) are local bases (condition (nbd 4) is not used).
It remains to prove that u is a topological closure; this follows from Theorem
15 A.2 because condition (nbd 4) implies condition (d).

15 A.5. Theorem. Let # be a collection of subsets of a set P such that the
JSollowing two conditions are fulfilled:

(ob 1) The union of # is P;

(ob 2) For each By and B, in % and for each x in By N B, there exists a B in #
with xe B = B; n B,.

_Then there exists exactly one closure operation u on P such that, for each x in P,
the collection #(x) = E{B|x e Be 8} is a local base at x in {P, u). This closure
is a topological closure operation, and a subset U of {(P,u) is open if and only if U
is the union of a subcollection of #. In particular, all sets of # are open in {P, u).

Proof. Obviously the collections 4%(x) fulfil conditions (nbd 1) — (nbd 4). By
Theorem 15 A.4 there exists exactly one closure # on P such that the collections
%(x) are local bases and this closure is topological. Next, every Be £ is open in
{P, u) because it is a neighborhood of each of its points. Indeed, if x € B then
B e %(x). Since any union of open sets is an open set, we have proved that unions
of sets from & are open. Finally, if U is an open subset of (P, u), U is a neighbor-
hood of each of its points, and consequently we can choose a family {B, [ xXe U} SO
that x € B, € #(x) and B, = U. Obviously the union of {B,}is U. Thus every open
subset of {P, u) is the union of a subcollection of £, concluding the proof.

By 14 A.9 the collection @ of all open subsets of a closure spaces (P, u) fulfils
the following three conditions:

(0 1) The set P belongs to 0;

(o 2) The union of any subcollection of @ belongs to @;

(o 3) The intersection of any two members of 0 belongs to 0.

It is to be observed that by (o 2) the empty set belongs to @, since the union
of an empty collection is, by definition, the empty set. In the converse direction we
shall prove the following result.

15 A.6. Theorem. Let O be a collection of subsets of a set P fulfilling con-
ditions (0 1), (0 2) and (o 3). Let C be the set of all closure operations u for P such
that @ is the collection of all open subsets of {P,u). There exists exactly one
topological closure operation in C and this closure is a coarsest element in C.

Proof. Clearly, the collection @ fulfils conditions (ob 1) and (ob 2) of 15 A.5.
By Theorem 15 A.5 there exists exactly one closure operation # on P such that, for
each x € P, the collection of all U € @ containing x is a local base at x in (P, u);
again by 15 A.5 a set Vis open in (P, u) if and only if ¥is a union of a subcollection
of @. But @ is closed under unions by (o 2) and consequently 0 is the collection of all
u-open sets. Thus u € C. Moreover, Theorem 15 A.5 asserts that u is a topological
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closure. It remains to show that u is the coarsest closure from C; this follows
from the following result which will often be needed in the sequel.

15 A.7. A topological closure u € C(P) is coarser than a closure ve C(P) if and
only if every u-open set is v-open, or equivalently, if every u-closed set is v-closed.
In particular, two topological closures u and v for a set P are identical if and only
if, for each subset X of P, the following two equivalent conditions are fulfilled:

(a) X is u-open < X is v-open;

(b) X is u-closed <> X is v-closed.

Proof. First suppose that a closure u is coarser than a closure v. By 14B.8, if U
is a u-neighborhood of a point x, then U is a v-neighborhood of x. Since a set is open
if and only if it is a neighborhood of each of its points (by 14 B.2), it follows that every
u-open set is v-open (observe that the assumption that u is topological was not needed).
Conversely, let u be topological and let every u-open set be v-open. By 14B.9, to
prove that u is coarser than v it is sufficient to show that, for each point x, there
exists a local base %(x) at x in (P, u) such that any member U of %(x) is a v-neigh-
borhood of x. Since u is topological, by 15 A.2 the collection %(x) of all u-open
sets containing x is a local base at x in (P, u). Now, if U € %(x), then U is u-open,
by our assumption U is also v-open, and since an open set is a neighborhood of each
of its points, U is a v-neighborhood of x.

15 A.8. Definition. An open base of a topological space (P, u) is a collection #
of subsets of P such that a subset U of (P, u) is open if and only if it is the union
of subcollection of #. An open sub-base of a topological space {P,u) is a col-
lection %, of subsets of P such that the collection £ of all finite intersections of sets
from 4, is an open base of (P, u).

Stated in other words, an open base of a topological space is a collection # of
sets such that the smallest completely additive collection of sets containing & is
identical with the collection of all open sets. It is easy to find necessary and sufficient
conditions for a given family of sets to be an open base or an open sub-base of
a topological space.

15 A.9. Theorem. Let & be a collection of subsets of a set P. There exists a topo-
logical closure operation u on P such that # is an open base of (P, u) if and only
if the family % fulfils conditions (ob 1) and (ob2) of 15A.5. In order that #
be an open sub-base for a topological space {P, u) it is necessary and suffici-
ent that the union of # be P.

Proof. The assertion concerning sub-bases is a straightforward consequence of
that concerning open bases which will now be proved. According to Theorem
15 A.5 the conditions (ob 1) and (ob 2) are sufficient for the collection # to be an
open base of a topological space (P, u). Conversely, suppose that & is an open base
of a topological space (P, u). The union of # is P because P is open in {P, u)
(by 14 A.9). Next, suppose xe B, n B, with B; € 4. Since B, and B, are open, their
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intersection By N B, is also open (by 14 A.9). Since # is an open base, B; N B,
is the union of a subcollection %, of 4. Clearly some B € £, contains x.

Up to now we have restricted ourselves to open sets. Since a set is open if and only
if its complement is closed, the collection of all open sets is uniquely determined by
the collection of all closed sets. By 14 A.9, the collection % of all closed subsets of
a space (P, u) fulfils the following three conditions:

(c 1) The empty set belongs to €;

(c2) The intersection of any subcollection of € belongs to %;

(c 3) The union of any two members of € belongs to &.

It is to be noted that condition (c 2) implies P € €. Indeed, the intersection of an
empty family of subsets of P is P by our Definition 2.11.

15 A.10. Theorem. If ¥ is a collection of subsets of a set P satisfying the con-
ditions (c 1), (¢ 2) and (c 3), then there exists exactly one topological closure oper-
ation u for Psuch that € is the collection of all closed sets of (P, u). For any X c P
the closure of X is the intersection of all C € € containing X.

15 A.11. Definition. A closed base of a topological space P is a collection %
of subsets of P such that X = P is closed if and only if X is the intersection of a sub-
collection of #B. A closed sub-base of a topological space P is a collection &, of
subsets of P such that the collection & of all finite unions of members of 4, is a closed
base of P.

From the de Morgan formulae 2.16 the following result follows at once:

15 A.12. # is a closed base or a closed sub-base of a topological space P if and
only if the collection consisting of the complements (in P) of all BeE & is an open
base or an open sub-base, respectively, of P.

Combining 15 A.12 and 15 A.9 we obtain at once the following characterization
of collections which are closed bases or sub-bases of a topological space (applying
the de Morgan formulae).

15 A.13. Theorem. A collection 9B, of subsets of a set P is a closed sub-base
of a topological space {P, u) if and only if the intersection of B, is empty. A col-
lection %, of subsets of a set P is a closed base of a topological space (P, u) if
and only if the following two conditions (cb 1) and (cb 2) are fulfilled:

(cb 1) The intersection of &, is empty;

(cb 2) For each By and B, in #, and x ¢ (By U B,) there exists a B in B, such
that x¢ B > B, U B,.

The introduced notions will be illustrated upon generalized ordered spaces. We recall
that generalized order closures for monotone ordered sets were introduced in 14 B.13.

15 A.14. Theorem. Let (P, £) be a monotone ordered set. The order closure u
Jor (P, £ is topological and the collection of all order-open intervals is an open
base for {P,u). A closure v for P is a generalized order closure for (P, £} if
and only if v is topological, every order-open interval is v-open (i.e. v is finer
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than the order closure) and a collection of intervals forms an open base for {P, v).

Proof. Let % by the collection of all order-open intervals in (P, <>. — I. The
first statement is almost evident. By definition, %, = E{U | U € %, x € U} is a local
base at x in (P, u) for each x. By virtue of 15 A.5 the closure u is topological and #
is an open base for (P, u)>. — II. Now let v be a generalized order closure for (P, <).
For each x in P let ¥, be the set of all neighborhoods of x in (P, v) of the following
form: Ja, Blor J«—, > [, Jax], [x, B[ or [ x,x] = (x) (see 14B.13 (c)). Each
element I of each ¥ . is open in (P, v).Indeed, it is easily seen that I is a neighborhood
of each of its points. This is evident in the last case (I = (x)) and this has already been
shown for the first case (I = J &, B[ or I = ]| «, > [); in the remaining two cases,
I=]a x]orl =[x, B[, the interval I is, by definition, a neighborhood of x, and
I — (x) is open as an order-open interval. Now according to 15 A.2 the space {P, v)
is topological (there exists a local base at x consisting of open sets for each point x).
Finally, for instance the union of {¥", | x € P} is an opeu base for (P, v). — III. Now
let v be a topological closure for P such that some collection ¥~ of intervals containing
the collection % of all order-open intervals is an open base for (P, v). For each x
in P the collection ¥, = E{V|x e Ve ¥} is a local base at x in (P, v) and clearly
7", contains all order-open intervals containing x. By definition 14 B.13 the closure
v is a generalized order closure for (P, <).

Let (P, <, v) be a generalized ordered space and let ¥~ be the collection of all
open intervals of (P, <, v). Since ¥~ is an open base of (P, v), every open subset
of (P, v) is the union of a subcollection of ¥". It will be shown immediately, that
an open subset of (P, v) need not be the union of a disjoint subcollection of ¥".
On the other hand, we shall show that every open subset of (P, v) is the union
of a disjoint collection of open (in (P, v)) interval-like sets (in (P, <)). Recall
that an interval-like set is a set I such that x €I, y eI implies [ x, y ] = I.

15 A.15. Theorem. Let #~ be the collection of all open interval-like subsets
of a generalized ordered space (P, <, v). For each open subset U of {P, v) there
exists (exactly one) disjoint subcollection Wy of W such that

(@) U is the union of W y; and

(b) if #”' is a disjoint subcollection of W with union U, then #"' is a refine-
ment of W',

Proof. Let U be an open subset of (P, v). If U is empty then #~ = (@) possesses
the required properties. Suppose U + 0. For each x in U let V, be the union of
all We #” containing x and let

W= E{V,|xeU}.

It is easily seen that %", possesses all the required properties.

It can be easily shown that an ordered set (P, £) is boundedly order-complete
(i.e., every non-void bounded subset possesses a least upper bound as well as a greatest
lower bound) if and only if every interval-like subset of (P, £) is an interval (ex. 11).
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Combining the ‘“only if*’ part of this result with the foregoing Theorem 15B.15
we obtain at once the following important result.

15 A.16. Theorem. /f v is a generalized order closure for a boundedly order-
complete ordered set (P, £),then every open subset of (P, v) isthe union of a dis-
joint collection of open (in (P, v)) intervals (in (P, <)).

Corollary. If u is the order closure for a boundedly order-complete ordered set
{P, £), then every open subset of (P, u) is the union of a disjoint collection of
order-open intervals.

Proof. By 14B.13 every open interval in (P, u) is an order-open interval in
(P, £>.

B. CONVERGENCE

In this subsection we begin the study of convergence of nets. Here we restrict
ourselves to the definition and some elementary properties; an advanced theory will
be developed in Section 35. The main results are the description of the closure-
structure of a space in terms of convergent nets (15 B.4), and the very suggestive
characterization of topological spaces by the condition on iterated limits (15 B.13).
The reader will see that the concept of a net converging to a point is a generalization
of the notion of a sequence of real numbers converging to a real number, with which
the reader is surely familiar. It is to be noted that the concept of a net converging
to a point is a fundamental notion in analysis.

Recall that a subset B of an ordered set (4, <) is said to be right (left) cofinal
if each element of A is followed (preceded) by an element of B. The intersection of
two right cofinal subsets need not be a right cofinal set. We shall work with sets which
intersect any right (left) cofinal set in a right (left) cofinal set, and ordered sets such
that if a subset does not have the property just mentioned then its complement is
right (left) cofinal.

15 B.1. Definition. A subset B of an ordered set {4, <) is said to be right (lef?)
residual if each element of A is followed (preceded) by an element b of B such that
the fibre (inverse fibre) of < at b is contained in B, i.e. < [(b)] = B(Z ™' [(b)] = B,
respectively). Recall that a right (left) directed set (cf. Definition 10 E.1) is a non-
void quasi-ordered set such that all its finite subsets are right (left) bounded, i.e. a
quasi-ordered set {4, <) such that A + @ and < [(a)] n < [(B)] £ 0(= 7' [(a)]
N =71 [(b)] + 0) for each a and b in A. For brevity we shall use directed, cofi-
nal, residual instead of right directed, right cofinal and right residual. Finally, we
shall say that a relation g directs a set X if (X, ¢) is a directed set.

In order that a set B be residual in an ordered set (A, <) it is necessary and
sufficient that B n C be cofinal in (A, <) whenever C is cofinal in (A, £).Indeed,
if B is residual and C cofinal and if a is any element of A4, then < [(b)]< B for some
b, a < b because B is residual, and there exists a ¢ in C such that b £ ¢ because C
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is cofinal; thus a £ ¢ and ¢ € B n C which proves that B n C is cofinal. Conversely,
if B is not residual then there exists an a in 4 such that < [(b)] (P — B) = 0
for each b, a < b, and hence the set C = (P — < [(a)]) v (= [(¢)] n (P — B))
is cofinal but B n C n (< [(a)]) = @ which shows that B n C is not cofinal.

It is evident (and follows from the preceding statement) that each residual set
is cofinal and it follows from the preceding statement that the intersection of two
residual sets is a residual set. Clearly a subset containing a residual set is residual,
and therefore the collection of all residual subsets of an ordered set (A, £) is
a filter on A which is proper whenever A + (.

A cofinal set need not be residual; a cofinal fibre is, however, residual.

Each of the following equivalent conditions characterize directed sets among
~all non-void ordered sets (A, £):

(1) Each fibre is cofinal (and hence residual).

(2) If B = A intersects each residual subset of (A, <), then B is cofinal (i.e.
if B is not cofinal then A — B is residual). ’

(3) If B = A intersects each cofinal subset of (A, <), then B is residual (i.e.,
if B is not residual then A — B is cofinal).

(4) If {B;} is a finite cover of A, then some B, is cofinal.

Proof. Condition (1) is equivalent to the following statement: < [a] N < [b] + 0
for each a, b € 4 (i.e. any two elements are followed by an element). Consequently,
if (A4, <) is directed then (1) is true, and if 4 #+ @ and (1) is true then {4, <) is
directed. We shall prove that conditions (1)—(4) are equivalent. Clearly conditions
(2) and (3) are equivalent. Assuming (1), if B intersects each residual set then B
intersects each fibre (because each fibre is residual), and hence B is cofinal. Thus
(1) = (2). If (2) is true and {B} is a finite cover of 4 such that no B, is cofinal, then
each A — B, is residual, and hence C = {4 — B} is also residual. Next, clearly
C =0 and 4 + 0, which contradicts the fact that C is residual. Hence (2) = (4).
Finally, assuming (4) let us consider the cover (< [a], A — £ [a]) of A. The set
B = (A — £ [a]) is not cofinal (because B n < [a] = 0); by (4) the fibre < [a]
is cofinal. Hence (4) = (1).

We shall need the following simple results whose proof is easy and therefore
left to the reader. If B is a cofinal subset of {4, £) and C is residual in {4, <),
then B n C is residual in (B, <z>. The product of a non-void family of directed
sets is a directed set, and if B is cofinal in a directed set (4, <) then (B, <p) is
a directed set. It is sclf-evident that the assumption “B is cofinal” is essential.

All the results just stated will be used without any reference. Now we are prepared
to give fundamental definitions.

15 B.2. Definition. A net is a pair {(N, <) such that N is a non-void family and
< is an order for the domain of N. Thus a net is a domain-structured single-valued
relation and in accordance with the general convention all terminology and all con-
ventions concerning relations apply to nets, e.g. a net (N, <) ranges in a struct &

17 — Topological Spaces
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if N ranges in the underlying class of £. A net (N, <) will be called monotone
(directed) if the ordered set (DN, <) is monotone (directed). A point x is said to be
a limit point (an accumulation point) of a net (N, <) in a closure space {P, u)
if x € P, N ranges in P and the set N~ '[U] is right residual (right cofinal) in (DN, <)
for each neighborhood U of x in {P, u).

One can go to examples 15 B.6. We prefer to begin with the proof of fundamental
results which show the significance of the concepts jl;;st introduced.

15 B.3. Every limit point of a net (in a closure space) is an accumulation point.
Let & = (N, £) be a net in a closure space (P, u). Consider the set X of all
accumulation points of A" in (P, u) and the intersection Y of the closures of sets
N[ A], where A varies over all residual subsets of (DN, <). Then X < Y, parti-
cularly, if & ranges in a subset Z of P then X < uZ. If A is directed then X =Y.

Proof. The first statement is evident. If x € (P — Y) then x € (P — u N[A]) for
some residual set 4 and hence U = P — N[4] is a neighborhood of x. The set
B = N7'[U] is not cofinal in (DN, <) because Bn 4 = @ and A is residual. By
definition x is not an accumulation point of #". Conversely, assuming that 4" is
directed and U is a neighborhood of a point x of Y, we must show that B = N™![U]
is cofinal in (DN, <). As noted above it is sufficient to prove that B intersects
each residual set. But this is almost evident: if A4 is residual then x € u N[A4]
and hence the neighborhood U of x intersects N[A] which shows that A n B =
= N™'[U n N[4]] is non-void.

Remark. Show that in general X + Y.

15 B.4. Theorem. Each of the following conditions (a) — (d) is necessary and
sufficient for a point x to be an element of the closure of a subset X of a space 2:

(a) x is a limit point of a directed net ranging in X.

(b) x is a limit point of a net ranging in X.

(¢) x is an accumulation point of a directed net ranging in X.
(d) x is an accumulation point of a net ranging in X.

Proof. By 15B.3. each of the conditions is sufficient. Since condition (a) implies
each of the conditions (b), (c) and (d) (obviously (a) implies (b), (c) implies (d),
and (a) implies (c) by 15 B.3), it will suffice to prove that condition (a) is necessary.
Assume that x belongs to the closure of X and consider the neighborhood system %
at x. Since % is a proper filter on 2, % is directed by the inverse inclusion =. Next,
since each U € % intersects X, there exists a family {x; | U € %} such that x, € X n U
for each U. Thus {{xy | U e %}, =) is a directed net ranging in X. It is almost self-
evident that this net converges to x in #. Indeed, if U is a neighborhood of x,
then Ue %, and if Ve %, V < U, then x, € V < U and hence x, € U; since the set
(%, =) is directed, the set E{V| Ve %, V < U} is residual.

The foregoing theorem shows that the closure structure of a space is uniquely de-
termined by the convergence of directed nets; more precisely, if u and v are closures
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and Lim u and Lim v denotes respectively the class of all pairs (A", x) such that #~
is a directed net converging to x relative to u or v, then Lim u = Lim vimpliesu = v.
It follows that every notion based upon closures can be described in terms of con-
vergence of directed nets. As an example of a description of a notion based upon
the notion of a closure operation we shall state the following corollary of 15 B.4.
Later we shall give a description of topological closures.

15 B.5. A point x is a cluster point of a subset Y in a closure space P if and only
if x is a limit point in P of a net (directed net) ranging in Y — (x). Similarly with
“limit point” replaced by “accumulation point”.

Proof. We know that x is a cluster point of Y if and only if x € X, where X =
= Y — (x). Apply 15B.4.

As a further example one can observe that U is a neighborhood of a point x if
and only if x is a limit point of no net (directed net) ranging in the complement
of U. Similarly with “limit point” replaced by * accumulation point™.

15B.6. Examples. (a) If (N, <) is a constant net with the (unique) value x,
then (N, <) converges to x in any space containing its range.

(b) If P is a discrete space, then a net (N, <) in P converges to a point x of P
if and only if N, = x for all a in a right residual subset of (DN, <).

(c) A space P is an accrete space if and only if every net in P converges to each
point of P. Thus a net may possess many limit points.

(d) The notion of a convergent net appears frequently in elementary calculus.

For example, the sum of a family {x, | a € 4} of real numbers is defined as the limit
point, if it exists, of the net

{Y{x,| a € F} | F is a finite subset of A}, =) .

We shall return to this example in Section 19, where the sum of a family in a com-
mutative topological group will be considered. Next, the upper and the lower Riemann
integral of a function on an interval [ a, b | of real numbers can be defined as the
limit point of a net (N, <) whose domain is the set of all subdivisions of [[a, b],
the values of N are upper and lower Darboux sums and < is an appropriate order.

15B.7. Convergence of sequences. Throughout the following, the word
sequence will be used also for the net S, <) where S is a sequence, that is a single-
valued relation on N, and =< is the natural order for DS = N. It is interesting to
notice that the convergence of sequences can be described without mentioning the
order for N. Indeed, a subset 4 of N is right residual in {N, £) if and only if its
complement in N is finite and a subset A of N is right cofinal if and only if 4 is
infinite. Thus a sequence {S, <) in a space P converges to a point x of P if and only
if each neighborhood of x contains all S, except for a finite number of n’s. Similarly,
x is an accumulation point of (S, <) if and only if every neighborhood of x contains
S, for an infinite number of n’s. It is to be noted that one could define limit points

17*
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and accumulation points of a family {x, | a € A} in a space P as follows: x is a limit
point if every neighborhood of x contains all x, except for a finite number of a’s,
and x is a cluster point if every neighborhood of x contains x, for an infinite number
of a’s, i.e., if {x,} is not “locally finite at x”. Nevertheless these notions do not seem
to be sufficiently important.

In general the closure of a subset of a space cannot be described in terms of con-
vergence of sequences, that is, a point x may belong to the closure of a set X in
a space P whereas no sequence ranging in X converges to x. This will be shown by
the following two examples:

(a) Let T,,, ., be the ordered space of all ordinals < w;. It is easily seen that no
sequence S ranging in T,, converges to ;. Indeed, since the range ES of S is
countable, there exists a right bound « of ES. Now clearly | o, — ] is a neighbor-
hood of w, in T, + which is disjoint with ES, and hence S does not converge to ®,.

(b) Let us consider the ultrafilter space fX of an infinite set X. The closure of X
in X is X but no sequence ranging in X converges to any point of fX — X. As-
suming that a sequence S ranging in X converges to a point y € (X — X) we shall
derive a contradiction. If ES is finite, then fX — ES is a neighborhood of y and hence
S does not converge to y, which contradicts our assumption. If ES is infinite then
ES can be written as the union of two disjoint infinite sets, say X; and X,, and hence
X, ¢yorX,¢éy If X;éyp, where i=1 or i = 2, then X — X, is a neighborhood
of y in BX (see 14 B.12) and hence an infinite number of S, lies in the complement
of a neighborhood of y, which implies that S does not converge to y. It is interesting
to notice that any net (N, <) ranging in X has at least one accumulation point
in BX. For a proof let us consider the collection 7 of all sets Y < X such that N[B] < Y
for some residual set B in (DN, <). Clearly 5 is a proper filter of sets on X and there-
fore we can choose an ultrafilter y on X containing 7. If y is fixed and Ny = (x),
then clearly N, = x for all a in a cofinal subset of (DN, <), and therefore x is an
accumulation point of (N, <) in BX. If y is free, then y € (X — X) and if U is any
neighborhood of y then Y < U for some Yin y; we shall show that N[B] < Yfor some
cofinal set B in (DN, £). If a € DN then N[ = [(a)]] € 7 and hence N[ £ [(a)]] €y,
which implies that N[ < [(2)]] n Y + @ and hence N, € Y for some b following a.
It is to be noted that it can be shown that each net in X has an accumulation point
in fX.

The class of all spaces which can be described in terms of the convergence of sequen-
ces will be investigated in Section 35. Here we will consider a rather extensive and
important subclass, consisting of spaces with countable local characters.

15 B.8. Definition. Let P be a closure space. If x € P then the smallest cardinal
of a local base at x is called the local character of P at x or the local character
of x in the space P. The least upper bound of local characters of P at x, x € P, is called
the local character of P. 1t is to be noted that a space of a countable local character
is often said to satisfy the first axiom of countability.
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If P is topological then the total character of P is defined to be the smallest cardinal
of an open base for P.

For elementary properties of local characters consult the exercises. Here we only
observe that the space R of reals is of a countable infinite local character. Obviously
the family {Jx — 1/n,x + 1/n[|n = 1,2,...} is a local base at x in R for each x
and clearly no x € R is of a finite local character.

15 B.9. Theorem. Let us suppose that a space P is of a countable local character
at x. Then x belongs to the closure of a subset X of P if and only if x is a limit
point in P of a sequence ranging in X.

Proof. The “if*” part is a particular case of 15 B.4 because a sequence is a net.
Conversely, suppose that x € X and {U, | n € N} is a local base of P at x. Choose'
a sequence {x,} so that x,e N{U, |k < n} n X for each n. Clearly the sequence
{x,,} ranges in X and converges to x in the space P.

Sometimes it is convenient to know whether or not the closure structure of a space
can be described in terms of the convergence of nets whose ordered domains belong
to a given class of ordered sets; more precisely, given a space P and a class K of
ordered sets, we ask whether x € X implies that x is a limit point of a net (N, <)
ranging in X such that (DN, <) belongs to K. By 15 B.9 every space with a coun-
table local character can be described in terms of convergence of sequences. Some
theorems of this type are given in the exercises where also the closely related theory
of convergence of filters in a space will be sketched.

Before proceeding further, we shall introduce some conventions which will be
useful in the more complicated situations which follow.

15B.10. Conventions. (a) A net is a struct and therefore all conventions con-
cerning structs apply to nets, e.g. if (N, £) is a net then we often speak about N
as a net, and moreover, in this case, if we say that a relation N is a net and the order
for DN is not indicated, then automatically, in accordance with Section 12, this
order is denoted by <. Often the order for DN is given by the context, e.g. as we
agreed, if a sequence is considered as a net then the order is the natural order for N.
— (b) The following conventions are more significant: we shall say that a net (N, < )is
eventually (frequently) in a struct & if and only if the set N~ [ |¢[] is residual (cofinal)
in (DN, <) (remember that |¢| denotes the underlying class of £). Using this termi-
nology we can restate the definition of limit (accumulation) points as follows: a point
x is a limit (an accumulation) point of a net 4" in a space P if and only if 4" is even-
tually (frequently) in each neighborhood of x. — (c) Finally, a limit point of a net (in
a given space) is currently denoted by lim 4, and if 4" is denoted, in accordance
with (a), by {N,}, then merely by lim N, or lim {N,}. This notation is very convenient
if each net converges to at most one point. Then the symbol lim can be treated as
a single-valued relation which assigns to each convergent net its limit point and then
the symbol lim 4" denotes the value of lim at 4.
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Now we proceed to a characterization of topological spaces in terms of con-
vergence. By definition, a closure space <P, u) is topological if uuX = uX for
each X < P. Let x e uuX. By 15B.4, in order that x e uX it is sufficient that some
net ./ ranging in X converge to x in (P, u). By 15B.4 there exists a net & =
= (N, £) ranging in uX and converging to x in (P, u). Since each value N, of N
lies in uX, we can choose a family {.#* | a € DN} such that each .#*is a net (M*, < ,>
which ranges in X and converges to the point N, in the space (P, u). It is natural
to ask whether there is a net .#, obtained in a certain manner from the nets .#*°, such
that the range of .# is contained in the union of ranges of nets .#“ and that .# converges
to x, whenever the space is topological. Thus the requirement that .# converge to x,
for each choice of A and {.//l"}, will be a necessary and sufficient condition for the
space P to be topological. If 4" and all .#*° are sequences then it is natural to conjec-
ture that some diagonal sequence can be taken as .#; more precisely, if P is a topo-
logical space and {S" | n € N} is a sequence of sequences S" = {S,, | k € N} ranging
in P and if S = {S,} is a sequence in P such that S, is a limit point of S” for each n
and S converges to a point x, then some “diagonal sequence” {S,,, | i€ N} con-
verges to x. This is actually true if P is of a countable local character, as stated by
the following theorem; that this is not true in general will be shown in the example
15 B.12,

15 B.11. Theorem. The following condition is necessary and sufficient for a closure
space (P, u) with a countable local character to be topological.

If {S"} is a sequence of sequences S" = {S,, | k € N} of points of P and S = {S,}
is a sequence of points of P such that S" converges to S, for each n and S converges
to a point x, then some diagonal sequence {S,, | n € N} converges to x.

Proof. I. The sufficiency will be proved although, in fact, it has been proved
in the remarks preceding the Theorem. Suppose that x € uuX. Assuming the con-
dition we must prove x € uX. Since the space is of a countable local character, by
virtue of 15 B.9 we can choose a sequence S = {S,} ranging in uX which converges
to x in (P, u), and then, for the same reason, a sequence {S"} of sequences S" =
= {Sn ] k e N} ranging in X so that S” converges to the point S, for each n in N.
By the condition some diagonal sequence S’ = {S,, ] i € N} converges to x. Since S’
ranges in X, by 15 B.4 we obtain x € uX which completes the proof. — II. Now suppose
that (P, u) is topological and S”, S and x fulfil the assumptions of the condition.
Choose a local base {U; | i € N} at x consisting of open sets (this is possible since P
is topological and of a countable local character at x). Clearly we may assume that
U;> U, if i <1, and since S = {S,} converges to x, that S; e U, for each i (note
that exercise 5 asserts precisely what is needed). Now, U, being a neighborhood
of S; and the sequence {S in | ne N} being convergent to S;, we can choose a S;,,,
in U,. It is easily seen that {S,,, | i € N} converges to x; this completes the proof.

15B.12. Example to diagonal sequences. We shall show that the con-
dition of the foregoing theorem need not be fulfilled in a topological space which
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is not of a countable local character. Let us consider a set P consisting of all points
of (N x N) U N (here and in what follows we shall assume that the sets N x N
and N are disjoint, see Notes) and of a further point x. Evidently the following three
conditions determine exactly one closure u for P:

(a) each element of N x N is isolated in (P, u), that is, (y) is open in (P, u)
for each yeN x N; )

(b) asetU < Pisaneighborhood of an n € Nif and onlyif n € U and ({n) x N)) —
— U is finite;

(c) a set U is a neighborhood of the point x if and only if x € U and, except for
a finite number of n e N, U is also a neighborhood of each n e N.

It is almost evident that (P, u) is a topological space (use, for instance 15 A.2).
Let 8", ne N be the sequence {(n, i | ie N}. Clearly each sequence S" converges
to n and the sequence {n | ne N} converges to x. It will be shown that no sequence
{<n;, my) | i € N} converges to x. Suppose that some S = {{n;, m;>} converges to x.
Since P — ((n) x N)is a neighborhood of x for each n, S is frequently in no ((n) x
x N), particularly ES n ((n) x N) is finite for each n. It follows that P — ES is
a neighborhood of x which contradicts our assumption that S converges to x.

Now we proceed to the general case. Example 15 B.12 shows that we must look
for more complicated “diagonal nets” than the most natural ones, considered for
sequences in 15 B.11.

15 B.13. Theorem. A closure space P is topological if and only if the following
condition, called the condition on iterated limits, is fulfilled:
Let o/ = (A, £) be a directed set and let {#,|a e A} be a family of directed
sets, B, = (B,, =,). Put '
% =(C,<)=o x [[{B,|ac A}

and let ¢ be the single-valued relation which assigns to each (&, {b,}> € C the
element (a, b,) of Y {B,}, i.e.,

0 = {<o {ba}> = <o, b | < {bs}> € C}. |
(Thus Dg = C, Eg = Y{B,| a€ A}.) Let N be a relation on B = Y{B,|ae A}
ranging in P, M be a relation on A ranging in P and x be a point of P such that the
net {M, <) converges to x in P, and, for each a in A, the net ({N(a_b> | beB,}, <>
converges to M,. Then the directed net {N o 9, <) converges to x.

Proof. I. The proof of sufficiency was given in the remark preceding 15 B.11. —
II. To prove necessity, first let us observe that if A’ is residual in A and {B,| ae A}
is a family such that B, is residual in 4, for each a, then the product set A’ x
x H{B,’, | ae A} is residual in {C, <). — III. Now let P be a topological space and
N, M and x fulfil the requirements of the condition. Suppose that U is any neigh-
borhood of x. We must show that (N - ¢, <) is eventually in U. Choose an open
neighborhood V of x contained in U. Since (M, £) converges to x, (M, <) is
eventually in ¥, and hence we can choose a residual subset A’ of A so that M[A'] =
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< V.If ae A, then V is a neighborhood of M,, and {{N,, | be B}, <, being
convergent to M,, we can choose a residual subset B, of %, so that N,y € V for
each b in B;. If a € (A — A’), then put B, = B,. Consider the set

C' =4 x[[{B,|ae4}.
As we remarked in II, the set C’is residual in (C, <). By choice of {B;} we have

(N o) [C] = N[e[C']] = V which shows that (N . g, <) is eventually in ¥ and
hence in U .

15B.14. Remarks. (a) In 15B.11 the “diagonal sequence” depends essentially
upon the closure of the space. In 15 B.13 the net N . ¢ does not depend upon the
closure of the space because ¢ depends upon the ordered sets ./ and £, only.
- (b) In accordance with the conventions 15 B.10 the conclusion of the condition
in 15 B.13 can be stated more suggestively as follows:

lim (N o g, <> = lim lim {N, ;\}
a b

provided that the iterated limit (on the right side) exists.

15 B.15. Convergence in ordered spaces. Let u be a generalized order
closure for a monotone ordered set (P, ). If A is a non-void subset of P, then
clearly (J,, <) as well as {J,, <71 are directed nets. It turns out that the closure u
can be described in terms of the convergence of such nets.

(@) If x is a limit point of a net {},, <), then x = sup A.

Proof. Let x be a limit point of a net {J,, <. If x £ o, x &+ o for some € A4,
then ].«, « [ is a neighborhood of x in which the net J, is not frequently. Thus
x is an upper bound of 4. If y is another upper bound and y < x, y % x, then
] ». = [ is a neighborhood of x which does not intersect A = E], and hence x
is not a limit point of J,. Thus x is the least upper bound.

(b) If A & 0, sup A exists and the point sup A is not isolated from the left in
(P, u), then the net {},, < 4> converges to sup A.

Proof. Obviously {J,, <,) is eventually in each set Jo,sup 4], a < sup 4.
Since sup 4 is not isolated from the left, each neighborhood of the point sup 4
contains an interval | a,sup A ], « < sup A, and consequently ), is eventually
in each neighborhood of sup A4.

(¢) x € uX if and only if x is a limit point of either the net {|,, < 4> or the net
Ua £11 for some A c X.

15 B.16. Order convergence. Let (N, <) be a netin an ordered set {P, <) (not
necessarily monotone). The order upper limit (lower limit) of <N, <) in (P, £)
denoted by lim sup (N, <) (lim inf N, <>), is defined to be the greatest lower
bound (least upper bound) of the set of all x € P such that x is an upper (lower)
bound of N[A] for some residual subset 4 of (DN, <). Obviously,

lim inf (N, <) < lim sup (N, <)
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whenever the limits exist. If lim sup <N, <) = lim inf (N, <), then (N, <) is
said to be ordered-convergent and the point lim sup (N, <) is denoted by lim (N, <)
and called the order-limit of {N, <) in (P, £).

(a) If < is monotone and u is the order closure for (P, <), then x is a limit
point of a net (N, <) in (P, u) if and only if the point x is the order-limit of
(N, <> in (P, £). Roughly speaking, if < is monotone and u is the order
closure, then the convergence in (P, u) coincides with the order-convergence.

Proof. We restrict ourselves to the case when x is neither the greatest nor
the least element. First suppose that x is a limit point of a net (N, <) in (P, u).
Letoa < x < B. Theinterval ] o, B [isa neighborhood of x and consequently <N, <
is eventually in it, i.e. N[4] = ] o, B[ for some residual subset 4 of (DN, <>.
Since « and S were chosen arbitrarily, we obtain from the definition that
lim sup (N, <> = x = lim inf {N, <). Conversely, suppose that the order-limit
lim (N, < exists. By definition, if « < lim (N, <) < f, then there exist points
o' € P, p'e P and residual subsets 4 and B of (DN, <> so that ¢« < o’ <
< lim (N, <) £ ' < B, & is a lower bound of N[ A]and f’is an upper bound of N[ B].
Evidently the set C = A n Bis residualin (DN, <) and clearly N[C] = [ &, '] <
< J &, B[. Thus (N, <) is eventually in the interval ] o, f[. But such intervals
form a local base at x in {P, u) and hence, (N, <) is eventually in each neigh-
borhood of lim (N, <) which means that lim {N, <) is a limit point of (N, <)
in{P, u).

(b) Let < be monotone and let u be the order closure for (P, £). If (N, <>
is a directed net in (P, <) such that x = lim sup (N, <) exists, then x is an accu-
mulation point of (N, <) in {P, u).

Proof. Let U be any neighborhood of x. Choose a neighborhood o, B[ =« U
of x. Thus « < x < f. Since x < f, (N, <) is eventually in ]«, ﬁ|[ and since
a < x, {N, <) is not eventually in ]| «, ]], it follows that (N, <) is frequently
in]+«,B] —]«,2] =]a B[ and hence in U, which shows that x is an accumul-
ation point of (N, <) in (P, u).

(¢) If (P, v) is order-complete (not necessarily monotone), then lim sup A" and
lim inf A exist for each net /* = (N, <), and

lim sup 4" = inf {sup N[A] | 4 is residual in (DN, <>},
lim inf A4 = sup {inf N[A] | 4 is residual in (DN, <>} ".
Proof. Obvious.

From (c) it follows immediately that

(d) if <P, <) is boundedly order-complete then lim sup A" and lim inf A" exists
Jor each eventually bounded net /" in (P, £)>.If N is bounded then the formulae
of (c) hold.

(¢) Every directed net in an order-complete monotone ordered space has an
accumulation point, and every bounded directed net in a boundedly order-complete
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ordered space has an accumulation point. In particular, if 2 is the ordered space [a, b]
of reals or a closed segment of ordinals with the order closure operation, then each
net in & has an accumulation point. Every bounded net in R has an accumulation
point.

The remaining part is devoted to the concept of a subnet and generalized subnet
of net.

15 B.17. Definition. A net (M, <) is a subnet of a net {N, £) under the rela-
tion ¢ if Dg = DM and ¢ : (DM, <) — (DN, £) is an order-embedding (in parti-
cular, g is one-to-one and a < b implies ga < gb) such that Eg is cofinal in (DN, <)
and M = N . ¢. If, in addition, Eg is right residual, then {M, <) is called a residual
subnet of {N, <) under ¢. A subsequence of a sequence S is a sequence which is a
subnet of S. A net (M, <) is a generalized subnet of a net (N, £) under ¢ if
0 is a single-valued relation on DM ranging in DN such that M = N ., and
0~ '[B] is residual in (DM, <) provided that B is residual in (DN, <).

15B.18. Remarks to the definition. (a) Our definition of a subsequence
coincides with the usual one, that is, {R; | ieN} is a subsequence of a sequence
{S, | n e N} if and only if there exists an increasing sequence {n; | i € N} of natural
numbers such that R, = S, for each i in N. In this case {R;} is a subsequence of
{S,} under {n;}.

(b) If (N, £) is a net and A is a right cofinal subset of (DN, <), then obviously
(N4, <,) is a subnet of (N, <) under the identity relation J, (where N, is the
restriction of N to 4 and £, is the restriction of the order < to A). Moreover,
(N4, £, is a subnet of {N, <) under the identity relation if and only if A is a right
cofinal subset of (DN, <).

(c) The notion of a subnet is a slight generalization of that of a net restricted to
a right cofinal subnet (see (b)). Actually, it is almost self-evident that (M, <) is
a subnet of a net (N, <) under a relation ¢ if and only if (Ng,, <g,> is a subnet
of (N, £) under the identity relation. (Notice that g : (DM, <) — (Eg, <g,> is
an order-isomorphism.)

(d) In the definition of a generalized subnet the requirement “B residual = ¢~ '[B]
residual” can be restated as follows: for each residual subset B of (DN, <) there
exists a residual subset 4 of (DM, <) such that g[A4] = B. In particular, if
{DM, <> and (DN, <) are directed then the requirement is equivalent to each
of the following conditions: for each residual subset B of (DN, <) there exists an
element « of DM such that o« < a implies ga € B; for each f in DN there exists
an o in DM such that « < a implies § < ga.

15B.19. If (M, <) is a subnet of a net (N, £) under g, then (M, <) is a gener-
alized subnet of (N, <) under .

Proof. We must show that ¢~ '[B] is residual in (DM, <) whenever B is residual
in (DN, £5. But this is almost evident. Indeed, since Eg is cofinal in (DN, <5,
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B n Eg is necessarily residual in the ordered subset Eg of (DN, <); since the map-
ping o : (DM, <> — Ep is an isomorphism of the ordered set (DM, <) onto the
ordered subset Eg of (DN, <), it follows that ¢~ '[B n Eg] (= ¢7'[B]) is residual
in (DM, <>, which completes the proof.

15 B.20. Theorem. If a net (N, <) converges to a point x in a space P, then
each generalized subnet of (N, <) converges to x in P.

Proof. Let (M, <) be a generalized subnet of (N, <) under ¢ and U a neigh-
borhood of x; then clearly

M™U] = o™ [NTM[U]],

and consequently, if N™![U] is residual in (DN, £) then M~![U] is residual
in (DM, <) ; this establishes the theorem.

15 B.21. Theorem. If a directed net (N, <) in a space P does not converge to
a point x of P, then there exists a subnet (M, <) of (N, £ such that no general-
ized subnet of {M, <) converges to x.

Proof. Suppose that (N, <) does not converge to x. By definition there exists
a neighborhood U of x such that (N, =) is not eventually in U, ie., (N, £) is
frequently in P — U (< is directed). Put 4 = N™![P — U] and consider the subnet
M =Ny =, of (N, £). Since # ranges in P — U, each generalized subnet
ranges in P — U as well, and consequently, no generalized subnet of .# converges
to x.

Remark. The assumption that the net is directed is essential.

15 B.22. Theorem. If x is an accumulation point of a (directed) net A in a space
P, then x is a limit point of some (directed) generalized subnet M of 4.

Proof. I. Suppose that x is an accumulation point of a net &/ = (N, £) in
a space P. Let % be a local base of the neighborhood system at x, and consider the
ordered subset {4, <) of the product-ordered set

(%, >) x (DN, £>
where
A = E{KU, b) | N, e U},
and the following single-valued relation
e={U,b>~>b|U,b)e 4},

which is a restriction of the projection of the product  x DN onto DN. We shall
prove that # = (N o.g, <) is a generalized subnet of (N, £) under ¢ which
possesses the required properties. — II. First we shall prove that .# is directed provided
that 4 is directed. Assuming a; = (U, b,> € A, i = 1,2, choose a U in % so that
U < U; nU,,and then choose a b in DN such that N, e U and b follows both b,

and b, in DN. Then (U, b) € A and clearly (U, b) follows both a, and a, in (4, <).
— III. Auxiliary assertion: A is cofinal in (%, =) x (DN, <. Let (U, b,> be any
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element of  x DN. Since x is an accumulation point of A4 and U, is a neighbor-
hood of x, we can choose a b in DN such that by < b and Nye U,. Thus (U, by e 4
and (U, b) follows (U, by in (%, o) x (DN, £)>. — IV. We shall prove that
# is a generalized subnet of 4" and that .# converges to x. Let B be residual in DN
and let U, be a neighborhood of x. Choose a U in % with U = U, and consider
the set ¥~ x B where ¥" =E{V|Ve%, V = U}. Since (%, =) is directed, ¥~ is
residual in %. Hence ¥~ x B is residual in (%, o) x (DN, £)>; by Il the set 4, =
= An (¥ x B)is residual in {4, <).

It is easily seen that ¢[4,] = Band (N . ¢) [4,] = U = U,. Thus .# is a general-
ized subnet of ., and . converges to x. The proof is complete.

Corollary. If u is the order closure for a monotone order-complete ordered set
{P, £ then each directed net in {P, u) possesses a convergent generalized subnet.

Proof. By 15B.16 (e), every net in {P, <) has an accumulation point.

15 B.23. If x is an accumulation point of a net A, then x need not be a limit
point of a subnet of A". For example, in the ultrafilter space of an infinite set X,
every sequence in X has a cluster point but a countable net in X is convergent in
BX if and only if it is constant on a residual set. It follows that a cluster point of
a sequence S may be a limit point of no subsequence of S. It is to be noted that
generalized subnets were introduced to obtain 15 B.22.

15 B.24. Theorem. In a closure space with a countable local character each
accumulation point of a sequence S is a limit point of a subsequence of S.

Proof. We shall prove somewhat more. Suppose that x is an accumulation point
of a sequence {x,,} in a space P and P is of a countable local character at x. Choose a
local base {U,} at x. By induction we can construct an increasing sequence {n;}
in N so that

X, €N{U,|n < i}.

Clearly {x,, | i€ N} is a subsequence of {x,} converging to x.

Corollary. Every bounded sequence in R possesses a convergent subsequence.

Proof. By 15B.16 (&) every bounded sequence in R has an accumulation point
and R is of-a countable local character by the remark following Definition 15 B.8.

15 B.25. Convention. For conciseness of formulation, in the sequel by a net
we shall mean a directed net (except for some cases in which the distinction is main-
tained expressly).



269

16. CONTINUOUS MAPPINGS

In this section we begin the study of the notion of a continuous mapping of one
closure space into another. We shall describe the continuity of a mapping by’
means of neighborhoods and nets. Particular attention will be given to the case in
which the range carrier of the mapping is topological; in this case the continuity
admits a description by means of open sets or closed sets. In this connection in
subsection B the notion of the topological modification of a closure operation will
be introduced and studied. We shall see later that many theorems about topological
spaces can be reduced to corresponding results for closure spaces by the appro-
priate application of the properties of topological modification. The section concludes
with some remarks concerning homeomorphisms, i.e. bijective mappings f of closure
spaces such that f as well as its inverse f ! is continuous.

A closure operation for a set P was defined to be a single-valued relation u on
exp P and ranging in exp P satisfying certain conditions. A closure u for a set P is
entirely determined by the relation ¢ = {x — X | x e uX} which occurs in proofs
more frequently than u; of course uX = ¢~ '[(X)]. This relation is more intuitive
than u; it shows that a closure for a set determines, roughly speaking, what points
are proximal to which sets, and this is precisely the intuitive sense of the notion of
a closure operation. Now the definition of a continuous mapping as a mapping
preserving the relation {x is proximal to X} is evident: a mapping f of a space (P, u)
into a space (@, v) is continuous if x € uX implies fx e v f[X]. Without doubt,
the reader is familiar with the notion of a continuous mapping, at least in the case
of special closure spaces, e.g. functions on R, and therefore, perhaps, this moti-
vation will enable the reader to unterstand the intuitive meaning of theorems
which follow.

A. GENERALITIES

16 A.1. Definition. Let f be a mapping of a closure space # into a closure space 2.
The mapping fis said to be continuous at a point x of 2 if

(#) X = |#|, x e X imply fx e FTX].
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The mapping f is said to be continuous if it is continuous at each point x of 2,
or equivalently, if

(**) X < |2| implies f[X] cm.

The set of all continuous mappings of a space £ into a space 2 will be denoted by
C(2, 2).

Since the closure operation for a set P is an order-preserving relation under <,
condition (x) is equivalent to the following

(kxx) Y < |2] = f7'[¥] = [ Y].

Indeed, assuming (#x), if X = f~![Y], then f[X]| = Y, which obviously implies
X < f7Y[Y] and this is the right side of the condition (s#*). Conversely, assuming
- (#%%), choose an arbitrary X < P, and consider the sets ¥ = f[X]| and X, =
= f7![Y]; by-(*#%) we have X, = f~'[Y] = f~'[Y] which implies f/[X,] = ¥ =
= f[X,] = f[X]. Since X = X,, we have X = X, and hence f[X] < f[X,]
< fIx].

From the definition it follows at once that every mapping of a discrete space into
any space is continuous, and every mapping of any space into an accrete space is
continuous. From the definitions one obtains the following description of the
relation {u is coarser than v} in terms of continuity.

16 A.2. A closure operation u for a set P is coarser than a closure operation v
for P if and only if the identity mapping of (P, v) onto {P, u) is continuous.
The following result is almost evident but very important.

16 A3. Let 2, 2 and & be closure spaces, f a mapping of P into 2 and g
a mapping of 2 into R. If f is continuous at a point x € P and g is continuous
at the point fx, then the composition g o f: P — R is continuous at the point Xx.
In particular, if f:P — 2 and g : 2 — R are continuous, then their composite
gof:P —R is continuous.

Proof. If x € X, then fx e f[X] by the continuity of f at x, and gfx € g[ f[X]]
by the continuity of g at fx. But gfx = (gof)x and g.f[X] = g[f[X]]. The
continuity of g - f at x follows.

Now we proceed to various characterizations of continuity. We begin with the
characterization in terms of neighborhoods.

16 A.4. Theorem. In order that a mapping f of a closure space 2 into another
one 2 be continuous at a point x € 2 it is necessary and sufficient that the inverse
image f~'[V] of each neighborhood of fx be a neighborhood of x, or equivalently,
that for each neighborhood V of fx there exist a neighborhood U of x such
that f[U] < V.

Proof. I. Necessity: If U = f~![V], where ¥V = Q = | 2|,is not a neighborhood
of x, then by definition x € P — U, and finally by the continuity of fat x, fxe f[P — U] =
= f[P] — V = @ — V which means that V' is not a neighborhood of fx in Q. Con-
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sequently, if ¥ is a neighborhood of fx then f~*[ V] is a neighborhood of x. II. — Suf-
ficiency: If xe P, X = P and fx ¢ f[X], then ¥V = Q — f[X] is a neighborhood
of fx, and by hypothesis f~'[V] is a neighborhood of x. Clearly, f~![F]nX =0
which implies x ¢ X. It follows that x € X implies fx € f [X]. Thus (*) of 16 A1
holds and fis continuous at x.

16 A.5. Corollary. A mapping of a space 2 into a space 2 is continuous if and
only-if, for each x in P, the inverse image of every neighborhood of fx is a neigh-
borhood of x, or equivalently, every neighborhood of fx contains the image of
a neighborhood of x.

16 A.6. If f is a continuous mapping of a space 2 into a space 2, then the in-
_verse image of each open (closed) subset of 2 is an open (closed) subset of 2.

Proof. If U is open in 2, then U is a neighborhood of each of its points (by
14 B.2), and by 16 A.5, f~ [ U] is a neighborhood of each of its points which means
that f~'[U] is open (by 14 B.2).

If Yis closed in £, then U = 2 — Y is open; it has just been proved that the set
f7'[U] is open. But f~![Y] = P — f~![U]. Thus f~'[Y] is closed.

16 A.7. Let f be a continuous mapping of a space & into a space 2. If {Y,,}
is a locally finite family in 2, then {f~'[Y,]} is a locally finite family in 2.

Proof. If Vis a neighborhood of fx intersecting only a finite number of Y, then
f7'[V] is a neighborhood of x (by 16 A.4) intersecting only a finite number of
AR AL

16 A.8. Theorem. Each of the following conditions is necessary and sufficient
Jfor a mapping of a space P into a space 2 to be continuous at a point x € 2.

(a) Ifx isan accumulation point of a (directed)net N in P, then fx is an accumula-
tion point of the net fo N in 2.

(b) If x is a limit point of a (directed) net N in P, then fx is a limit point of the
net fo N in 2.

Proof. I. Necessity of both conditions. Suppose that f is continuous at
x, N is a net in £, x is an accumulation (a limit) point of N, and finally, Vis a neigh-
borhood of fx. We must show that f« N is frequently (eventually) in V. But ¥ contains
the image f[U] of some neighborhood of x (by continuity of f at x and 16 A.4);
since N is frequently (eventually) in U, £« N is frequently (eventually) in f/[U] = V.

II. Sufficiency of both conditions. Suppose that the condition (a) (the con-
dition (b)) obtains and x € X. By 15 B.4 there exists a directed net N ranging in X such
that x is an accumulation (a limit) point N in £. By our assumption, fx is an accum-
ulation (a limit) point of £ N. Since obviously fo N ranges in f[X], again by 15B.4
we obfain fx e f[—X] which establishes the continuity of f at x.

16 A.9. Corollary. Each of the following two conditions is necessary and suf-
ficient for a mapping f of a space P into a space 2 to be continuous:
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(a) If a point x of 2 is an accumulation point of a (directed) net N in P, then fx
is an accumulation point of fo N in 2.

(b) If a point x of 2 is a limit point of a(directed)net N in P, then fx is a limit
point of fo N in 2.

By 16 A6, if f: # — 2 is continuous, then for any X open (closed) in 2, f~'[X]
is open (closed) in 2. Now we shall prove that if 2 is a topological space, then each
of these conditions is also sufficient for fto be continuous.

16 A.10. Theorem. Each of the following conditions is necessary and sufficient
for a mapping of a closure space P into a topological space 2 to be continuous:
_(a) The inverse image under f of every open subset of 2 is an open subset of
P (i.e. if X is open in 2 then f~'[X] is open in P).

(b) The inverse image under f of every closed subset of 2 is a closed subset
of ? (i.e. if X is closed in 2 then f ~'[X] is closed in P).

Proof. Both conditions are necessary by 16 A.6 (without assuming that 2 is
topological). Both conditions are equivalent because, with P = 2|, Q = |9],
fYX] =P —f'[Q — X] for each X = Q, and a set is open if and only if its
complement is closed (by deﬁnition). We shall prove the sufficiency of (a). Let x € P
and let ¥ be a neighborhood of fx. Since 2 is topological, we can choose an open
neighborhood U of fx with U = ¥ (by 15 A.2(c)). By condition (a) the set f ~*[U] is
open in &, and obviously x € f ~'[U]. Thus f~'[U] is a neighborhood of x in 2.
Since V and x were chosen arbitrarily, f is continuous by 16 A.5.

It is to be noted that 16 A10 is a generalization of 15 A.7 which asserts that
a topological closure operation u for P is coarser than a closure v for P if and only
if any u-open set is v-opzn.

B. TOPOLOGICAL MODIFICATION

Now let (P, u) be a closure space and let O be the collection of all open subsets
of {P,u). By 14 A.9 the collection @ fulfils the conditions (o 1), (0 2) and (o 3)
of Theorem 15 A.6 according to which there exists exactly one topological closure
operation v on P such that the collection @ is the set of all v-open sets, and this closure
v is the coarsest closure in the collection C, of all closures w on P such that @ is the
collection of all w-open sets. In particular, v is coarser than u. If X < P, then

(*) vX = N{F|X = F, Fisclosed in (P, u)}.
Indeed, since v is a topological closure, vX is closed in {P,v), P — vX is open
in {P, v> and by our assumption, P — vX is open in (P, u) and hence vX is closed
in (P, u). In particular, () holds.

16 B.1. Definition. The topological modification, or simply the T-modification,
of a closure u for a set P, denoted by tu, is defined to be the closure operation v =
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= {X — vX} for P where vX is given by (*). The topological modification of a closure
space (P, u) is defined to be the space (P, v) where v is the T-modification of u
and is denoted by t{P, u). The relation t = {u — tu} on the class of all closure
operations is called topological modification.

16 B.2. Each of the following conditions is necessary and sufficient for a closure
operation v to be the topological modification of a closure u on a set P:

(a) the closure v is topological and the collections of all u-open sets and of all
v-open sets coincide;

(b) the closure v is topological and the collections of all u-closed sets and of all
v-closed sets coincide.

Proof. By the considerations preceding Definition 16 B.1 condition (a) is neces-
sary and sufficient. Since a set is closed if and only if its complement is open, con-
ditions (a) and (b) are equivalent.

16 B.3. The topological modification of a closure operation u for a set P is the
finest topological closure on P coarser than u. Stated in other words, the following
condition is necessary and sufficient for a closure opzration v on a set P to be the
topological modification of a closure operation u for P: v is a topological closure
(for P) coarser than u, and if w is any topological closure (for P) coarser than u,
then w is coarser than v.

Proof. Obviously tu is a topological closure coarser than u. If w is any closure
on P coarser than u, then every w-open set is u-open (by 15 A.7, or 16 A2 and
16 A.10) and hence tu-open. If w is, in addition, topological, then this implies that
w is coarser than tu (by 15A.7 or 16 A2 and 16 A.10). Thus the condition is
necessary. Conversely, let v be a closure fulfilling the condition. We must prove
tu = v. Since tu is a topological closure coarser than u, tu is coarser than v. Thus
we have u < v < tu. Since the open sets of (P, u)> and (P, tu) are identical, by
15 A7 the open sets of v and tu are identical, which implies v = tu because of
15 A7

Now we proceed to the formulation and proof of the main result.

16 B.4. Let u be a closure for a set P. In order that v be the topological modi-
fication of u it is necessary and sufficient that v be a topological closure for the
set P and each mapping f of (P, u) into a topological space Q be continuous if
and only if the mapping f is continuous as a mapping of (P, v) into Q (that is,
f:{P,v) = Q is continuous).

Proof. I. First assume the condition. Since the identity mapping ] of {P, u)
onto (P, tu) is continuous, by the condition the mapping ] : (P, v) - (P, tu) is
also continuous which implies (by 16 A.2) that v is finer than tu. Since ] : (P, v) —
— (P, vy is continuous, by the condition the mapping | : (P, u) — (P, v) is also
continuous, which implies (by 16 A.3) that v is coarser than u. Thus v is a topolo-
gical closure coarser than u and finer than tu. By 16 B.3 necessarily v = tu. —

18 — Topological Spaces
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II. Conversely, let v = tu. If fis a continuous mapping of (P, tu) into a closure space
Q (not necessarily topological), then f: (P, u) — Q is also continuous as the com-
position of continuous mappings ) : <P, u> - (P, tu> and f: {P, wu)d - Q. Con-
versely, if f: (P, u) — Q is continuous, then the inverse image of every open subset
of Q is u-open (16 A.6), and hence tu-open (16 B.2) which implies f: (P, tu) — Q
is continuous provided that @ is topological (16 A.10).

Because of the importance of the topological modification we shall describe two
further constructions which yield the topological modification of a closure operation u.
The first construction describes neighborhoods in the topological modification in
terms of neighborhoods in (P, u).

- 16 B.S. Let (P, u) be a closure space and let x e P. Let U be the collection
of all sets U of the form U = Y{U, | n e N}, where U, is a u-neighborhood of x
and U, ., is a u-neighborhood of U, for each neN. Then % is a local base at x
in (P, tu).

Proof. It is sufficient to show that U € % if and only if U is a u-open set containing
x. If U is open and x € U, then U can be written in the form U = UY{U,} with U, = U
for each n. Indeed, an open set is a neighborhood of itself. Conversely, if U e %
and U = UY{U,}, where U, is a u-neighborhood of x and U, is a u-neighborhood
of U, for each n e N, then U is u-open, because U is a neighborhood of each of its
points. Indeed, if y € U, then y € U, for some n and U, , is a u-neighborhood of y;
since U,,, = U, U is also a u-neighborhood of y . Evidently x € U.

Now the second construction will be described. We omit details but the reader
is requested to complete all proofs. Let (P, u) be a closure space. Let us consider the
transfinite sequence {u,} of relations on exp P ranging in exp P such that u, = u
and

(*) uX = U{upoupgX | B < o}

for each cardinal @ > 1 and each X < P. It is easy to verify that each u, is a closure
operation (by induction) and u, X > u,X for « > B, i.e. u,is coarser than u, provided
that « = f. In other words, {ua} is an increasing sequence of closure operations on P.
If F is a closed subset of (P, u) containing a set X, then obviously u, X = F for
each a. Thus every u, is finer than the topological modification tu. of u. By definition
of topological closures, u, is topological if and only if u, = v ;. If U X = 0, X
for some X, then by induction we obtain at once that u, X = uzX for each f = a.
In particular, if u, = u,.,, then u, = uy for « < f. But if u, = u,4,, ie. if u, is
a topological closure, then necessarily u, = tu because u < u, <tu. If y is an
ordinal of cardinality greater than that of P, then u, = u,,, and hence u, = tu.
Indeed, let X be any subset of P and let us consider the set

Y= U{ugs:1 X — 1 X | <y}

Since Y < P, the cardinal of Yis at most that of P, that is, less than that of y. Since
the family {u,.+,X — u,X} is disjoint, necessarily at most one u,,,;X — u,X must be
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void, i.e. u4 X = u X for some o < y. It follows that u,, ;X = u,X. Since X was ar-
bitrarily chosen, u,,; = u,. The results obtained are summarized in the following
statement.

16 B.6. Let u be a closure operation on a set P and let {u,} be the transfinite
sequence nf mappings of exp P into itself defined as follows: uy = u and u, X is
¢iven by *) for each o = 1 and X < P. Then {u,} is a sequence of closure opera-

tions such th: + :. = vy for sufficient large a and B, and each u, is coarser than u
and jiner i iy = gy ther . = ug forall p = o and u, = 1u.

C. HOMEOMORPHISMS

In conclusion we shall introduce the concept of a homeomorphism.

16 C.1. Definition. A homeomorphism is a bijective mapping f for closure spaces
such that both fand f~! are continuous. We shall say that f is a homeomorphism
of 2 onto 2 if fis a homeomorphism such that 2 = D*f and 2 = E*f.

16 C.2. The identity mapping of a space onto itself is a homeomorphism; if f
is a homeomorphism then f ! is also a homeomorphism; and finally the composition
of two homeomorphismS is a homeomorphism. In particular, the relation E{{(2, 2) I
| there exists a homeomorphism of P onto 2} is an equivalence relation on the class
of all closure spaces.

Proof. The first and the second statement are self-evident and the third follows
from the second and 16 A.3 (observe that (gof)™' =f"'og~! if both fand g
are bijective).

Remark. The relation of 16 C.2 is the class consisting of the structures of homeo-
morphisms. Indeed, a mapping f = {gr f, #, 2) is a struct, gr f is the underlying
class of f(called the graph of f) and (2, 2) is the structure of f.

16 C.3. Definition. A space 2 is a homeomorph of £ if there exists a homeo-
morphism of 2 onto 2. By 16 C.2 the relation E{{#, 2) | 2 is a homeomorph of #}
is an equivalence on the class of all closure spaces. Two spaces are said to be homeo-
morphic if one is a homeomorph of the other.

For example, two discrete spaces 2 and 2 (i.e. sets endowed with the finest closure
operations) are homeomorphic if and only if there exists a one-to-one mapping
of 2 onto 2, that is, if and only if the cardinals of 2 and 2 are equal. This follows
from the fact that every mapping of a discrete space into any space is continuous.
Also two accrete spaces (sets endowed with the coarsest closure operations) are
homeomorphic if and only if their cardinals are equal. This is so because every
mapping into an accrete space is continuous, regardless of the domain space.

The notion of a homeomorphism is fundamental and therefore we list a sequence:
of necessary and sufficient conditions for a mapping to be a homeomorphism. The

18*
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proof follows immediately from the definition and corresponding results for con-
tinuous mappings.

16 C.4. Let f be a one-to-one mapping of a space 2 into a space 2. If f is a homeo-
morphism, then all the following conditions are fulfilled. Each of the conditions
(a)—(d) implies that f is a homeomorphism. If 2 and 2 are topological spaces,
then also each of the conditions (¢) and (f) implies that f is a homeomorphism.

(a) X < |#| = /[X] = /[XT;

(b) for each xe|P?|, X is a neighborhood of x if and only if f[X] is a neighbor-
hood of fx;

(c) x is a limit point of a (directed) net N in 2 if and only if fx is a limit point
of foN in 2;

(d) x is an accumulation point of a (directed) net N in 2 if and only if fx is
an accumulation point of fa N in 2;

(€) X = |?| is open in 2 if and only if f[X] is open in 2;

(f) X = |2| is closed in 2P if and only if f[X] is closed in 2.

Remark. A more formal statement of conditions (a)—(f) may be in place. Let f
Jbe a bijective mapping of {(P,u) onto {(Q,v). Denoting by ¢ the relation
{X - f[X]| X = P}, we can state condition (a) as follows: (¢ x @) ou < v. Of
course, this inclusion is equivalent with the equality (¢ X g) o u = v. Denoting by .#
the relation consisting of all pairs (X, x> such that X is a neighborhood of x in
(P, u) and denoting by A" the similar relation for (Q, v), we find at once that
condition (b) can bz stated as follows: ¢ x f'is a bijective relation for 4 and A"
Denoting by ¢ the single-valued relation which assigns to each net N in £ its trans- .
form fo N under f, condition (c) can be stated as follows: the image of Lim u
(see 15B.4) under the relation ¢ x f is Lim v (remember that ¢ is bijective).
A similar restatement of remaining conditions is left to the reader.

In general it is often difficult to discover whether two spaces are homeomorphic
or not. Usually, to show that two spaces are not homeomorphic, we try to find
a property of. spaces which is possessed by one of the spaces but not by the other
and such that, if a space possesses this property, then all its homeomorphs also
possess this property. Such a property is called a topological property.

16 C.5. Definition. A ropological property is a property such that if a closure
space possesses this property, then all homeomorphs of P also possess this pro-
perty.

For example, “the cardinal of the underlying set of 2 is m” and “# is discrete”
are topological properties. A space exhibiting both these properties (for fixed m) is
determined up to a homeomorphism. Next, “Z is topological” is evidently a topo-
logical property, i.e. no topological space is a homeomorph of a space which is not
topological. In general, every property described by means of closure operations,
neighborhoods or convergence of nets is a topological property. Later on, many exam-
ples will be given in which the fact that two spaces are not homeomorphicis established
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by exhibiting a topological property which is possessed by one of them but not
by the other.

In conclusion we shall show that the following condition is not sufficient for two
spaces (P, u) and (@, v) to be homeomorphic: there exists a one-to-one continuous
mapping f of (P, u) onto {Q, v)> and a one-to-one continuous mapping g of {Q, v)>
onto {P, u).

Of course this condition is necessary. Stated more formally, the relation consisting
of all pairs {{(P, u), {Q, v>> with the property mentioned above is strictly larger
than the class of all pairs of homeomorphic spaces.

16 C.6. Example. Let A, and A, be disjoint countable infinite sets, and let us
consider the closure u for 4 = A; U A, such that uX = uy (X N A4,) U uy(X N A4,)
where "'u, is the discrete closure for 4, and u, is the accrete closure for 4,. Let
{Aj,, u;) be any countable space disjoint with 4 and let v be the closure for B =AU A,
such that vX = Y{u(X n 4;)|i = 1,2, 3}. It is easily seen that there exists a one-
to-one continuous mapping f of {4, u) onto (B, v) and a one-to-one continuous
mapping g of (B, v) onto (A4, u). E.g. let f be a one-to-one mapping of (A4, u)
onto {B, v) such that f[4,] = 4, U A5 and let g be a one-to-one mapping of (B, v)
onto (A4, u) such that g[A2 U A;] = A,. It is easily seen that both fand g are con-
tinuous. It is easy to find a countable {43, u3» such that the spaces (4, u) and
{B, v) are not homeomorphic. E.g. let A5 consists of two points, say x and y, and let
us(x) = (x, ), us(y) = (y); clearly v(x) = (x, y), v(y) = (y). On the other hand
there exists no pair (xl, y1> such that u(x,) = (x4, y4), u(y;) = (y1). Thus {4, u)
and {B, v) are not homeomorphic. In 20 ex. 7 we shall give another example.
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17. SUBSPACES, SUMS AND PRODUCTS

This section is devoted to fundamental constructions of new spaces from given
spaces. We begin with the motivation. It is to be noted that all results stated here
will be proved in this section.

If Q is a subset of the underlying set of a space (P, u), then clearly the relation
v={X->QnuX | X < Q} is a closure operation for @ which is called the relativ-
ization of u to Q; the space {Q, v) is said to be a subspace of (P, u). It turns out
that the relativization v of u to Q is the unique closure for Q such that a mapping
fofaspace (R, w) into {Q, v) is continuous if and only if the mapping gr f: (R, w)—
— (P, u) is continuous. Stated in other words, a subspace of a space is defined so
that a mapping f for closure spaces will be continuous if and only if the mapping
gr f: D*f — Ef, where Ef is considered as a subspace of E*f, is continuous. Sub-
spaces are studied in subsection A.

Now let {{P,, u,»} be a family of spaces. It is often necessary to construct a space
{P, u) such that there exists a disjoint cover {Q,,} of (P, u) consisting of open sets
(and hence, each Q, is also closed because its complement in P is open as the union
of open sets) such that each Q, endowed with the relativization of u is a homeo-
morph of {P,,u,). Such a space can be constructed as follows: we take for P the sum
of the family {P,} of underlying sets and define uX = E{u,X,} for each X =
= 2{X,} = P. It turns out that each mapping inj, : {(P,, u,) — inj, [P,], where
inj, [P,] is considered as a subspace of (P, u), is a homeomorphism, and {inj, [P,]}
is a disjoint cover of (P, u) consisting of open sets. The space (P, u) is called the
sum of the family {(P,, u,>} and the closure u is called the sum closure. Next, the
sum closure can be characterized as the finest closure for the sum P of underlying
sets rendering all mappings inj, : (P,, u,) — P continuous. Sum closures are examined
in subsection B.

In the subsection C products of spaces are studied. The product of a family {{P,, u,>}
of spaces, denoted by II{{P,, u,>}, can be defined as the product P of the family
{P,} of underlying sets endowed with a closure operation u, called the product clos-
ure, such that the following two equivalent conditions are fulfilled:

(a) a net (N, <) converges to x in (P, u) if and only if the net {pr,o N, <)
converges to the point pr, x in {P,, u,» for each a,
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(b) u is the coarsest closure for P such that all mappings pr, : (P, u)> — (P,, u,)
are continuous.

It is to be noticed that we shall define the product closure by specifying neighbor-
hood of points and statements (a) and (b) will be theorems. Next, the product closure
is not the only appropriate closure for P.In Section 33 we shall introduce the induct-
ive product of a family of spaces and in Section 35 we shall introduce the sequen-
tial product of certain spaces (those which can be described by the convergence of
sequences). — Here, in subsection D, the inductive product ind ((P, u) x {Q, v))
of two spaces (P, u) and {Q, v) will be defined to be the finest closure w for P x Q
such that all mappings

{x = 6} CPuy > (P x Q,w),yeQ
and

{y =<6y} i<Q, 0> > (P x Q,w),xeP
are continuous. The significance of the inductive products lies in the fact that a map-
ping f:ind ((P, u) x {Q, v)) = (R, w) is continuous if and only if all mappings
{x = fx, >} : <P, uy = (R, wy, y @, and {y — fx, y>} :{Q, vy > (R, w), x €
€ P, are continuous, that is, if and only if, fis “separately continuous”, or continuous
“separately in each variable”. If % is a local base at x in (P, u) and ¥ is a local
base at y in {Q, v, then [#%] x [#](= E{U x V|Ue%, Ve¥})is alocal base
at {x, y> in (P, u) x {Q, v, while the collection of all “crosses” (U x (y)) u
((x) x V) is a local base at {x, y) in ind ({(P, u) x {Q, v)).

A. SUBSPACES

17 A.1. Definition. Let (P, u) be a closure space and let Q < P. It is easy to
verify that the relation v = {X - Q n uX} on exp Q ranging in exp Q is a closure
operation for Q. The closure v is called the relativization of u to Q and the space
{Q, v) is called a subspace of (P, u). Thus a subspace of a space is uniquely determ-
ined by the underlying set. If no confusion is likely to result and if P is a space, then
a subspace of P is denoted by a single letter, say Q, the closure of a set X = @ in
Q is denoted X2 and called the relative closure of X. It is clear what 'we mean by
a relatively open or relatively closed set, a relative neighborhood, etc.

A class of closure spaces is said to be hereditary if, with each space £, it contains
all subspaces of £.

For example, every subspace of a discrete space is discrete and every subspace
of an accrete space is accrete. The relativization of a closure u for a set P to a subset
Q of P is the coarsest closure v for Q such that the identity mapping of {Q, v) into
{P, u) is continuous. More precisely:

17 A.2. Let (P, u) be a closure space and let Q = P. A closure v for Q is the
relativization of u to Q if and only if the following two conditions are fulfilled:
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(a) The mapping )g:<{Q, v) — (P, u) is continuous;

(b) if wis a closure for Q such that ), : {Q, w) = (P, u) is continuous, then w
is finer than v.

Proof. I. First suppose that v is the relativization of u to Q, i.e., vX = Q nuX
for each X < Q. The condition (a) is fulfilled because Jo[vX] = vX < uX for each
X < Q.1f j, : {Q, w) — (P, u) is continuous, then, by definition, Jo[wX ]| < u Jo[ X]
foreach X = Q,i.e. wX < uX foreach X < Q; but wX <= Q and hence wX = Q n
N uX for each X < Q, that is, wX < vX for each X <« Q, which shows that w is
finer than v. — IL. Now let v be a closure for Q satisfying conditions (a) and (b).
The relativization v’ of u to Q fulfils conditions (a) and (b) by I. From (b) we obtain
that v is finer than v’ and v’ is finer than v which implies » = v'.

The following two straightforward consequences of the definition will usually be
used without references.

17 A.3. Let 2 be a subspace of a space P. Then

(a) if 2 is topological, then 2 is also topological;

(b) if the underlying set of a space & is contained in that of 2, then & is a sub-
space of 2 if and only if.it is a subspace of 2.

17 A4. Let 2 be a subspace of a closure space #. Then

(a) If Y is closed in 2, then Y n |2| is closed in 2.1f P is topological, then every
closed subset of 2 is of the form I.@| N Y with Y closed in 2.

(b) If Yis open in P then Y n |2| is open in 2.1f 2 is topological, then every open
set of 2 is of the form |.@| N Ywith Yopen in 2.

(c) If |2| is closed (open) in P and X is closed (open) in 2, then X is closed
(open) in 2.

Proof. Evidently assertions (a) and (b) are equivalent. Write P = |2|, Q = |2|.

We shall prove (a) and (c). If Yis closed in P, that is, if Y= Y, then Y n Q% =
=0n ?n_Q_ c @ n Y. Thus Q n Y is relatively closed. If P is topological and X
is closed in O, then X is closed in P and X n Q = X. Thus every relatively closed
set is the intersection of a closed set with Q. If Q is closed in P and X <« Q is relatively
closed, that is, if 0 = Q and X2 =X nQ =X, then X c Q0 = Q and finally
X =X n Q = X% = X. Finally if Q is open and X is relatively open,i.c. P — Q
cP-Qand Q—-XnQcQ—-—X,then P—X=P—-QuQ—-XcP—X.

If 2 is not a topological space, then a relatively closed (open) set need not be the

intersection of the subspace and a closed (open) set. Actually, the following rather
general result is true.

17 A.5. In order that a closure space P be topological, it is necessary and suf-
ficient that for each subspace Q of P every relatively closed (open) set be of the
form Q n Y with Y closed (open) in P.
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Proof. The condition is necessary by 17 A.4 (a). Suppose that a space P is not
topological. Then there exists a subset X of P such that X + X. Consider the sub-
space @ = X U (X — X) of P. Clearly X is closed in Q. Nevertheless, if Y is closed
in Pand Y> X, then Y> X and hence Yn Q = Q; it follows that Q N Y + X.
Clearly the set @ — X is relatively open and Q — X = Q n U for no open set U.

Let <Q, v) be a subspace of a closure space (P, u) and consider the topological
modification (@, tv) of (Q, v) and the subspace {Q, v*) of (P, tu). The space
{Q, v*) is topological as a subspace of a topological space (by 17 A.3 (a)). By 17 A.4
(b) the collection ¥™* of all v*-open sets consists of all sets of the form Q N U, U
open in (P, tu); but tu is the topological modification of u, and hence U is open
in (P, tu) if and only if it is open in (P, u). By 17 A.4 (b) each set from ¥"* is open
in'{Q, v> and hence in {Q, tv). Both closures v* and tv are topological, and there-
fore, if " denotes the collection of all v-open sets, then v* = v if and only if ¥"* = ¥7,
and v* is coarser than tv if and only if ™* = ¥” (by 15 A.7). Thus we have proved
the following theorem.

17 A.6. Theorem. Let (Q,v)> be a subspace of a closure space {P, u). The
relativization v* of tu to Q is always coarser than tv. In order that tv = v* it is
necessary and sufficient that every open (closed) subset of {Q, v) be of the form
Q N U with U open (closed) in (P, u).

Combining 17 A.5 and 17 A.6 we obtain the following proposition.

17 A.7. In order that a closure space P be topological it is necessary and suf-
ficient that for each subspace Q of P the topological modification t1Q of ©Q be a sub-
space of TP.

It is to be noted that for some subspaces Q of P the topological modification tQ
of Q may be a subspace of ©P even if P is not topological. The following proposition
describes a wide class of such subspaces.

17 A8. Let Q be a subspace of a closure space P such that Q = U n C, where U
is open in P and C is closed in P. Then every closed (open) subset X of Q is of the
form Q 0 Y with Y closed (open) in P. By 17 A.6 ©Q is a subspace of tP. (Notice
that the condition is fulfilled if Q is open or closed in P.)

Proof. Let X be closed in Q. It is sufficient to find a closed subset Y of C such that
Y n Q = X. Evidently the set Q is open in C and hence C — Q is closed in C. Put
Y=XuU(C— Q) Since clearly Y*=X°U(C-Q)=Xu(C-Q)=Y,Y is
closed in C, and hence in P (17 A.4 (c)), and obviously Y n @ = X. If Vis open in Q,
then X = Q — Vs closed in Q and, as we have just proved, there exists a closed
set Yin PwithYn Q=X =Q — V.Clearly P — YisopeninPand Q n (P — Y)= V.

Now we proceed to various descriptions of relativized closure operations.

17 A.9. Theorem. Let {(Q,v) and (P, u) be closure spaces such that Q — P.

Each of the following conditions is necessary and sufficient for {Q, v) to be a sub-
space of (P, u):



282 I1I. TOPOLOGICAL SPACES

(a) for each X = Q,int, X = Q@ nint, (X U (P — Q));

(b) if x€ Q, then a set V = Q is a neighborhood of x in {Q, v) if and only if
there exists a neighborhood U of x in {P,u) suchthat Un Q =V,

(c) if N is a net in Q and x € Q, then x is a limit point (an accumulation point)
of N in (P, u) if and only if x is a limit point (an accumulation point) of N in
<@, v). ‘

Proof. The pattern of the proof will be: (a) is necessary, (a)=-(b) = (c) and (c)
is sufficient. — I. Suppose that {Q, v)> is a subspace and X = Q. By definition of the
interior operation we have int,(X U(P—Q))=P—ulP — (XU (P - Q)) =
=P — u(Q — X) and consequently

Qnint, XU(P-0)=0-uQ@-X)=0—-(2nu(Q - X)) =
=0—-vQ—-X)=int,X.

Thus (a) is necessary. — II. Now suppose (a). If V is a neighborhood of an x € Q in
{Q, v), then by (a) the set U = VU (P — Q) is a neighborhood of x in (P, u)
and clearly U n Q@ = V. Conversely, if U is a neighborhood of x in (P, u), then also
the set U U (P — Q) is a neighborhood of x in (P,u) and by (a) the set
(Uu(P - Q))nQ=Un Q is a neighborhood of x in (Q, v). Thus (a) = (b). —
III. Since the implication (b) = (c) is almost self-evident, it remains to show that
(c) is sufficient. — IV. Suppose (c) and let x € Q, X = Q. If x € vX, then there exists
a net N in X such that x is a limit (an accumulation) point of N in <Q, v} (by 15 B.4).
By the condition, x is also a limit (an accumulation) point of N in <P, u), and
hence x e uX by 15B.4. Thus vX < (Q n uX). Conversely, if x €euX, then there
exists a net N in X such that x is a limit (an accumulation) point of N in {P, u). By
the condition x is also a limit (an accumulation) point of N in {@, v) and hence
(by 15B.4) x € vX. Thus vX > (Q N uX).

17 A.10. Corollary. Let Q be a subspace of a closure space P. If % is a local
base (a local sub-base) at a point xe€ Q in P, then [#]n Q = E{U N Q| U e %}
is a local base (a local sub-base) at x in Q. As a consequence, if U is a base (a sub-
base) of the neighborhood system in P of a set X < Q, then [%] ~ Q has the same
property in Q. '

Let us state the following immediate consequence of 17 A.3 and 17 A.4.

17 A.11. Let Q be a subspace of a topological space P. If 94 is the collection
of all open subsets of P or an open base or an open sub-base for P, then [%] n P
has the same property in Q.

Sometimes we have defined a closure for a set by specifying neighborhoods of
points. Often it will be convenient to define a closure u for a set P by specifying
some subspaces of (P, u), neighborhoods of some points and closures of some sets
in such a manner that the closure u will be uniquely determined. E. g., let P be a set,
x € P and let % be a filter base in P with x € (Y%. By 14 B.10 there exists exactly one
closure u for P such that % is a local base at x in (P, u) and, for each y e P — (x),
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the filter base ((»)) is a local base at y in (P, u). Clearly P — (x) is an open discrete
subspace of (P, u), that is, P — (x) is an open subset of (P, u) and the subspace
P — (x) of (P, u) is discrete. It is easily seen that the closure u can be defined as
follows: u is the closure for P such that P — (x) is an open discrete subspace of (P, u)
and % is a local base at x in (P, u). For another example, let P be the union of two
disjoint infinite sets P, and P, and let x;€ P;, i = 1, 2. Then there exists exactly
one closure u for P such that P, and P, are discrete subspaces of (P, u) and an
x € P; belongs to the closure of a subset X of P;, i % j, if and only if X is infinite
and x = x;.

Having defined the notion of a subspace of a closure space, in accordance with
7 B.5 we can define the restriction of a mapping for closure spaces as follows:

17 A.12. Definition. The restriction of a mapping f for closure spaces is
a mapping g for closure spaces such that the underlying abstract mapping
lg| (= <gr g, |D*g|, |E*g|)) is a restriction of |f| (= <gr f; |D*f|, [E*f]>) and D*g
and E*g are subspaces of closure spaces D*f and E*f respectively. If D*g =D*f,
then g is called a range-restriction of f, if E¥g = E*f, then ¢ is called a domain-
restriction of f. If g is a restriction of f, then g is said to be the restriction of f to
a mapping of D*g into E*g, if g is a domain-restriction (range-restriction) of f,
then g is said to be the domain-restriction (the range-restriction) of f to D*g (E*g).
The domain-restriction of fto £ is denoted by f| 2; thus f| 2 = (gt f| |?|, 2, E*f).
A mapping f is said to be an extension (domain-extension, range-extension) of
a mapping g for closure spaces if and only if g is a restriction (domain-restriction,
range-restriction) of f.

The result which follows will be used frequently in the sequel and therefore it
will be proved in detail even though it is almost evident.

17 A.13. Theorem. Every restriction of a continuous mapping is a continuous
mapping. A mapping f for closure spaces is continuous if and only if the range-
restriction of f to the subspace Ef of E*f is continuous.

We shall need the following more general result:

17 A.14. If g is the restriction of a mapping f for closure spaces and if fis a con-
tinuous at a point x of Dg, then g is also continuous at x. A mapping f for closure
spaces is continuous at a point x if and only if the range-restriction g of f to the
subspace Ef of E*f is continuous at x.

Proof. I. Suppose that g is the restriction of f and f is continuous at an x € Dg.
To prove that g is continuous at x, by virtue of 16 A.4 it is sufficient to show that
g'l[V] is a neighborhood of x in D*g whenever V'is a neighborhood of gx in E*g.
Let V be a neighborhood of gx in E*g. Since E*g is a subspace of E*f, by 17 A.9
we can choose a neighborhood U of gx in E*f so that V= U n E*g. Since grg =
= grfn(Dg x Eg) we obtain g '[V] = f~![U] n D*g. Since fis continuous at x,
f7'[U] is a neighborhood of x in D*f, and hence, D*g being a subspace of D*f; the
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right side of the above equality is a neighborhood of x in D*g; this completes the
proof. — II. The ““only if” part of the second statement is a particular case of the first
statement. To prove the “if” part, suppose that g is continuous at x and U is any
neighborhood of fx(= gx) in E*f. The set U n Ef is a neighborhood of gx in the
subspace Ef of E*f and hence ¢ ~'[U n Ef] is a neighborhood of x in D*g = D*f.
But clearly f~'[U] = g~ '[U n Ef].

17 A.15. Corollary to 17 A.13. Every range-extension of a continuous mapping
is continuous.

On the other hand, the domain-extension of a continuous mapping need not be
continuous. Indeed, every mapping for closure spaces is the domain-extension of
a continuous mapping (observe that every mapping of a one-point space into any
space is continuous).

Let f be a mapping of a space P into a space Q. If {X,|a e 4} is a cover of P
(that is, by 12 A.1, a family of subsets of |P| the union of which is |P|) and if, for
each a, the restriction of fto the subspace X, of P is continuous, then clearly f need
not be continuous, but under certain additional assumptions (on the cover {X,})
the mapping f is necessarily continuous.

17 A.16. Theorem. Let {X,|a € A} be a locally finite cover of a space P. If f
is a mapping of P into a space Q such that the domain-restriction of f to each sub-
space X, is continuous, then f is continuous.

Proof. Let us suppose that X = P, x € X. We must show that fx efm. Since
{X,} is a cover of P, the family {X n X,} is a cover of X, and being locally finite
(14 B.16) and hence closure-preserving (14 B.18), x belongs to the closure of some
set X n X,. Since the domain-restriction g of f to the subspace R =X n X, is
continuous and x € X N XX (= X n X}), we obtain gx e g[X n X,]; but gx = fx
and f[X n X,] = g[X n X,], and hence fx e f[X n X,], which implies fx € f[X].

It is to be noted that the assumption that the domain-restriction to each X, is
continuous cannot be replaced by the weaker assumption ‘“‘the domain-restriction
to each X, is continuous”. For example, if P is an accrete two-point space, 4 =
= |P|, X, = (a), then for each mapping f the domain-restrictions are continuous;
however, obviously there exists a mapping f of P which is not continuous (for
instance we can take the identity mapping of P onto |P| endowed with the discrete
closure).

Next, the assumption that {X,,} is locally finite cannot be replaced by the weaker
assumption that {X,} is closure-preserving. For example, let P be an infinite space
with exactly one cluster point, say x, 4 = |P|, X, = (a, x) for each a. It is easily
seen that P is not discrete and hence there exists a mapping of P into a space which
is not continuous, {X,} is a closure-preserving family of closed sets and each sub-
space X, of P is discrete, and consequently every mapping of X, into any space
is continuous.
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17 A.17. Definition. A cover {X,} of a closure space P will be called closed (open)
if each X, is closed (open). An interior cover of a space P is a cover {X,} of P such
that {int X,} is a cover of P.

For example, every open cover is an interior cover. As a corollary of 17 A.16 we
obtain the following extremely useful theorem.

17 A18. If {X,} is a locally finite closed cover of a space P and if f is a map-
ping of a space P into a space such that all restrictions f| X, are continuous,
then f is continuous.

17 A19. If {Xa} is an interior cover of a space P and f is a mapping of P into
a space Q such that all domain-restrictions fl X, are continuous, then f is conti-
nuous.

Proof. Let x € P and let U be a neighborhood of fx. Choose an index a so that
x e int X,. Since f| X, is continuous, there exists a neighborhood V of x in X, so
that (f| X,) [V] = U, and hence f[V] < U. It is easily seen that V is a neighbor-
hood of x in P. By 16 A.4 fis continuous.

17 A.20. Definition. An embedding of a space P into a space Q is a mapping f of
P into Q such that the range-restriction of fto Ef is a homeomorphism. We shall
say that a space P admits an embedding into a space Q if there exists an embed-
ding of P into Q.

Thus every embedding for closure spaces is an injective mapping. If Q < P then
the identity mapping of a space {(Q, v) into a space (P, u) is an embedding if and
only if {Q, v) is a subspace of (P, u). From the corresponding definitions one can
derive the following direct description of embeddings which will usually be used
without reference in the sequel.

17 A.21. A mapping f of a space (P, u) into a space {Q, v) is an embedding if
and only if the following two conditions are fulfilled:

(a) f is injective; and

(b) for each X < P, f[uX] = vf[X] n Ef.

In conclusion we shall examine subspaces of ordered spaces. Let u be a generalized
ordered closure for a monotone ordered set (P, <), Q a subset of P, v the
relativization of u to @ and =, the restriction of £ to Q. We shall prove that v
is a generalized order closure for (2, £,), and if u is the order closure, then v need
not be the order closure. Finally, if v is a generalized order closure for an ordered set
{Q, =g, then there exists an ordered set (P, <) such that (@, <,) is an ordered
subset of (P, <) and v is the relativization of the order closure for (P, <).

17 A.22. Theorem. A subspace {Q,v) of a generalized ordered space (P, u)
is a generalized ordered space; if < is a monotone order for P such that u

is a generalized order closure for (P, £), then v is a generalized order closure
Jor (@, £,> where {Q, <y> is an ordered subset of (P, £).
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Proof. For each x in Q we must find a local base at x in {(Q, v) consisting of
intervals in {Q, <,>. Fix an x in Q and let us consider the set % of all intervals in
{P, £) which are neighborhoods of x in (P, u). If U n Q = (x) for some U in %,
then clearly ((x)) is a local base at x in {Q, v), and evidently (x) is an interval in
{Q, £¢>, namely the closed interval with end-points x. In the remaining cases
we shall need the evident fact that U n @ is an interval in {Q, <,) whenever U
is an interval in (P, <) with end-points belonging to Q. Suppose that U n @ =+ (x)
for each U in %. If there exists a U in % such that U n Q < [ x, — [, then for each
Ve#, V c U, there exists an interval We % such that W Q is an interval in
{Q, £p> with end-points x and y € Q; indeed we can choose any y € Q, such that
x < y e V. Similarly in thecase U n Q | «, x | for some U in %. In the remain-
ing case, for each U in % we can choose z € (Q n U), y (@ n U) such that z <
< x < y; clearly the interval ] z, y [ belongs to % and its intersection with Q is
contained in U n Q.

It is to be noted that the statement becomes false if the expressions “generalized
order closure” are replaced by expressions “order closure”; e.g. if (P, <) is the
ordered set of reals and Q = ]| «,0]u |1, » [, then the order closure w for
{Q, £y> is strictly coarser than the relativization v of the order closure for
(P, £); actually, 0Oew] 1, > [ but O¢v]1, - [.

17 A.23. Theorem. Every generalized order closure v is a relativization of an
order closure u; in addition, if v is a generalized order closure for an ordered set
Q, o) then {Q, <o) is an ordered subset of an ordered set (P, <) such that v
is a relativization of the order closure for (P, <).

Proof. Let (R, <) be the lexicographic product of the ordered set {(Q, <,>
and the ordered set S of integers (the proof remains true with S = (-1, 0,1)
(the order is not indicated), that is, R = @ x S and {x, n) < <y, m) if and only
if either x £, y, x + y, or x = y and m follows n in S. Let T be a subset of R
(thus T is a relation) such that T[(x)] = Sif x is isolated in <Q, =Z,, v),
T[(x)] = N if x is right-isolated but not left-isolated in {Q, <, v), T[(x)] =
= (S — N) u(0) if x is left-isolated but not right-isolated in {(Q, <,, v) and
T[(x)] = (0) in the remaining case, i.e. if x is neither left-isolated nor right-
isolated. Let (T, <r> be an ordered subset of (R, <), u’ be the order
closure for (T, <r) and v’ be the relativisation of v to the subset Q@ x (0) of T.
It is easily seen that the mapping {x — {x, 0>} :<Q, <o) = (T, <) is order-
preserving and the mapping {x — <{x, 0>} : (@, v) — {Q, v is a homeomorphism.
Now the reader will have no difficulties in constructing (P, £); it is enough to find
a set P > @ and a one-to-one mapping f of P onto T such that fx = {(x, 0) for
each x € Q.

Remark. A generalized order closure for a set P need not be an order closure
for P; more precisely, if u is a generalized order closure for (P, <) then there need
not exist an order < for P such that u is an order closure for (P, <). In Section 20
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we shall show that the closure structure of the subspace [0, 1] U] 2, 3 [ of the space
R of reals has this property.

B. SUMS OF SPACES

Let us recall that the sum of a family {X, | a € A} of sets is the set Z{X,} of all
pairs {a, x) such that a € 4 and x € X,,. If Y « Z{X_}, then there exists exactly one
family {Y,} such that Y = Z{Y,}. Next, for each element g, the injection relation
at a, denoted by inj,, is the single-valued relation which assigns to each element x
of X, the pair {a, x). Thus we can write

Z{X,} = U{ini, [X.]} -

17 B.1. Definition. The sum of a family {(P,,, Uy | a eA} of closure spaces,
denoted by Z{{P,, u,) | a € A}, is defined to be the space (P, u) where P is the sum
of the family of sets {P,} and u is the sum closure, denoted sometimes by X{u,}
and defined by

(Z{u}) 2{X.} = Z{u,X,}
for each subset X = Z{X,} of P. Thus

Z{(P,, up} = CZ{P}, Z{u,}> . -

To show that the sum closure is well-defined, we must prove that the sum closure
is actually a closure operation, i.e. that it fulfils the conditions (cli) of Definition
14 A.1. Since £{X,} is empty if and only if each X, is empty, condition (cl 1) is true.
Since 2{X,} = Z{Y,} if and only if X, = ¥, for each a, we obtain condition (cl 2).
Finally, additivity follows from the formula Z{X, u Y,} = (2{X,}) v (X(Y,)).

17 B.2. Theorem. Let (P, u) be the sum of a family {(P,,, U, | ae A} of closure
spaces. Then

(a) the mapping inj, : (P, u,» — (P, u), called the canonical embedding of
{P,, u,y into {P, ud, is an embedding for each a in A,

(b) the set inj, [P,] is simultaneously open and closed in (P, u) for each a in A,

(¢) if all {(P,,u,y are topological, then so is (P, u),

(d) if all {P,, u,) are discrete, then so is {P, u).

Proof. Let i denote the mapping inj, : {(P,,u,> — {P,u).—I. Clearly i, is injective
and i[u,X] = u io[X] = Ei, nui,[X], which shows that i, is an embedding (by
17 A.21). —II. Obviously each set inj, [ P,] is closed. Since clearly the family {inj,[P,]}
is disjoint and closure-preserving, each set inj, [P,] is open because its complement
is closed as the union of a closure-preserving family of closed sets (14 A.7), namely
{inj, [Py] | be A — (a)} — L If all (P, u,) are topological then uu Z{X,} =
= u Z{uX,} = Z{uu,X,} = L{u,X,} = u Z{X,} which shows that u is topolo-
gical. — 1V. If all {P,, u,» are discrete, then u £{X,} = Z{uX,} = 2{X,} which
shows that u is also discrete.
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Now ‘we shall prove that, roughly speaking, the sum closure is the finest closure
for the sum of underlying sets such that all injections are continuous. This descrip-
tion of sum closure may be compared with the description 17 A.2 of relativized
closures.

17B.3. Let {{P,, u,y | a € A} be a family of spaces. A closure u for P = L{P,}
is the sum closure if and only if the following two conditions are fulfilled:

(a) All mappings inj, : {(P,, uzy — (P, u) are continuous.

(b) If v is a closure for P such that all mappings inj, : {P,, u,) — (P, v) are
continuous, then v is coarser than u. )

Proof. It follows from (b) that there exists at most one closure u for P satisfying
the conditions (a) and (b). It remains to show that the sum closure u fulfils conditions
(a) and (b). Condition (a) is fulfilled by 17 B.2 (a). If v fulfils the assumptions of (b),
then clearly

u(Z{X,}) > U{vinj, X} o Z{uX,} = u Z{X,}

which shows that v is coarser than u.

In conclusion we shall prove an important description of the continuity of a map-
ping of a sum of spaces, which is a consequence of 17 B.3 but which will be proved
directly here.

17 B.4. Theorem. A mapping f of a sum space (P, u) = {(P,, u,)} into a space
{Q, v) is continuous if and only if each composition

(%) fo(inj, : {Pg u) = (P, u))
is continuous.

Proof. If fis continuous then all mappings of () are continuous as compositions
of continuous mappings. Conversely, suppose that all mappings of (%) are conti-
nuous. If X = X{X,} is any subset of P, then f[X] = U{f . inj, [X,]}, f[uX] =
= U{f - inj, [#,X,]} and foinj, [u,X,] = v(f - inj, [X,]) (by the continuity of map-
pings of (*)), so that we obtain

v f[X] = U{o(f« inj, [X,])} > U{F» inia [u,X,]} = f[ux]

which establishes the continuity of f. An alternate proof of the continuity of f can
be obtained from 17 A.19. Indeed, each set inj, [P,] is open by 17 B.2 and clearly
the domain-restriction of f to each subspace inj, [P,] is continuous because inj, :
: {P,, u,y — inj, [P,] is a homeomorphism.

It is to be noted that all results of this subsection become corollaries of the
results of Section 33 devoted to the inductive construction of closure spaces.

In conclusion we shall introduce the concepts of the sum and the reduced sum
of a family of mappings.

17 B.5. Definition. The sum of a family of mappings for closure spaces {f,}
is the mapping f of £{D*f,} into L{E*f,} which assigns to each (a, x) the point
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{a, f,x). Thus gr f is the relational sum of {gr f,} (5 C.6). If E*f, = 2 for each
index a, then we define the reduced sum of {f,} to be the mapping of Z{D*f,} into 2
which assigns to each point {a, x> the point f,x.

The proofs of the following two theorems are simple and therefore may be left
to the reader.

17 B.6. Theorem. Let f be the sum of a family of mappings for closure spaces
{fa}- Then f is continuous, an embedding or homeomorphism if and only if each f,
has the corresponding property.

17 B.7. The reduced sum of a family of mappings for closure spaces {f,} is conti-
nuous if and only if each f, is continuous.

C. PRODUCTS OF SPACES

Recall that, by 5 A.4, the product of a family {P, | a € A} of sets is the set II{P,}
consisting of all families {x, | a € A} such that x, € P, for each a. Next, the projection
relation at an element a is the telation pr, which assigns to each family {x,, | be B}
with a € B the member x,. The mapping pr, : [I{P, | be A} — P,, where ac 4,
will be called the projection of the product in question into its a-th coordinate set
P,, or simply into P,. It is to be noted that each projection of a product is surjective
whenever the product is non-void.

Now let {(P,, u, | a € A} be a family of closure spaces, P be the product of the
family {P,,} of underlying sets and =, be the projection of P into P, for each a. For
cach x in P let %, be the collection of all sets of the form

n,'[V]=E{y|yeP, pr,yeV}

where a e 4 and V is a neighborhood of the point pr, x in {(P,, u,>. By Theorem
14 B.11 there exists exactly one closure operation u for P such that %, is a local
sub-base at x in {P, u) for each x in P. Clearly, for each x in P, the smallest multi-
plicative collection containing %, which is a local base at x in (P, u), consists of
all sets of the form

(1) N{n;'[V]|aeF} =E{y|yeP,aeF=pr,yeV,},
where F is a finite subset of 4 and ¥V, is a neighborhood of pr, x for each a in F.

Sm—

17 C.1. Definition. The product of a family {{P,, u,» | a € A} of closure sFac_es,
denoted by II{{P,, u,)}, is defined to be the product P of the family {P,} of under-
lying sets endowed with the closure operation u defined above. This closure u, called
the product closure, will sometimes be denoted by l'I{u,,}. The neighborhoods of x
of the form (1) will be called canonical neighborhoods (of x). The mappings
pr, : II{P,} — P, will be called projections of the product (into coordinate spaces).
The product (more precisely, pair-product) of two spaces (P, u) and {Q, v), the

19 — Topological Spaces
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definition of which is clear, will be denoted by (P, u) x {Q, v)> and the product
closure will bz denoted by u x v. Thus we have:

{(P,, uy} = <P}, I{u,}), <P,ud x {Q,v) =<(P x Q,u x ).

A class K < Cis called completely productive if II{#,} € K for any {#,} in K.

It is to be noted that the symbol I1{u,}, where u, are closures, has many quite dif-
ferent meanings. It can be treated as the product of sets; in this case, it consists of
all families {<X,, Y,>} such that ¥, = u,X,. Next, it can be treated as the relational
product; in this case it consists of all pairs <{X,}, {Y,})> such that Y, = u X, for
each a. Finally it can be treated as the product closure. In what follows, unless
“otherwise stated, if u, is considered as a closure operation, then the symbol IT{u,}
will denote the product closure. It is interesting and also very important that the
product closure II{u,} is a relation-extension of the relation {IT1{X,} - I{u,X,}}
for exp P ranging in exp P which is “induced” by the relational product IT,{u,}
and the relation {{X,} — II{X,}}. Stated more directly:

17 C.2. The closure of a set II{X,} in a product space TI{<P,, u,>} is II{u,X,},i.e.,

(M{u,}) (M{X,}) = T{u,X,} .
Proof. It is evident that each canonical neighborhood of a point x intersects
I{X,} if and only if pr, x e u,X, for each a.
It is to be noted that if a subset of the product is not of the form treated in 17 C.2
then there exists no simple formula such as, for instance, in the case of the sum
closure or relativized closure.

17 C.3. Let x = {x,} be a point of a product space P = II{P,|ae A} and let
{%,} be a family. If U, is a local sub-base at x, in P, for each a, then the collection
of all sets of the form E{y|ye P, pr,ye U}, where ac A and U € %,, is a local
sub-base at x in P. If each U, is a local base at x in P,, then the collection of all
sets of the form E{y | ye P,ae F = pr,y e U,}, where F < A is finite and U, € %,
Jfor each a in F, is a local base at x in P. — The simple proof is left to the reader.

17 C.4. Theorem. The product of a family of topological spaces is a topological
space. :

Proof. Let P be the product of a family {P,} of topological spaces. It is sufficient
to show that, for each x in P, the open canonical neighborhoods of x form a local
base at x. But this follows from 17 C.3. Indeed, if %, is the collection of all open
subsets of P, containing pr, x, then %, is a local base at pr, x in P, because P, is topo-
logical; then, by the second statement of 17 C.3, the collection of all canonical neigh-
borhoods formed of szts from collections %, is a local base at x, and obviously each
of its elements is open in P. )

Obviously the product of any family of accrete spaces is an accrete space. Also
finite products of discrete spaces are discrete spaces, but infinite products of discrete
spaces need not bes discrete spaces. More precisely, if P is the product of an infinite
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family of at least two-point discrete spaces, then P is not discrete and moreover,
P has an infinite local character at each of its points (prove!). Some examples will
be given in the concluding part of this subsection, for further examples consult the
exercises.

From the corresponding definitions we obtain at once the following simple but often
useful result, which asserts that the operation of taking subspaces commutes with the
operation of forming products.

17 C.5. If {P,} is family of closure spaces and Q, is a subspace of P, for each a,
then YI{Q,} is a subspace of TI{P,}.

Now we proceed to the two descriptions of product closures promised in the
introduction. Recall that the sum closure is the finest closure for the sum of under-
lying sets rendering all injections continuous.

17 C.6. Theorem. The projections of a product space into its coordinate spaces
are continuous. Moreover, the product closure is the coarsest closure for the product
of underlying sets rendering all projections continuous.

Proof. Let (P, u) be the product of a family {(P,, u,>} of closure spaces and
let n, denote the restriction of the relation pr, to P. — I. The continuity of each
T, : (P, u) = (P, u,) follows from 16 A4 because, by the definition of product
closure, if x € P and Vis a neighborhood of =,x, then nZI[V] is a canonical neigh-
borhood of x. —II. Now let v be a closure for P such that all mappings =, : {P, v) —
— (P, u,) are continuous. Again by 16 A4, if x € P, a € A and Vis a neighborhood
of n,x in (P, u,», then n, [ V] must be a neighborhood of x in (P, v). Consequently,
every canonical neighborhood of x in (P, u) is a neighborhood of x in (P, v). Since
canonical neighborhoods of x form a local base at x in (P, u), u is necessarily coarser
than v (by 14 B).

It may be appropriate to notice that the projections have the following significant
property:

17 C.7. If P is the product of a family {P,} of closure spaces and X is a neighbor-
hood of x in P, then pr,[X] is a neighborhood of pr, x in P,; in particular, if X
is open, then pr,[X] is open.

Remark. A subset X = II{X,} of P is open is and only if all X,’s are open and
X, = P, except for a finite number of a’s. Such open sets are called canonical open
sets.

Next we shall observe that, if a product is non-void, then every coordinate space
admits an embedding into the product.

17 C.8. Let P + 0 be the product of a family {P,| a € A} of spaces. Fix an o«
in A and an x in P. The mapping of P, into P which assigns to each z € P, the point
{ya} such that y, = z and y, = x, for a + a, is an embedding. — Obvious.

Now we give a description of product closures in terms of convergence.

19+
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17 C.9. Theorem. Let P be the product of a family {Pa} of spaces and let (N, <)
be a net in P.In order that a point x of P be a limit point of (N, £) in P it is ne-
cessary and sufficient that, for each a, the point pr,x be a limit point of the
net {pryo N, £ in (P,, u,).

Proof. If x is a limit point of N in (P, u), then pr, x is a limit point of pr,o N
in (P, u,>, because of the continuity of the projection of (P, u) onto (P, u,>
(16 A.8, 17 C.6). Conversely, suppose that pr, x is a limit point of the net pr,o N
in {P,, u,»> for each a. Since canonical neighborhoods of x form a local base at x,
it is sufficient to show that N is eventually in each canonical neighborhood. Recall
that a net which is eventually in each member of a finite family of sets is eventually
in the intersection of this family. Therefore, it is sufficient to show that N is eventually
in each set of the form E{y|pr, y € V}, where V is a neighborhood of pr,x in
{P,, u,». But this is clear because pr, o N converges to pr, x in {(P,, u,).

Remark. Since the convergence of nets uniquely determines the closure of a space,
Theorem 17 C.9 can be restated as follows: In order that u be the product closure
it is necessary and sufficient that a net N in P converge to a point x in (P, u) if and
only if the net pr, o N converges to pr, x in {P,, u,) for each a. For this reason the
product closure is often termed the closure of pointwise convergence.

Recall that a mapping f of the sum P = Z{P,} of spaces into a space is continuous
if and only if all mappings f o (inj, : P, - P) are continuous. For mappings into
products of spaces we shall prove the following result.

17 C.10. Theorem. A mapping f of a space into the product P of a family {Pa}
of spaces is continuous if and only if the mapping

(*) (pra: P > Pp)of
is continuous for each a.

Proof. L. If fis continuous then all mappings of () are continuous as compositions
of continuous mappings. — II. Conversely, suppose that all mappings () are continuous.
To prove that fis continuous, by 16 A.8 it is sufficient to show that, if a net N con-
verges to a point x in D*f, then the net fo N converges to the point fx in E¥f = P.
Suppose that N converges to x. Since every mapping of () is continuous, again
by 16 A8, each net (pr,of)+ N converges to (pr,of)x in P,. But (pr,of). N =
= pr, o (foN), (pr, o f) x = pr, (fx), and consequently, by the preceding theorem
17 C.9, the net fo N converges to fx; this establishes the continuity of f.

Now let f be a mapping of a product @ = II{Q, | a € A} into a product P =
= [{P, | a € A}. Sometimes there exists a family {f,} such that f, is a mapping
of Q, into P, and gr f = {{x,} = {f.x,}}- Of course such a family, if it exists, is
uniquely determined. Now we shall show that, excepting the trivial case Q¢ = 0,
f is continuous if and only if all the f, are continuous.

17 C.1L. Let {f,| a€ A} be a family, each f, being a mapping of a space Q,
into a space P,. If all f, are continuous then also the mapping f of Q = II{Q,}
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into P = II{P,} which assigns to each {x,} the point { f,x,} is continuous. Conversely,
if f is continuous and Q + 0, then all f, are continuous.

Proof. L. If all £, are continuous, then each mapping (pr, : P > P,) o f is conti-
nuous since it coincides with the composition f, o (pr, : @ = @,) of two continuous
mappings. By Theorem 17 C.10 the mapping f is continuous. — II. Now suppose that f
is continuous and Q + 0. Fix an a in A. Choose an x in Q and write the mapping
f, in the form

fo=(pr,:P>P)ofoh
where h is the embedding of Q, into Q, described in 17 C.8, corresponding to x.
Since all the mappings on the right side are continuous, f, is continuous by 16 A.3.

Notice that the graph of f in 17 C.10 is the reduced relational product (5 C.5)
of {pr,.grf}, and the graph of fin 17 C.11 is the relational product (5 C.2) of
{gr f.}. According to 17 C.10 and 17 C.11 it may be convenient to introduce the
following definition.

17 C.12. Definition. Let {f,} be a family of mappings for closure spaces. The
product of {f,}, denoted by II{f,}, is defined to be the mapping

. {gr f,} : I{D*f,} — TI{E*/},
that is, its graph is the relational product of graphs, i.e. the set of all pairs {{x,},
{fixa}>. If the domain carrier of each f;, is equal to a space R, then we shall define
the reduced product of { f.} as the mapping

{x > {fix} | xe R} : R > TI{E*f;} ,
that is, the graph of the reduced product of mappings is the reduced product of

graphs.
Now Theorems 17 C.10 and 17 C.11 can be restated as follows:

17 C.13. Theorem. The reduced product of a family {f,,} of mappings for
closure spaces is continuous if and only if all f, are continuous. Let f be the product
of a family {f,} of mappings for closure spaces; if all f, are continuous, then f
is continuous, and conversely if f is continuous and Df + 0, then all f, are conti-
nuous.

17 C.14. Theorem. Let f be the product of a family of mappings {f,,} Jor closure
spaces. 1f each f, is a homeomorphism (an embedding) then so is f. Conversely,
if Df + @ and f is a homeomorphism (an embedding) then so is each f,.

Proof. Applying the second statement of 17 C.13 to both f and f~! we obtain
immediately the statements concerning homeomorphisms. The statements concerning
embeddings follow from the statements about homeomorphisms and from Proposition
17 C.5 stating that the product of subspaces is a subspace of the product.

Remark. It can be casily proved that the operation of forming products is, in
a certain sense, commutative; more precisely, if {P,|a € A} is a family of spaces
and ¢ is a bijective mapping of a set B onto A4, then the products P = H{Pd | ae A}
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and P, = II{P,, | b € B} are homeomorphic. In fact, the mapping {{x,} = {x,5}}
is a2 homeomorphism of P onto P,. Often we will be concerned with products of
families all members of which coincide. To this end we introduce a special nota-
tion.

17 C.15. Definition. The product of the family of spaces {P | a € A} will be denoted
by P4. The product [0,1]* will be called a cube, where [0,1] is taken as a
subspace of the reals. )

It is to be noted that |P4| = |P|* (the symbol X*, where X is a set, denotes the
product of the family of sets {X | a € 4}).

" 17C.16. If P and Q are homeomorphic spaces and A and B are equipollent sets, -
then the product spaces P* and Q® are homeomorphic. — By 17 C.14.

Convention. Sometimes we shall use the symbol 2%, where 2 is a closure space
and N is a cardinal, to denote any closure space 24 such that A4 is a set of cardinal .

In what follows we shall often construct an embedding f of a space Q into a product
P = I'I{P,,} of spaces. Clearly f is the reduced product of the family of mappings
{(pr, : P = P,) o f}. To avoid repztition we shall prove the following results which
give a sufficient condition for the reduced product of a family of mappings to be an
embedding.

17 C.17. Embedding Theorem. The following three conditions are sufficient for
the reduced product f of a family {f,} of mappings of a closure space Q (into
spaces) to be an embedding:

(a) Each f, is continuous.

(b) The family {f.} distinguishes between points of Q, that is,if x, ye Q, x + y,
then f,x *+ f,y for some a.

() If xe Q, X = Q, x ¢ X, then, for some a, the point f,x does not belong to
the closure of f[X] in E*f,.

Supplement: If Q is topological, then condition (c) can be replaced by the follow-
ing weaker one:

(c') If X is closed in Q and x€ Q — X, then there exists an a such that fx is
not in the closure of f,[X] in E*f,.

It is to be noted that conditions (a) and (b) are also necessary. The necessity of (b)
is obvious (fx = fy if and only if f,x = £,y for each a) and the necessity of (a) fol-
lows from 17 C.13 (because every embedding is continuous). On the other hand,
condition (c) is not necessary.

Proof. Suppose that fis the reduced product of a family { f.} satisfying conditions
(), (b) and (c), where the space Q is the common domain-carrier of all f,. To prove
that fis an embedding it will sufficz to show that fis a continuous injective mapping
satisfying the following condition:

(*) xeQ, X c @, x¢X = fx¢f[X] (in E*f).
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According to 17 C.13 condition (a) implies that f'is continuous. Condition (b) implies
that fis injective (because f,x # f,y for some a implies fx + fy). It remains to prove
(*). Since each projection 7, = (pr, : E*f » E*f) is continuous, to prove fx ¢m
in E*f, it will suffice to show that

pr, fx ¢ pr, [ f[X]] (in E*f)
for some a. But pr, fx = f,x and pr, [ f[X]] = f.[X], and hence it is sufficient to

find an a such that f,x ¢ £,[X] in E*f,. But such an a exists by condition (c). The
proof is complete. The supplement is evident ((c¢’) implies (c), if Q is topological).

As a rather general example we shall show that every closure spacz @ is homeo-
morphic with a subspace of a product P® where P is a czrtain three-point space
independent of @ and N is a suitable cardinal depending on Q.

17 C.18. Theorem. Suppose that P = (y,, ¥, y3) is a three-point set and u is

a closure for P such that

u(y1) = (1 y2), u(y2) = u(ys) = P.
(Obviously there exists exactly one such closure u.) Then every closure space
{Q, v) is homeomorphic with a subspace of the product space (P, u)**®2.

Proof. Let f be the reduced product of the family of mappings {fx|X < Q}
where fy is the mapping of (@, v) into (P, u) such that fx[X] = (y,), fx[vX — X] =
< (y2) and fy[@ — vX] = (y;). Thus fis a mapping of {(Q, v) into <P, u)***<.
We shall prove that f'is an embedding by showing that {fy} fulfils conditions (a), (b),
(c) of 17 C.17. The continuity of any fy will be proved by showing that x e vYimplies
Sxx eu fy[Y]. This is evident if Y n (Q — X) + @ because then fy[Y] contains y,
or ysand hence u fx[ Y] = P.In the opposite case we have Y = X, and hence x € vX
Sx[Y] = (y1) (because Y % 0) and finally fyx € u(y,) = u fy[ Y], which establishes
the continuity of fy. Condition (b) is fulfilled because f,)x # f,,y if x & y. Finally,
if x ¢ vX, then fyx = y; ¢ u(y,) > u fx[X] which shows that condition (c) is also
fulfilled.

It has already been shown that the operation of forming products is commutative.
Now we shall prove that this operation is also associative.

17 C.19. Associativity of products. If A is the union of a disjoint family
of non-void sets {4, | b € B} and if {P,| a € A} is a family of spaces, then the spaces
P =T{P,| ae A} and P’ = TI{ITI{P, | a € A,} | b € B} are homeomorphic.

Proof. Consider the mapping f of P into P’ which assigns to each x € P the ele-
ment {{x,|a e 4,} | be B} (cf. 5A.13). Obviously f is bijective, and it follows from
17 C.9 that a net N converges to x in P if and only if the net fo N converges to fx
in P'. By 16 A.8 both fand f~! are continuous which means that fis a homeomor-
phism.

Corollary. If {P,|a € A} is a family of spaces and A, = A, then the mapping

{x >x|A,} :T{P,|ac A} > TI{P,|aec A}
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is continuous (this mapping will be called the projection of II{P, | aeA} into
{P, | a € 4,}).

Proof. Put A, = A — A, and consider the product P' = I{II{P,|ae 4,}
] i = 1,2}. Obviously the mapping in question can be written in the form g . f,
where fis the canonical mapping of P = II{P, | a € A} onto P’ and g is the projection
of P’ into its first coordinate space P” = II{P,| a € 4,}.

D. INDUCTIVE PRODUCTS

_ Let us consider the product (P, u)> x {Q, v) of closure spaces (P, u) and {Q, v).
By definition, the collection of all sets of the form U x V, where U is a neighborhood
of x in {P, u) and V is a neighborhood of y in &Q, v}, is a local base at {x, y> in
{P,ud> x {(Q,v) for each (x, y>. Now, for each (x, y>e P x Q let ¥ (xy) be the
collection of all sets of the form
(*) ((x) x V) v (U x (y))

where ¥ runs over all neighborhoods of y in {Q, v) and U over all neighborhoods U
of x in P, u). Obviously, each 4", ,y is a filter base in P x Q and <x, y) € ¥ (1,5
By virtue of 14 B.10 there exists exactly one closure operation for P x Q such that
¥, is a local base at z for each z in P x Q.

17 D.1. Definition. The inductive product of two spaces {P,ud> and (@, v),
denoted by ind (P, u) x {@,v)), is the set P x Q endowed with the closure opera-
tion defined above. The closure of ind ((P, u) x {Q, v)), denoted by ind (u x v),
is called the inductive product closure. The neighborhoods of the form (x) are called
canonical neighborhoods for the inductive product, or simply canonical inductive
neighborhoods.

17 D.2. Theorem. The product closure is coarser than the inductive product
closure.

Proof. Every canonical neighborhood U x V of a point z for the product contains
the canonical neighborhood () of z for the inductive product (use 14 B.9).

If one of the spaces is discrete, then clearly the product closure and the inductive
product closure coincide. On the other hand, the reader may show without difficulty
that the product closure and the inductive product closure are distinct provided
that neither (P, u) nor {Q, v) is discrete (pick cluster points x of (P, u) and y of
<@, v) and show that no canonical inductive neighborhood (*) of {x, y)> contains
a neighborhood of the form U x ¥, that is, a canonical neighborhood for the product).

Recall that the product closure is the coarsest closure for the product of under-
lying sets making all projections continuous. The inductive product closure can be
characterized as follows:

17 D.3. Theorem. A closure w for P x Q is the closure structure of ind (P, u} %
x £Q, v)) if and only if the following two conditions are fulfilled:



17. SUBSPACES, SUMS AND PRODUCTS. 297

(a) Each mapping {x — {x, y>} : (P, ud - (P x Q,w), y € Q, and also each
mapping {y = <x, y>} :{Q, v) = (P x Q,w), x€P, is continuous;

(b) If a closure wy for P x Q fulfils (a) with w replaced by w,, then w, is coarser
than w.

Roughly speaking, the inductive product closure is the finest closure for the
product of underlying sets rendering all the mappings of (a) continuous.

Proof. Since clearly there exists at most one closure for P x Q satisfying con-
ditions (a) and (b), it is sufficient to show that the inductive product closure w fulfils
these conditions. The continuity of mappings of (a) follows from the evident fact that
the inverse images of canonical inductive neighborhoods are neighborhoods. We shall
prove condition (b). Suppose that w; fulfils (a) and let W be a neighborhood of a
point {x, y> in {P x Q, w,>. We shall prove that W is a neighborhood of {(x, y) in
{P x Q, w), which will imply, by 14 B.8, that w, is coarser than w. Since the mapping
{t > (x, 1>} of (Q, v) into (P x Q,w;) is continuous at y, we can choose a neigh-
borhood V of y in (@, v) whose image (x) x V under this mapping is contained in
W. Similarly we can choose a neighborhood U of x in (P, u) such that U x (y) is
contained in W. Thus ((x) x V) u (U x (y)) = W.

17 D4. If (P, u)> and {Q, v) are closure spaces, then all mappings

{x = <x, y>} : (P, u) > ind (P, u) x <Q, v))

{y = &, 90} <Q 0> - ind (CP, u) x {Q, v))

are embeddings. They will be called canonical embeddings into the inductive
product. — Evident.

Recall that a mapping finto a product space is continuous if and only if the com-
position of f with each projection is continuous.

17 D.5. Let 2, 2, and R be closure spaces. A mapping f of ind (? x 2) into &
is continuous at a point {x, y) if and only if the mapping {¢ —» ¢, WP -2
is continuous at x and the mapping {n — f{x,n)>}:2 > R is continuous at y.
Consequently, f is continuous if and only if each mapping

(®) > KEw}:2 -2, yelg,
and also each mapping

(#) {n > Kx,m}: 2> 2R, xel|2|,
is continuous.

The simple proof is left to the reader.

and

17 D.6. Example. Let us consider a single-valued relation ¢ on the set R x R

ranging in R which assigns zero to the point <0, 0> and the number xy/(x*> + y?)
to each other point {(x, y>. Now let R denote the space of reals. One can easily show

that fi i ,
at the function 0:ind (R y R) SR
is continuous, but the function
0:RxR->R
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is not continuous (at the point <0, 0)). More interesting examples will be given in
Section 19 devoted to continuous algebraic structs.

17 D.7. A point {x, y)> belongs to the closure of a subset Z of ind ({(P, u) x
x (@, v)) if and only if either x e u Z7*[(y)] or y e v Z[(x)].

Proof. First notice that Z is a relation and hence Z~'[(y)] = E{x | <x, y> € Z}
and Z[(x)] = E{y | <x, y> € Z}. It follows from the definition of neighborhoods
in the inductive product that (x, y) belongs to the closure of Z if and only if it
belongs to the closure of the set (((x) x @) U (P x (»))) n Z, and hence to the
closure of the set ((x) x Q) n Z or the set (P x (y)) n Z. Now the result follows

from 17 D4.

Recall that the product of topological spaces is a topological space. On the other
hand, it is easily seen that the inductive product of two topological spaces need
not be topological.

17 D.8. Definition. The topological inductive product of two closure spaces (not
necessarily topological) 2 and 2 is defined to be the topological modification of the
inductive product of 2 and 2, i.e. tind (Z? x 2).

17 D.9. Theorem. For any two closure spaces ? and 2 we have tind (? x 2) =
= tind (12 x 12).

The proof follows from the following simple result.

17 D.10. A subset Z of ind (P x 2) is open (closed) if and only if Z[(x)] is open
(closed) in 2 and Z™*[(y)] is open (closed) in P for each x in 2 and y in 2.

Proof: 17 D.7.

17 D.11. Theorem. A closure w for P x Q is the closure structure of
tind (P, u) x {Q,v)) if and only if w is a topological closure satisfying the
following two conditions:

(a) Each mapping {x - (x, y>} :{P,u) > (P x Q,w), ye Q, and also each
mapping {y — (x, >} :{Q,v) = (P x Q, w),x € P, is continuous;

(b) if a topological closure wy for P x Q fulfils condition (a) with w replaced
by wy, then w, is coarser than w.

Proof: 17 D.3, 16 B.3.
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18. SPECIAL SPACES

Most of this section is concerned with defining and developing the properties
of pseudometric spaces and of their generalization, semi-pseudometric spaces. In the
last two subsections we shall introduce new closure operations for ordered sets which
are used to define upper semi-continuous and lower semi-continuous mappings of
a closure space into an ordered set, in particular, into the set of reals, and we shall
introduce the usual closure operation for the set of all prime ideals of a semi-ring which
is a generalization of the closure for the set of all ultrafilters on a set (14 B.12).

In subsection A we shall introduce the concepts of a semi-pseudometric, a pseudo-
metric and a closure operation induced by a semi-pseudometric. In subsection B
the concepts of a Lipschitz continuous mapping and a uniformly continuous mapping
are introduced and studied. The main results are the metrization lemma 18 B.10
and Theorem 18 B.16 which gives a necessary and sufficient condition for a given
semi-pseudometric to be uniformly equivalent with a pseudometric.

In subsection C we shall prove that the class of all pseudometrizable spaces as well
as the class of all semi-pseudometrizable spaces is hereditary, countably productive
and closed under the operation of forming sums. Various pseudometrizations and
semi-pseudometrizations of subspaces, spaces and products are discussed. Sub-
sections A and B are intended to be an introduction to sections 23 and 24 devoted
to the examination of uniform spaces.

A. PSEUDOMETRICS

Beginning with this section we shall be much concerned with real numbers. It
seems more natural to use a terminology which is current for this situation in prefer-
ence to that introduced in 10 H.14.

Convention. A real r will be termed positive if » > 0, and non-negative if r = 0
(the corresponding terminology of 10 H.14 would be strictly positive and positive,
respectively).

18 A.1. Definition. A real-valued relation is a single-valued relation ranging in
the set R of reals. A semi-pseudometric for a set P is a real-valued relation d on
P x P which fulfils the following two conditions:
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(m 1) for each x in P, d(x,x) = 0 (i.e. d vanishes on the diagonal of P x P),

(m2) for all x, y in P, d{x, y)> = d{y,x) 2 0 (i.e., d is symmetric and non-
negative).

A semi-pseudometric d for P is a pseudometric for P if

(m 3) for each x, y and z in P, d{x, y> < d{x, z) + d{z, y) (i.e., d fulfils the
triangle inequality). '
Finally, a semi-pseudometric (a pseudometric) is said to be a semi-metric (metric)if

(m4) d{x, y> = 0 implies x = y.

A semi-pseudometric space is a pair (P, d) where P is a set and d is a semi-pseudo-
metric for P. Similarly we define pseudometric, semi-metric and metric spaces.

Thus a metric fulfils all conditions (m 1)—(m 4), “pseudo” indicates that (m 4)
is not assumed and *“‘semi” indicates that the triangle inequality is not assumed.
It is to be noted that if d is a semi-pseudometric then there exists exactly one set P
such that d is a semi-pseudometric for P (and hence, (P, d) is a semi-pseudometric
space), namely P = DDd; actually Dd = P x P for exactly one Pand P = D(P x P).

18 A.2. Definition. Let (P, d) be a semi-pseudometric space. The number d{x, y)
is called the distance from x to y in {P,d) or under d or the d-distance from x to y.
If X and Y are subsets of P, then the distance dist, (X, Y), or simply dist (X, Y), from
X to Y is defined to be +00 if X =@ or Y=90andinf {d<{x,y>|xeX,ye¥}=
= inf d[X x Y] otherwise. The distance dist (x, X) from a point x to a set X is
defined to be dist ((x), X). The diameter of X = P in P, d) is defined to be zero if
X =0, supd[X x X] if d[X x X] is a non-void bounded subset of R and + o0
in the remaining case. If r is a positive real and x € P, then the set E{y [ d{x,yy <r}
(E{y | d<x, y) < r) is called the open (closed) sphere of radius r about x or briefly,
the open (closed) r-sphere about x. A mapping f : (P, d) — {P,, d,) is said to be
distance-preserving if d,{fx, fy) = d{x, y) for each x and y in P. Two semi-
pseudometric spaces are called isomorphic if there exists a distance-preserving
bijective mapping of one onto the other.

With every semi-pseudometric there is associated a closure operation which will
be described now. Let d be a semi-pseudometric for a set P. The relation

(*) u = {X - E{x| dist(x,X) = 0} | X < P}
is a closure operation for the set P. Obviously u is a relation on exp P ranging in
exp P. Conditions (cl i), i =1,2,3, of Definition 14 A1 are verified as follows:
since dist (x,0) = +o0 + 0 we obtain u = @ which is (cl1); the self-evident
implication x € X = dist (x, X) = 0 yields X = uX which is (cl2); finally, the ad-
ditivity of u is a straightforward consequence of the following obvious equality:

dist (x, X U Y) = min (dist (x, X), dist (x, Y)).
18 A.3. Definition. If d is a semi-pseudometric for a set P, then the closure u

of (x) is said to be the closure induced by d. Unless otherwise stated every semi-
pseudometric space (P, d)> will be considered as a closure space {P, u)> where u
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is the closure induced by d. For example, if we say that fis a continuous mapping
of a semi-pseudometric space (P, d;) into another one {P,, d,),it is to be under-
stood that the mapping f: (Py, uy) — {P,, u,) is continuous, where u;is the closure
induced by d,. Similarly we shall speak, e.g., about closed or open subsets of a semi-
pseudometric space. A closure operation u (a closure space (P, u)) is said to be
semi-pseudometrizable (semi-metrizable, pseudometrizable, metrizable) if u is
induced by a semi-pseudometric (semi-metric, pseudometric, metric). For conve-
nience, two semi-pseudometrics will be called topologically equivalent if they induce
the same closure operation (especially, they are for the same set).

For convenience, before going to examples, we shall describe neighborhoods in
a semi-pseudometric space.

18 A.4. Suppose that a closure operation u for a set P is induced by a semi-
pseudometric d. Then a subset X of P is a neighborhood of x in (P, u) if and only
if the d-distance from x to P — X is not zero. Stated in other words, for each x
in P, the collection of all open r-spheres about x is a local base at x in {P, u).
Moreover, if M is any set of positive reals such that inf M is zero, then the open
r-spheres about x with r taken in M also form a local base at x in (P,u). Since M
can be taken countable, every point of {P, u) possesses a countable local base,
i.e. {P,u) is of a countable local character.

Proof. Obviously, if r and s are reals such that s < r, then the open s-sphere
about x is contained in the open r-sphere about x. Next, if M = E{n™!|n=1,2...},
then infM = 0.

Corollary. In a semi-pseudometrizable space P a point x belongs to the closure
of a subset X of P if and only if there exists a sequence {x,} in X converging to x
in P. — 15B.9,

Remark. If 0 < r < s, then the closed r-sphere about x is contained in the open

s-sphere about x. In consequence, “open r-spheres” can be replaced by “closed
r-spheres” in 18 A4,

18 A.5. Examples. (a) The relation d = {<x, > = |x — y| | <x, > eR x R}
is a metric for R inducing the closure of R. Since |z| = 0<« z = 0, we obtain
d{x, y> = |x — y| = 0 if and only if x = y, and consequently d fulfils (m 1) and
(m 4). Next d{x, y> = |x — y| = |y — x| = d{y, x) = 0 which is (m 2). Finally,
the triangle inequality |x — y| < |x — 2| + |z — | follows from obvious equality
(x = y) =(x — 2) + (z — y) because always |z, + z,| < |z4| + |z,|- Thus d is
a metric. Next, the open r-sphere about x is the open interval | x — r, x + r{
and consequently, by virtue of 18 A.4, the closure induced by d coincides with the
order closure for R. In what follows, unless otherwise stated, if R is considered as
a metric space, it is to be understood that the metric for R is the metric just defined.

(b) Let P be a set. The relation {{x, y> - 0| (x, y> € P x P} is a pseudometric
for P inducing the accrete closure for P. Conversely, if a semi-pseudometric d
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induces the accrete closure for P, then necessarily d{(x, y) = 0 for each x and y
in P because d{x, y) + 0 implies that x does not belong to the closure of (y).

(¢) If d is a semi-pseudometric (pseudometric) for a set P and r is a positive real,
then the relation {(x, y) — r.d{x, y)}, denoted by r.d, is a semi-pseudometric
(pseudometric) for P inducing the same closure as d. Since clearly d = r . d if and
only if d{x, y) = 0 for each {x, y>, we obtain that the -accrete closure for P is the
only closure for P induced by exactly one semi-pseudometric (pseudometric).

r-(d) Given a set P, let us consider the real-valued relation d on P x P which assigns
to a pair {x, y) the element 0 if x = y and 1 if x & y. Obviously d is a metric for P
inducing the discrete closure for P.

(e) If d is a semi-pseudometric for a set P, then the relation
D={X,Y)>dist;(X,Y) |0 X c P> Y=+ 0}

is a semi-pseudometric for the set exp P — (@) and d{x, y> = D{(x), (y)) for each
x and y in P. If d{x, y)> # 0 for some {x, y), that is, if d does not induce the accrete
closure for P (by (b)), then D is not a pseudometric and the closure induced by D
is not topological. Indeed, put X = (x, y) and notice that D{(x), X) = D{(y), X)> =
=0 and hence D{(x),(y)> > (D{(x), X) + D{(X,(y)p) = 0 (which shows that
the triangle inequality is not fulfilled), and (x) € uu((y)) but (x) ¢ u((y)), where u
is the closure induced by D.

(f) Let g be a measure for a set P and let & be the set of all X < P such that pX
is finite. Then d = {<X, Y) » u(X + Y)| X e &, Ye X} is a pseudometric for &
(here X + Y denotes the symmetric difference of X and Y, ie. the set X U Y —
— (X nY)). If py(u,) is the corresponding outer (inner) measure and Z,(Z,)
is the set of all X = P such that p, X(u,X) is finite, then d; = {(X, ¥) —» p(X + Y)|
|X €%, YeZ} is a semi-pseudometric for &, d; is a pseudometric but d, need
not be a pseudometric.

(8) Let u be a measure for the set R of reals such that every closed interval [ x, y |
has finite measure and u(x) = O for each x € R. Then d = {<x, y) » p([ x, y J U
Uy x])|<x y>eR x R} is a pseudometric for R. If each interval [ x, y ], x < y
has a positive measure, then d is a metric, and moreover d induces the closure of R
(i.e. the order closure for R) (in proving this, recall that uX, converges to u N{X,}
in R provided that uX, < oo and {X,} is a decreasing sequence of subsets of R).

(h) Let m be the Lebesgue measure for R and A a subset of R such that
m(A n [ x, y]) > 0 for each interval [ x, y | with x < y, and let

dy={x, -omAn([x,yJolr.x])|<x y>eR x R}.

Then d, is a metric inducing the closure of R. Notice that if p = {X — m(4 n X)},
then d, is the pseudometric d from (g).

18 A.6. Theorem. Let {{x,}, <) be a net in a semi-pseudometric space {P, d).
Then a point x of P is a limit point (an accumulation point) of {{x,}, £ in
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{P,d) if and only if zero is the limit point (an accumulation point) of the net
{dlx, x,}, <> in R.

Proof. Obviously, given a positive real r, the r-sphere U, about x is the set of all y
such that d{x, y>e] —r, r[. Thus {{x,}, £) is eventually (frequently) in U, if
and only if the met {{d(x, x,)}, <) is eventually (frequently) in | —r, r [. Now
both statements follow from the fact that open spheres about x form a local base
at x in (P, d) and the intervals J-rr [, » > 0, form a local base at zero in R.

18 A.7. Theorem. A mapping f of a semi-pseudometric space (P, d) into another
one (P, d,> is continuous at a point x € P if and only if the following conditions
is fulfilled:

For each positive real r there exists a positive real s such that d{x,y)> <s
implies d,{fx, fy) <r.

Proof. The implication d{x, y) < s = d,{fx, fy> <r is equivalent to this
assertion: the image under f of the open s-sphere about x in (P, d) is contained in
the open r-sphere about fx in {P,, d,). Since open spheres form local bases, the
statement follows from 16 ex. 3.

Remark. It is to be noted that we may write < instead of < in 18 A7,

18 A.8. Definition. A Lipschitz continuous mapping or simply a Lipschitz
mapping of a semi-pseudometric space (P, d) into another one (P,, d,) is a mapping
f of (P, d) into {P,, d,) such that there exists a non-negative K, called a Li pschit'z
bound of f, with K . d{x, y> = d,{fx, fy) for each {x, y>eP x P.

As a corollary of 18 A.7 we obtain:

18 A.9. Every Lipschitz continuous mapping is continuous.

Proof. Let f be a Lipschitz continuous mapping of (P, d) into {P,, d,) and let
always K.d<{x, y> = d{fx, fy> where K is a positive real. Given r > 0 put
s=r.K ! and apply 18 A7.

18 A.10. The composition of two Lipschitz continuous mappings is a Lipschitz
continuous mapping; more precisely, if f = (P,d) - (P, d,> and g : {P;,d{) —
— {P,,d,) are Lipschitz continuous, then g o f:{P,d) - {(P,, d,) is also Lip-
schitz continuous.

Proof. Assuming K, .d{x, y)> = d{fx, fy>, K,.d{z,t) = d,{gz, gt), we
obtain K, . K, .d{x, y> = dy{g o fx, g o f¥).

Before proceeding to an examination of the properties of semi-pseudometric and
pseudometric spaces, we derive from the triangle inequality two important in-
equalities.

18 A.11. If (P, d) is a pseudometric space, x, y, x' and y' are pointsof P and X
is a non-void subset of P, then

(*) [dist (x, X) — dist (y, X)| < d<x, y),

(#%) ld<x, y> — dCx', y'y| £ dGx, X'y + d{y, ¥
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Proof. I. If ze X, then dist(x, X) < d{x, z) and by the triangle inequality
dist (x, X) < d<x, y) + d{y, z). Taking the greatest lower bound of d{y, z) for :z
in X, we obtain dist (x, X) < d{x, y> + dist (y, X) which implies (dist (x, X) —
— dist (y, X)) £ d{x, ). The same inequality holds with x and y interchanged. For-
mula (+) follows. — IL. Formula () follows by a double application of the triangle
inequality: d{x, y) < d{x,x’y 4+ d{x', y> £ d{x, x> + d{x', y'> + d{}', y>, and
consequently dd{x, y> — d{x’,y’> £ d{x, x> + d{y, ¥'); now the conclusion
follows as in the proof of (x).

18 A.12. Theorem. If (P, d) is a pseudometric space, then

(a) the function {x — dist (x, X)}: (P, d) — R is continuous for each non-void
subset X of P;

(b) <P, d) is a topological space;

(c) every open sphere in (P,d) is an open subset of {P,d) and every closed
sphere in (P,d) is a closed subset of (P, d);

(d) if a net {{x,| ae A}, £ converges to x in (P, d), then the net {{d{x,, x, |
I(a, by e A x A}, <) converges to zero in R, where < is the product order (i.e.
<aa b> > <a1’ b1>© a g as, b g. bl)' -

Proof. L. It follows from (*) that each function of (a) is a Lipschitz continuous
function with bound 1 (R is a metric space with metric {(r,s) - |r — s|}, see
18 A5 (a)). By 18 A9 each mapping of (a) is continuous. — IL To prove (b) it is
sufficient to show that the closure of X is closed for each non-void X < P. If fis the
function of (a) corresponding to X, then clearly X = f~'[(0)]. Since f'is continuous
and (0) is a closed subset of R, X is a closed subset of (P, d) by 16 A.6. — IIL The
open (closed) r-sphere about an x € P is clearly the inverse image of the open inter-
val ]| —r, r[ (closed interval [ —r,r]) of R under the function {y — d{y, x)} :
: {P, dy - R which is continuous by (a) because d(y, x) = dist (y, (x)). Now state-
ment (c) follows from 16 A.6. — IV. Let r be a positive real. By 18 A.6 we can choose
a residual subset B of (4, £) such that b € B implies d{x, x,> < r. Clearly B x B
is residual in (4 x A4, <), and by the triangle inequality d{x,, x,> < d{x,, x> +
+ d{x, x,> < 2r for each {a, b) € B x B.

Corollary. If P is a pseudometrizable space and U is a neighborhood of a point x
of P, then there exists a continuous function f on P such that fx = 0 and fy = 1
for ye(P — U).

In a semi-pseudometric space the statements of 18 A.12 need not hold. We know that
a semi-pseudometric space need not be topological (cf. 18 A.5¢). In a semi-pseudo-
metric space which is not topological there exists at least one open r-sphere which
is not open. Indeed, at least one point has no local base consisting of open sets and
open spheres about each point x form a local base at x. Now it follows from the
proof of 18 A12 that in a semi-pseudometric space which is not topological, the
condition (a) is not fulfilled and it is easy to show that (d) may hold. Another example
may be in place.



18. SPECIAL SPACES 305

18 A.13. Example. Fix an element x of a set P and consider the real-valued
relation d on P x P such that d{y,z) =1 if x + y +z + x and d{y,z) =0
otherwise. It is easily seen that d is a semi-pseudometric for P. Let u be the closure
induced by d. It is easily seen that

(@) yeuYifandonlyif ye P, Y= Pand ye Yorxe Yorbothy = xand Y + .

(b) If ye P — (x), then u(y) = (x, y), u(x) = P, and consequently uu(y) > u(x) =
= P; thus u(y) # uu(y) if P has at least three elements.

(c) Every sphere about x is equal to P, whereas every r-sphere about a y (P — (x))
with r < 1 is equal to (y, x). If (», x) & P, then the set (x, y) is neither open nor
closed in (P, u) (by (a)). It follows that, if P has at least three points, y € (P — (x))
and 0 < r < 1, then the open r-sphere about y as well as the closed r-sphere about y
is neither open nor closed.

(d) Every continuous function on {P, u) is constant (compare with the corollary
10 18 A.12). |

Indeed, if fis a continuous function on (P, u), then fy € (fx) = (fx), because
y € u(x), and hence fy = fx for each y € P.

(¢) Let A = P — (x)and let < be the identity relation ] 4, that is, < is the smallest
order for A. If A % @, then {J,, <) is a net in (P, d) which converges to x (because P
is the only neighborhood of x). Qn the otherhand d(y,z) = 1if y + z, ye 4, ze€ A.

Remark. In a pseudometric space the closure of each open r-sphere about a point x
is contained in the closed r-sphere about x (because every closed sphere is a closed
set in a pseudometric space). This is not true for semi-pseudometric spaces; e.g. in the
semi-pseudometric space of 18 A.13 the closed and open r-spheres about a point y
of P — (x) with r < 1 are equal to (y, x) and the closure of (y, x) is P. Finally, it is
to be noted that, in a pseudometric space, the closure of an open r-sphere about
a point x need not be identical with the closed r-sphere about x. For example, if P
is a set and d is the metric for P which is equal to 1 outside of the diagonal, then the
open 1-sphere about each x is (x), but the closed 1-sphere about x is P and the set (x)
is closed because the closure induced by d is discrete. '

18 A.14. Remark. In a semi-pseudometric space open spheres need not be open
even if the induced closure is topological. This will be clear from the proof of the
theorem which follows (one can semi-metrize the space of reals such that no open
sphere is open). It will be shown in 22 ex. 9 that there exists a topological semi-metriz-
able space which cannot be semi-metrized in such a manner that each open sphere
1S open.

18 A.15. Theorem. A closure space {P, u) is semi-pseudometrizable if and only
if there exists a sequence {U,} of subsets of P x P so that U, = U, " for each
n and {U,[x] | ne N} is a local base at x in (P, u) for each x & P.

Proof. I. If a semi-pseudometric d induces u, then we can put U, = E {(x, y) |
d{x,y> < (n + 1)7'}, because U,[x] is then the open (n + 1)~ '-sphere about x. —

20 — Topological Spaces
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II. Conversely, suppose {U,} fulfils the condition of the theorem. Put V, = N{U, |
| i < n}. Cleatly {V;} also fulfils the condition (of course, with U, replaced by V). We
shall define a semi-pseudometric for P as follows: if {x, y> belongs to no ¥, then d{x,
¥y = 1,if {x, y) belongs to each V, then d(x, y) = 0 and if (x, y) e (V, — V,,,) then
d{x, y> = (n + 1)~". Evidently V,[x] is the closed (n + 1)~ '-sphere about x in
{P, d) for each x and n. It follows that d induces u.

18 A.16. Definition. A continuous semi-pseudometric for a closure space (P, u)
is a semi-pseudometric d for (P, u) such that the closure induced by d is coarser
than u, i.e., the identity mapping of (P, u) onto (P, d) is continuous. A semi-
‘neighborhood of the diagonal of (P,u) x (P, u), where (P, u) is a closure
space, is defined to be a neighborhood of the diagonal in ind ((P, u) x (P, u)),
that is, a subset U of P x P such that the set

UnU Y] =UE)nUx]) = E{y|{(x, y>eU,{y,x>eU}
is a neighborhood of x in (P, u) for each x in P.

Stated in other words, U < P x P is a semi-neighborhood of the diagonal of
(P, u) x {(P,u) if and only if, for each x in P, there exists a neighborhood V of x
in (P, u) such that the cross ((x) x V) u(V x (x)) is contained in U. On the
other hand, U < P x P is a neighborhood of the diagonal in {(P,u) x (P, u)
if and only if, for each x in P, the square ¥ x V is contained in U for some neigh-
borhood V of x. :

18 A.17. Theorem. Each of the following conditions (a), (b), (c) and (d) is neces-
sary and sufficient in order that a semi-pseudometric d for a closure space P be
continuous:

(a) For each x in P and each positive real r there exists a neighborhood V of x
in P such that d{x, y) < r for each yin V. ‘

(b) For each x in P the function {y — d{x, y>} on P is continuous at x.

(¢) The function d :ind (P x P) — R is continuous at each point of the diagonal.

(d) For each positive real r the set

d ]« r[]=4d""[<'[("]] = E{Kx, ¥ | d{x,yy <r}
is a semi-neighborhood of the diagonal of P x P.

If d is a pseudometric then also each of the following two conditions is necessary
and sufficient (of course, each of these is always sufficient):

(e) The function d : P x P — R is continuous;

(f) For each positive real r, the set E{(x, y)> | d(x, ) < r} is a neighborhood
of the diagonal of P x P,

Proof. I. The conditions (a), (b) and (d) are restatements of the definition. Con-
dition (c) is equivalent to (b) by virtue of 17 D.5 (remember that d is symmetric). —
II. Obviously (e) implies (c) and (f) implies (d). Thus both conditions (¢) and (f)
are sufficient. — III. Condition (e) implies (f) because the inverse image under a con-



18. SPECIAL SPACES 307

tinuous mapping of an open set is an open set (by 16 A.6). — IV. It remains to show
that some of the conditions (a)—(d) imply (e). The proof of each of these implica-
tions requires the triangle inequality. It will be shown that (a) implies (¢). Suppose (a),
{x, y) € P and r > 0. By (a) there exist neighborhoods U of x and V of y in P such
that d{x, x> < 27'r for x’ in U and d{y, y') < 27'r for y' in V. Now if
{x', y'> €U x V, then from formula (++) of 18 A.11 we obtain

[d<x, y> — <, ¥)| S dCx, %'y + d<y, ¥y <227 =
which establishes the continuity of d : P x P — R at the point {x, y)> (by 18 A.7).

B. CLASSES OF SEMI-PSEUDOMETRICS

Pseudometrizable spaces possess many properties which are not possessed by semi-
pseudometrizable spaces. In 18 A.12 we proved that every pseudometrizable space
is topological and that there are enough (in the sense of the corollary of 18 A.12)
continuous functions on it; on the other hand, the semi-pseudometrizable space
of 18 A.13 is not topological and every continuous function is constant. Nevertheless,
these two properties are far from sufficient for a semi-pseudometrizable space to be
pseudometrizable. Now we are able to prove that every open cover of a pseudo-
metrizable space has a locally finite (open) refinement. Nevertheless, an understanding
of this property, which added to semi-pseudometrizability “almost” gives pseudo-
metrizability, requires more advanced development and therefore we shall consider
this property later. Without this property we cannot satisfactorily solve the so-called
metrization problem: under what necessary and sufficient conditions is a given semi-
pseudometrizable space pseudometrizable? On the other hand we can find some
sufficient conditions which are, perhaps, more important in practice than any solution
of the metrization problem.

Let us state the problem to be treated in this subsection as follows: given a semi-
pseudometric d, we want to find sufficient conditions, involving no properties of the
closure induced by d, for d to be topologically equivalent to a pseudometric.

The exposition will be based upon the fact that, given a semi-pseudometric d for
a set P, there exists a pseudometric D for P such that D{x, y> < d{x, y) for each
{x, yy,and if D' is a pseudometric for P such that D'{x, y) < d{x, y) for each {x, y>,
then D'(x, y) £ D{x, y) for each {x, y> (18 B.3).

For convenience we shall introduce some relations connected with the class
of all real-valued relations.

18 B.1. Remark. Let < be the relation consisting of all pairs {f, g) such that
fand g are real-valued relations, Df = Dg and fx < gx for each x € Df. Obviously
< is an order for the class of all real-valued relations and, for each set X, the product
ordered set R* is an ordered subset of the class of all real-valued relations ordered
by <. Next, we shall denote by + (., respectively) the partial composition on the

20*
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class of all real-valued relations such that ({f; g>, h) € + (e ., respectively) if
and only if Df=Dg and h={x > fx + gx|xeDf} (h={x > fx.gx|xe
€ Df}). Thus f + g is defined if and only if Df = Dg, and if f + g is defined, then
(f+ g) x = fx + gx for each xe D(f + g). Obviously both + and . are strongly as-
sociative, and hence, by 13 A4, form categoroid structures. Naxt, both + and . are
commutative. Finally, if r is a real number and f is a real-valusd relation, then r . f
denotes the real-valued relation {x - r.fx|xeDf} = {x » r|xeDf}.f Thus
an expression r. f has two meanings; if both r and f are relations, then r. f =
= {x - rx. fx} and if r is a real number and fis a relation than r . f = {x — r. fx}.

- 18 B.2. Theorem. The ordered class of all real-valued relations is boundedly order-
complete. Let { f, [ ae A} be a non-void family of real-valued relations with common
domain P x P, where P is a set, and let there exist sup {f,} and inf {f;}. Then

(a) If each f, is symmetric, then so is sup {f,} and inf {£,}.

(b) IfX =« P x Pandf,| X = g foreacha, then(sup {f,}) | X = (inf {£.}) | X =
= g.In particular, if all the f, vanish on the diagonal of P x P, then both inf {f,}
and sup {f,} vanish on the diagonal.

(c) If each f, fulfils the triangle inequality (i.e. f(x, p> £ f<x, 2) + f:(z, ¥)),
then sup {f,} also fulfils the triangle inequality (although inf {f,} need not do so).

(d) If each f, is a semi-pseudometric then so is sup {f,} and inf {f,}.

(€) If each f,is a pseudometric, then sup {f,,} is also a pseudometric (although
inf {f,} need not be a pseudometric).

Proof. The statements (a) and (b) are obvious, (d) follows from (a) and (b), (e)
follows from (c) and (d). Statement (c) perhaps needs a detailed proof. Let f stand
for sup {f,} and let x, y, z be any elements of P. To prove f{x, y> < f(x,z) +
+ fKz, y> it is sufficient to show that f(x, y> — r £ Kx, z) + f{z, y) for each
positive real r. Given a positive real r we can choose an a in 4 so that f,(x, y)> 2
2 fx, y> — r. Clearly, x, y> —r £ fux,y> £ fulx, 2) + fu2, p> S %2> +
+ f{z, y>, which concludes the proof.

Remark. On can construct without difficulty two pseudometrics d and d; such
that inf (d, d,) is not a pseudometric. It is easily seen that if 4 and d, induce the same
closure operation, say u, then inf (d, d,), which is a semi-pseudometric, also in-
duces u. On the other hand, we shall prove in ex. 11 the following surprising result:
there exist two metrics d and d, inducing the closure structure of theinterval [0, 1 ]
of reals such that no pseudometric d, < inf(d, d,) induces the closure structure
of [0,1].

18 B.3. Corollary. For each semi-pseudometric f there exists a greatest pseudo-
metric d smaller than f, i.e. d £ f and if a pseudometric d, is smaller than f,
then d, £ d.

Proof. Let .# be the set of all pseudometrics smaller than f. Since the constant
relation {z — 0|z € Df} is a pseudometric smaller than f, the set .# is non-void
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and by 18B.3 d = sup .# is a pseudometric. Obviously d is the greatest pseudo-
metric smaller than f.

We shall need the following description of the greatest pseudometric smaller than
a given semi-pseudometric.

18 B.4. Theorem. Let d be the greatest pseudometric smaller than a given semi-
pseudometric f for a set P. Then

(a) For each {x, y) € P x P the number d{x, y) is the greatest lower bound of
all the numbers

(#) Z{Kxp x> |1 S (n = 1)},
where n € N and {x; | i £ n} is a finite sequence in P such that x = x, and y = x,.

(b) If h is a one-to-one relation such that Dh = Eh = P and f= fo(h x h),
then d = do(h x h) (i.e., if f is invariant under a one-to-one relation h on P
ranging on P, then d is invariant under h as well).

Proof. For brevity, call any finite sequence {x;|i < n} in P such that x, = x
and x, = y a chain from x to y.

1. Denote by D the real-valued relation on P x P which assigns to each {x, y) e
€ P x P the infimum of all the numbers (x) where {x; | i < n} runs over all finite
chains from x to y. If {x; | i < n} is any chain from x to y, then the corresponding
number (*) is greater than E{d(x;, x;4,) | i < n — 1} which, by the triangle in-
equality, is greater than d{x, y>. As a consequence, D{x, y> = d{x, y> for each
{x,y>€P x P, ie. D 2 d. Since clearly D < f, the proof of (a) will be complete
if we show that D is a pseudometric.

"II. Obviously D is non-negative and D vanishes on the diagonal. The symmetry
of D follows immediately from the following two evident facts: given a pair {x, y) €
€ P x P, the single-valued relation g, which assigns to each chain {x; | i < n} from
x to y the chain {x,_; | i £ n} from y to x, is one-to-one and ranges on the set of all
chains from y to x; and the number (*) corresponding to a chain {x; | i < n} from x
to y is equal to the number (%) corresponding to the chain ¢{x;} = {x,_;|i £ n}.
It remains to prove the triangle inequality. Let x, y, z € P. Let {x;|i < n} be any
chain from x to z, {y;|i < m} be any chain from z to y. Consider the chain
{z;]i < n + m},wherez; = x;ifj < nand z; = y;_,ifj = n(notice that x, = y,).
Clearly {z;} is a chain from x to y and the number (*) corresponding to {z;} is the
sum of numbers corresponding to {x;} and {y;}. Thus

D{x, y> £ 2{f<xi7xi+1>} + E{f()’i, .Vi+1>}

where {x;} is any chain from x to z and {y;} is any chain from z to y. Taking the
greatest lower bound over all finite chains {x,} from x to z we obtain

D{x, y> £ D{x, 2D + Z{Kyi Vie 10}

for each chain {y;} from z to y, and finally, taking the greatest lower bound over all
{y:} we obtain the required triangle inequality.
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III. The proof of (b) follows the proof of the symmetry of D in II. Suppose fo
o(h x h) = f, where h is one-to-one and Dh = Eh = P. Fix a pair {x, y>in P x P.
We must show that d{(x, y> = d{hx, hy). Consider the single-valued relation ¢
which assigns to each chain {x;} from x to y the chain {hx;} from hx to hy. It follows
from our assumptions on h that g is one-to-one and ranges on the set of all chains
from hx to hy. Now the conclusion follows from the fact that the number (*) cor-
responding to a chain {x;} from x to y is equal to the number (%) corresponding
to the chain o{x;} = {hx;}.

18 B.5. Examples. (a) First consider the semi-metric f for N such that (0, n) =
=n"!, f{n,m) = 1foreach n £ 0 + m % n. It is easily seen that O is the only
accumulation point of (N, f>, and that the sequence {n + 1 | n e N} converges
to 0. Next, if d is the greatest pseudometric smaller than f, then d{0,n) = n~!
and d{n,m) = n~' + m~' whenever n # 0 %+ m % n. It follows that f and d
are topologically equivalent.

(b) Now we shall show that a semi-metric need not be topologically equivalent
to the greatest smaller pseudometric. Let {N, u) bz a space such that 0 is the only
accumulation point and the sequence {n + 1|ne N} converges to 0. By (a) the
space N, u) is metrizable. Let Q be the discrete space whose underlying set is the
two-point set (0, 1) and let us consider the product space (P,v) = @ x (N, u).
The space (P, v) is metrizable becausz it can be metrized, for instance, by the metric d
which assigns 1 to each point ({0, n), (1, m>), n~! to each point (i, 0), {i, nD),
n#+0,and n”! + m™! to each point (i, n), (i, m)) where n + 0 + m % n.
Now let f be the semi-metric for P such that (<0, n>,<{1, nd>) = n~' if n & 0 and
fx, y) = d{x, y> otherwise. Clearly f induces the same closure as d but if D is the
greatest pseudometric smaller than f, then D{(0,0), (1,0>) = 0 (consider the
chains 0, 0), <0, n), {1, n), (1, 0>>), and consequzntly, D is not topologically
equivalent to f.

18 B.6. Definition. Two semi-pseudometrics d and d, are said to be Lipschitz
equivalent if they are for the same set, say P, and the identity mapping of (P, d)
onto (P, d,) as well as its inverse is Lipschitz continuous (see 18 A.8).

18 B.7. Theorem. Lipschitz equivalent semi-pseudometrics are topologically
equivalent. The relation E{{d, d,) | d, is Lipschitz equivalent with d} is an equi-
valence on the class of all semi-pseudometrics. Two semi-pseudometrics d and d,
are Lipschitz equivalent if and only if there exist positive reals r and s such that
r.d<d, £s.d.

The proof follows at once from the definitions and from properties of Lipschitz
continuous mappings (18 A.9, 18 A.10).

Remark. Let < be the relation consisting of all pairs {(d, d{) such that 4 and 4,
are semi-pseudometrics and d < r. d, for some positive real r. It is easy to see that
< is a quasi-order on the class of all semi-pseudometrics and d < d; < d if and only
if d and d; are Lipschitz equivalent.
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18 B.8. A semi-pseudometric d is Lipschitz equivalent to a pseudometric if and
only if d is Lipschitz equivalent to the greatest pseudometric D smaller than d.

Proof. “If” is self-evident. Conversely, suppose that r . d;, < d < 5. d, for some
pseudometric d; and positive reals r and s. Since r. d, is a pseudometric smaller
than d, we have r.d; < D;since obviously D < d, we find that D is Lipschitz equiva-
lent to d,, and hence to d.

Suppose that a semi-pseudometric f for a set P is Lipschitz equivalent to the
greatest pseudometric d smaller than f, that is, L. f < d < f for some positive
real L. If {x; | i < n} is a finite sequence in P, then f{x,, x,> < L™'. d{xq, x,> <
S L 2{dx, xeqp | i S (n= 1)} £ LY E{fAxy, x40 | i £ (n = 1)}. Con-

versely, if fxes %) £ Lt 2{f<xi’ Xi1) | isn-— 1} 5
for each finite sequence {x; l i < n}in P, then Lf < d by 18 B.4. Thus we have proved:

18 B.9. A semi-pseudometric for a set P is Lipschitz equivalent to a pseudo-
metric if and only if
HKxp, x,) £ K. Z{f("i: Xg+p) | i £ (" - 1)}
for some real K and each finite sequence {x;|i < n} in P.
Now we shall prove that the inequality of 18 B.9 is fulfilled with K = 2 whenever f

fulfils a very curious inequality involving sequences of four points. Another suffici-
ent condition for the inequality of 18 B.9 will be given in ex. 7.

18 B.10. Lemma. Ler f be a real-valued relation on a class P x P such that
Sx, x> = 0and f{x, y> 2 0 foreachxe P,ye P (i.e.fis non-negative and vanishes
on the diagonal) and

(*) SXgs X3 < 2 max (f<x0s X105 KXy, X2, [{x2, xa))
for each sequence {x;|i < 3} in P. Then

(,**) Sxoy Xyi1) =2 Z{f("i, Xi41) l i< "}
for each finite sequence {x;|i < n + 1} in P.

Proof. Assuming that (*x)is not true, let us consider the smallest n in N such that
(*) is not true for an appropriate sequence {x;| i < n + 1}and putr = Z{fx;, ;41 |
| i £ n}. Thus f(xq, X,+1> > 2r 2 0. It is easily seen that n > 3 (if n = —1, then
it is to be understood that the sum of a void family is zero). Let us consider the
greatest integer m such that —1 < m < n and Z{f(xi, Xir1) | i < m} < v

If m = n, then clearly r = 0 and hence f{x,, x;;,» = 0 for each i £ n (fis non-
negative) which implies that f(x,, x,+,» = 0 (because (**) is true for n < 3) and
this contradicts our assumption f{xq, x,+,> > 0. Thus m < n. According to the
choice of n we have f(Xq, Xp+1) < 2 Z{f(x;, X;41) | i £ m} £2.%r = r. Clearly
St Xmea S v and E{fx;, X;q)|i=m +2,..,n} < 4r, and therefore,
by our choice of n, Kxpiz, Xp41> = 2.3 r =r. Thus f(xq, Xpp1y =
< 208X (KXos Xps 10> S mt 15 Xmt 29> S<om+ 25 X +1>) = 2r which contradicts our
assumption. The proof is complete.
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Remark. If fis a symmetric real-valued relation on P x P vanishing on the
diagonal and satisfying condition (*), then f is non-negative (put x, = x, = x and
Xy = X3 = y in ()). Thus (x*) is true whenever f is symmetric, vanishes on the .
diagonal and satisfies (*).

18 B.11. Theorem. Let f be a semi-pseudometric for a set P such that f{xy, X3> <
< 2max {f(x;, x;+1) | i S 2} for each sequence {x;| i < 3} in P. Then there exists
a pseudometric d such that 27! . f < d £ f, and if h is a one-to-one relation such
‘that Dh = Eh = P and fo(h x h) = f, then d o (h x h) = d. For d one can take
the greatest pseudometric smaller than f.

Proof. Consider the greatest pseudometric d smaller than f and apply 18 B.10
and 18 B.4.

18 B.12. Corollary. Let P be a set and let {U,} be a sequence of subsets of P x P
such that Uy =P x P, Up,10Upy10Upsy € U, = Ut o |, for each n. Then
there exists a pseudometric d for P such that

(*) Upsr © E{Gx, p> | d<x, > < 27®*V} c U,

Jfor each n, and if h is a one-to-one relation such that Dh = Eh = Pand (h x h)[U,] =
= U, for each n, then d o (h x h) = d.

Proof. Let us consider the real-valued rzlation fon P x P which is 27" on each
set U, — U,., and zero on N{U,}. Since U, = U, ' > J, for each n, fis a semi-
pseudometric for P. If (x;, x;,,> €U,,, for each i < 2, then {xg, X35> €U, 410
oUps10Uysq = U, and hence f(xq, x3)> £ 27" =2.27"*D which proves that
Sxo, X3) < 2 max {x;, x;+,> | i £ 2} for each sequence {x;|i < 3} in P. Let
us consider the pseudometric d of 18 B.11. Clearly () holds.

The foregoing result enables us to give a necessary and sufficient condition for
a closure space to be pseudometrizable. Recall that by 18 A.15 a closure space P
is semi-pseudometrizable if and only if there exists a sequence {U,} of symmetric
subsets of P x P such that {U,[x] | n € N} is a local base at x for each x in P.

18 B.13. Theorem. A closure space P is pseudometrizable if and only if there
exists a sequence {V,} of symmetric subsets of ? x P such that V,y oV, <V,
for each n and {V,[x] | n € N} is a local base at x.for each x in 2.

Proof. If the closure structure of a space £ is induced by a pseudometric d then
we can take ¥, = E{(x, y) | d(x, y> < 27"}. Conversely, given {V,}, let us consider
the sequence {U,} where Uy = |2| x |#| and U, = V,, for n > 1, and the pseudo-
metric d of 18 B.12. It is easily seen that d induces the closure structure of 2.

18 B.14. Definition. A mapping f of one semi-pseudometric space (P, d) into
another {(P,, d,) is said to be uniformly continuous if for each positive real r
there is a positive real s such that d{x, y> < s implies d,{fx, fy> < r, that is
(f x AIE{x, y> | d<x, yy < s}] = E{Kxy, y1> | d,(x1, ¥,> < r}. Semi-pseudomet-
rics d and d, are said to be uniformly equivalent if they are for the same set, say P,
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and the mappings ) : (P, d) = (P, d;) and ):{P,d;) —» {P,d) are uniformly
continuous.

18 B.15. Every Lipschitz continuous mapping is uniformly continuous and every
uniformly continuous mapping is continuous. Any two Lipschitz equivalent semi-
pseudometrics are uniformly equivalent and any two uniformly equivalent semi-
pseudometrics are topologically equivalent. The composition of two uniformly con-
tinuous mappings is a uniformly continuous mapping. Thus the composition of
mappings is a strongly associative partial composition on the class of all uniformly
continuous mappings. The relation E{(d, d,) | d is uniformly equivalent with d,}
is an equivalence on the class of all semi-pseudometrics.

The proof is simple and therefore left to the reader.

Now we shall prove a very useful consequence of 18 B.11 and 18 B.12, The meaning
of this result will be seen in Section 24.

18 B.16. Theorem. A semi-pseudometric g for a set P is uniformly equivalent
to a pseudometric if and only if the following condition is fulfilled:

Jor each real r > O there exists a real s > 0 such that g(x, y> < s, g{y,z) <s
imply g{x,z) <r.

Proof. I. Suppose that g is uniformly equivalent with a pseudometric d and let r
be a positive real. Choose a positive real r, such that d(x, y> < r; implies g{x, y) <
< r, and then a positive real s such that g{x, y)> < s implies d{x, y)> < ir;. If
gix, y> <s, gi{x,z> < s, then d{x,z) £ d{x,y) + d{y,z) £2.%.r, = r,and
hence g{x, z) < r. — I Conversely, assuming that the condition is fulfilled, let us
consider a sequence {r,} of positive reals such that g{xo, X;> < Fps1, g<{Xos X3> <
< Ppit> %25 X3) < Fpsq imply g<{xo, X3> < r,, and also the sequence {U,,} where
Uy =P x P and U, = E{Kx, y) | g<x, y> < r,} for n = 1. Let d be the pseudo-
metric of 18 B.12. It follows immediately from 18 B.12 that d is uniformly equivalent
to g.

Corollary. If a semi-pseudometric g is uniformly equivalent to some pseudometric
and if h is a bijective relation on P with g o(h X h) = g, then g is uniformly
equivalent to a pseudometric d with d o (h x h) =d.

In conclusion we shall state a few simple results which will be used without any
reference.

18 B.17. If d is a semi-pseudometric (pseudometric) and r is a positive real, then
r.d is a semi-pseudometric (pseudometric) Lipschitz equivalent to d, and
D = {x —» min (r, dx) | x e Dd} is a semi-pseudometric (pseudometric) uniformly
equivalent to d but not Lipschitz equivalent to d provided that d is not bounded
(i.e. such that Ed is not a bounded subset of R).

18 B.18. Let ¢ be a non-negative real-valued relatior; whose domain is the set
of all non-negative reals and let ¢Q0 = 0. Then
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(a) If d is a semi-pseudometric then @ o d is a semi-pseudometric, but ¢ o d need
not be a pseudometric if d is a pseudometric.

(b) If @(x + y) £ @x + @y for all non-negative reals x and y (a real-valued
relation satisfying this condition is often said to be subadditive) and d is a pseudo-
metric, then @ o d is also a pseudometric.

(¢) If ox + 0 whenever x 0 and if d is a semi-metric, then ¢ o d is also
a semi-metric.

(d) If K .x £ ¢x < L. x for each x 2 0 and some reals K and L,K > 0, then
¢ o d is Lipschitz equivalent to d for each semi-pseudometric d.

() If :[0,>] - [0, -] is continuous at 0 and d is a semi-pseudometric
for a set P, then the identity mapping of {P,d) onto {P, ¢ od) is uniformly
continuous.

C. SEMI-PSEUDOMETRIZATION OF SUBSPACES,
SUMS AND PRODUCTS

Various semi-pseudometrizations of subspaces, products and sums of semi-pseudo-
metrizable spaces will be discussed. The topological parts of the results of this section
are summarized in the following theorem.

18 C.1. Theorem. Each of the classes of all pseudometrizable, metrizable, semi-
pseudo-metrizable and semi-metrizable spaces is hereditary and closed under coun-
table products and arbitrary sums. The inductive product of two semi-pseudometri-
zable (semi-metrizable) spaces is a semi-pseudometrizable (semi-metrizable) space.

18 C.2. If Q is a subset of a set P and if d is a pseudometric (metric, semi-pseudo-
metric, semi-metric) for P,then the domain-restriction dy of d to Q x Q is a pseudo-
metric (metric, semi-pseudometric, semi-metric) for Q, called the relativization
of d to Q or therestriction of d to a semi-pseudometric for Q, and the closure induced
by d, is a relativization of the closure induced by d. The space {Q, dy) is sometimes
called a subspace of (P, d).

The proof is simple and therefore left to the reader.

18 C.3. Remark. If (Q,v) is a subspace of a semi-pseudometrizable space
{P,u) and if v is induced by a semi-pseudometric d, then d is a relativization of
some semi-pseudometric inducing the closure u. Actually, suppose that a semi-
pseudometric D induces u and consider the real-valued relation d; on P x P such
that d,{(x, y> = d{x, p>if{x,y>e Q@ x Q and d,{x, y> = D{x,y) otherwise;
obviously d is a restriction of d; to d and one can prove without difficulty that
d, is a semi-pseudometric inducing u. On the other hand, if d is a pseudo-
metric and (P, u) is pseudometrizable, then, in general, d is not a relativization of
any pseudometric inducing u. For example, let us consider 2 non-void discrete sub-
space {Q, v) of a pseudometrizable spacz (P, u) such that Q has an accumulation
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point, say x, in (P, u) (thus xe P — Q). Clearly v is induced by the metric d the
only values of which are the numbers 0 and 1 (thus d<{x, y) equals 0 or 1 for x = y
or x #+ y respectively). Suppose that d is the relativization of a continuous pseudo-
metric D for {P, u). Choose a sequence {x,,} in Q which converges to x in (P, u).
It follows that the sequence converges to x in (P, D). By 18 A.12 we find that the
net {D{x,, X,y | (n, m) e N x N} converges to zero in R. But this is impossible
because D(x,, x,,> = d {(x,, x,» = 1 for each n and m such that x,, + x,.

18Cd4. If Q is a subset of a set P and a pseudometric D for Q is Lipschitz
equivalent to the relativization to Q of a pseudometric d for P, then D is the
relativization of a pseudometric Lipschitz equivalent to d.

Proof. Suppose that there exist positive reals K and L such that L. d{x, y) <
£ D{x, y> £ K. d{x, y) for each x and y in Q. Consider the real-valued relation f
on P x P which assigns to each {x, y) the number D{(x, y> if {x, y> € @ x Q and
K. d{x, y)> otherwise. Clearly f is a semi-pseudometric for Pand L.d £ f< K . d.
Let d, be the greatest pseudometric smaller than f. Thus d; < f and, L. d being
a pseudometric, L.d < d;, so that L. d £ d, £ K. d. On the other hand, using
the description of d given in 18 B.4, we see immediately that D is a relativization of d,.

18 C.5. Suppose that P is the sum of a family {P,|a€ A4} of sets and {d,} is
a family such that d, is a semi-pseudometric for P,. Choose a positive real number
r and put, for each <{a, x> and (b, y) in P,

d{{a, x),<b,y>> =r if a#*b,
=dJlx,yy if a=b.

It is easily seen that d is a semi-pseudometric, and the closure induced by d is the sum
of the induced closures. Next, if each d,is a semi-metric, then 4 is also a semi-metric.
On the other hand, if all the d, are pseudometrics then d need not be a pseudometric.
For example, if there exist a, be A, a + b, x € P, and y, z € P, such that d,{y, z)> >
> 2r, then d{inj, y, inj, z> = dp{y, z) > 2r = d{inj, y, inj, x> + d{inj, x, inj, z).
Nevertheless, if 2r = d,(x, y> for each a and <{x, y) € P, x P,, then clearly d is
indeed a pseudometric. Now if {¢{P,, u,p} is a family of pseudometrizable spaces then
we can find a family {d,} such that d, is a pseudometric inducing u, and d,(x, y) < 1
for each x and y in P,, and the semi-pseudometric d constructed above with r = 1
will be a pseudometric inducing the closure of £{(P,, u,>}. It is to be noted that the
mappings inj, : (P, d,» - {P, d) are distance-preserving (i.e. isometric).

18 C.6. Let {(Pa, dy | a eA} be a finite family of semi-pseudometric spaces
and let u, be the closure induced by d,. Each of the following three real-valued
relations on II{P,} is a semi-pseudometric for P inducing the closure of TI{{P,,u,)}:

(*) did{xa}, {ya}> = max {doCx,, ya> |a € 4},
(xx) dal{xa}, {¥a}}> = (B{(dulxa y22)? | a € A})F,
(exx) d3{{x,}, (a}> = Z{d(xp yay | a € A} .
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If all the d, are pseudometrics, metrics or semi-metrics, then d; have the same
property. We always have

(t)dy £d; £dy <card4.d,
and consequently all three semi-pseudometrics are Lipschitz equivalent.

Proof. Obviously all the d; are semi-pseudometrics, and if all the d, are semi-
metrics, then all the d; are again semi-metrics. Also it is clear that d, and d; are
pseudometrics if all the d, are pseudometrics. The triangle inequality for d, follows
at once from the following well-known Cauchy inequality

(E{ra + s)7)* = 2D + G2}

which holds for each finite family {r,} and {s,} in R. The inequality (t) follows from
the inequality
max {r,} < (E{rZ})* < Z{r.} < card 4. max {r,}

which holds for each finite family {r, | a € A} of non-negative reals. Since all the d;
are Lipschitz equivalent, they are topologically equivalent, and consequently, to prove
that each d; induces the product closure u = II{u,}, it is sufficient to show that one
of them induces u. It is clear that d, induces u because for each {x,} € P and each
positive real r we have U = II{U, | a € 4}, where U is the open r-sphere about {x,}
in (P, d,)» and U, is the open r-sphere about x, in {P,, d,).

18 C.7. Remarks. (a) Under the assumptions of 18 C.6, if all the d, are pseudo-
metrics, then d, is the greatest pseudometric for P such that, for each o in A and each
{x.} € P, the mapping of {P,, d,» into {P, d;) which assigns to each ye P, the
element {y,} € P where y, = y and y, = x, for a€ A — (), is a distance-preserving
mapping.

(b) Under the assumptions of 18 C.6 let us consider the semi-pseudometrics
dy = {{x,y> = d{pr,x, pr, > | (x, > e P x P}, aeA, for P. Clearly d, =
= sup {d;}, d, = (Z{d} . d}})%, d; = Z{d}}.

18 C.8. Theorem. The mappings {{x, y> = x + y} : R x R > R, and {{x, y) —
- x .y} :R x R—> R are continuous (roughly speaking, the addition and the
multiplication of reals are continuous).

Proof. We know that {(x, y> - |x — y||<{x, y> € R x R} is a metric inducing
the closure of R. By 18 C.6, d = {<<xy, y1), (X2, y2)D = |%1 — %2| + |y1 - yzl}
is a metric inducing the closure of R x R. Now to prove that addition is continuous
it is sufficient to show that + : (R x R, d) — R is a Lipschitz continuous mapping,
and this is true because evidently

|(x1 + }’1) - (xz + ,Vz)l =< le - le + |J’1 - }’zl = d{<{x1, ¥17» {X2, Y27 -

Multiplication isf not Lipschitz continuous on the whole (R x R, d), but its
restriction to each subspace Q=<{[ -M,M] x[-M,M],dp), M >0, is
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Lipschitz continuous. Indeed, from the obvious inequality |x1 YL — Xs . y2| <
< |yl Jxy = x2| + %] - [y — 2| we obtain

Xy - y1 = %2 ya2| £ Md{{xy, y1), (X2, ¥2))

for each {({xy, y1), (X2, ¥2)) € Q. Thus multiplication is continuous on each indi-
cated subspace Q of R x R. But such Q interiorly cover R x R, and thus multi-
plication is continuous.

From the last theorem we shall derive two important results; the first of these has
already been proved directly and will be proved in a more general situation inthe
next section. It is to be noted that the proof is so arranged as to be applicable to
the casz where the rangé is a topological ring.

18 C.9. Corollary. If the functions f:P — R and g: P — R are continuous,
then so are the functions f+ g:P—Rand f.g:P > R,

Proof. Since the composition of two continuous mappings is continuous, the proof
follows at once from the following obvious equalities:

f+g:P>R=({¢x,y)>x+y}:Rx R=>R)o({x > {fx,gxD} : P> R x R)
fog:P>R=({xy>—>x.y}:R x Ro>R)o({x = {(fx,gx)} : P— R x R)

18 C.10. Let f be a real-valued relation on a closure space P. The function f: P —

— R is continuous if and only if
d={{x, y> = |fx = fy| Kx, y> € P x P}
is a continuous pseudometric for P.

Proof. I. Suppose that d is a continuous pseudometric for P. Clearly (f: P —» R) =
= (f: (P}, @> > R) o (Jjp : P > {|P|, d)). The identity mapping of P onto
<|P|, d) is continuous by our assumption, and the mapping f of <|P|, d) into R is

.clearly Lipschitz continuous and hence continuous. Thus f: P — R is continuous
by 16 A.3. — IL. Now suppose that f: P — R is continuous. By 18 A.17 it is enough
to show that d: P x P — R is continuous, and this follows from the following
factorization of d:

d=g309309; °(fxf),

where g; = {(x, y)> = (x,—y>} (product of )5, and {y > —y}), g, = {<x, y> —
- x + y}and g5 = {z > |z|| ze R} — the latter is continuous because ||z,| — |z,|| £
= |21 - zz|.

18 C.11. Remark. The product P of an uncountable family {P,|ae A} of
semi-pseudometrizable spaces need not be semi-pseudometrizable. Indeed, if P + 0
and if P, is not an accrete space for an uncountable number of a’s in 4, then P is not
of a countable local character by 17 ex. 3. For example, if m is an uncountable
cardinal, then the spaces R™ and (0, 1)” are not semi-pseudometrizable.

Now if {d, | a € A} is a countable infinite family of semi-pseudometrics, then the
numbers (), (*x) and () in 18 C.6 may be infinite and therefore d; need not be
meaningful. Nevertheless, if the d, are sufficiently small, then d,, d, and d, can be
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defined by the same formulae (in (x) one must write sup). To prove this we need some
elementary current results on the convergence of series of real numbers which will
be derived in the next section. According to the commutativity of the operation of
taking products we may restrict ourselves to the case where A = N. For the sake
of completeness we shall give a direct proof of facts following from the elementary
properties of series; the reader familiar with these can omit the first part of the proof.

18 C.12. Let {(P,,, d,,)} be a sequence of semi-pseudometric spaces such that
d(x, y> £ 27" for each {x, y) in P, x P,and n in N. Let u, be the closure induced
by d, and let (P, u) be the product of the sequence {{P,, u,>}. Let D;, i = 1,2,3
be the real-valued relation on P defined by the following formulae:

(*) Di<x, y> = sup {d.{pr, x, pr, y> | n e N},
(x%) D3(x, y> = (Z{(dupra x, pr, 0)* | n e N}¥,
(#+x) D3(x, y> = ={d,pr, x, pr, ¥> | neN}.
Then D, i = 1,2,3, is a semi-pseudometric inducing the closure u, and if all d, are
semi-metrics, pseudometrics or metrics, then D; has the same property.

Proof. 1. Let D%, i = 1,2,3, k € N, be defined by the corresponding formula for D,,
where the indices are restricted to the set of all n < k. As in the proof of 18C.6
one can show that DY < D} < D% and clearly Di(x, > S Z{27"|n S k} < 2.
Next, obviously, for each {x, y> in P x P, the sequence {D¥(x, y) | k e N} is non-
decreasing; being bounded, there exists its supremum which is equal to the only
limit point of this sequence (which is defined to be the sum of corresponding series)
i.e. D{x, y>. Hence D; £ D, < Ds, and if each D% is a semi-pseudometric, or pseudo-
metric then so is D;. But clearly each D% is a semi-pseudometric, and if each d,
is a pseudometric, then each D% is also a pseudometric (the verification follows
the proof of 18 C.6). Finally, if each d, is a semi-metric and x, y € P, x # y, then
pr, x + pr, y for some n, and consequently Di(x, y) = d,{pr, x, pr, y> > 0. .

IL. It remains to show that each D; induces the closure u. Because of the inequality
D, £ D, £ D, it is sufficient to prove that D, is a continuous semi-pseudometric
for (P, u), i.e. the closure induced by D, is coarser than u, and the closure induced
by D, is finer than u (notice that ), : (P, D3> — (P, D;) is Lipschitz continuous).
Since the open r-spheres about x in a semi-pseudometric space form a local base, it is
sufficient to show that, given an element x of P, each open r-sphere about x in (P, D,)
is a neighborhood of x in (P, u), and that every neighborhood of x in (P, u) contains
an open r-sphere about x in (P, D;). Fix an r > 0 and choose an n, so that
{277 | n > no} £ 27" < 271, r; choose a positive real s such that (ny + 1).s <
<27'.r It is clear that the set U = E{y|n < ng = d,{pr,x, pr, y) < s} is
contained in the open r-sphere about x in {P, D;). But U is clearly a canonical
neighborhood of x in (P, u) (each d, induces u,). Now let ¥ be any neighborhood
of x in (P, u). By definition of the product closure, the set V' contains a neighborhood
Wof x in (P, u) of the form

E{y|n§n0=>pr,,yeW,,},
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where no € N and W, is a neighborhood of pr, x in {(P,, u,) for each n £ n,. Since
d, induces u,, W, contains an open r,-sphere about pr, x in (P, d,>. Now, if r is
a positive real, r < min {r, | n < n,}, then clearly the open r-sphere about x in
{P, D> is contained in W and hence in ¥, which completes the proof.

18 C.13. Suppose that P, and P, are spaces and d; is a semi-pseudometric
inducing the closure structure of P;, i = 1,2. Then the closure structure of ind
(P, % P,) is induced by the semi-pseudometric d which assigns to each pair ({x,, x,,
{¥Y1, Y2 the number 1 if x; + y, and x, * y,, the number d{x,, y,D> if x, = y,
and d,{x3, y2) if x; = y;-

Proof. Notice that, given a positive real r < 1, the open r-sphere about (x,, x,)
in (Py x P,,d) is equal to the set ((x,) x U,) u (U; x (x,)) where U; is the open
r-sphere about x; in (P;, d;).

D. SEMI-CONTINUOUS FUNCTIONS

Occasionally we shall need the concepts of upper and lower semi-continuous
functions. It turns out that semi-continuity can be considered as continuity in
usual sense relative to an appropriate closure operation for the range carrier,
and therefore it can serve as a useful exercise on continuity. The proofs are
omitted.

18 D.1. Definition. Let (P, <) be a monotone ordered set. The collection con-
sisting of the set P and of all intervals | «, x [, x € P, is a base for open sets of a topo-
logical closure operation for P which will be denoted by u_.. Similarly, let u_ be the
topological closure operation for P such that the collection consisting of the set P
and all intervals | x, » [, x& P is an open base. We shall say that a mapping f
of a closure space 2 into (P, <) is upper semi-continuous (lower semi-continuous)
at a point y € 2 if the mapping f: 2 - (P, u,)(f:2 — (P, u_)) is continuous
at y. We shall say that f is upper semi-continuous (lower semi-continuous) if f is
upper semi-continuous (lower semi-continuous) at each point y € 2, i.e.if the mapping
S:2 <P, uy)(f:2- (P, u_)) is continuous.

It what follows the symbols P, <, u, and u_ have the meaning introduced in18 D.1,

18 D.2. The order closure u for (P, <) is the coarsest closure for P finer than both
u,and u_.— Observe that | x, y[ =] <, y[n]x, ~ [

18 D.3. A mapping f of a space 2 into (P, u) is continuous (at y)if and only if the
mapping f: 2 — (P, <) is simultaneously upper and lower semi-continuous (at y). —
18 D.2,

18 D.4. Each of the following two conditions is equivalent to the upper semi-
continuity of a mapping f of a space 2 into (P, £>:
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(a) the set f~'[[ «,x[] = E{y | fy < x} is open in 2 for each x in P;
(b) the set f™'[[x, > ]] = E{y | fy = x} is closed in 2 for each x in P.

Similar result holds for lower semi-continuity. It may be worth-while to point out
that:

18 D.5. A mapping f: 2 — (P, <) is upper semi-continuous (iower semi-con-
tinuous) at y if and only if, for each x > fy (x < fy) there exists a neighborhood U
of yin 2suchthat zeU=fz < x(zeU = fz > x).

18 D.6. Let X be a subset of a closure space 2 and let f be the function on 2 which
islon X and 0 on [Q| — X (this function is often called the characteristic function
of the set X in 2). Then f is lower (upper) semi-continuous if and only if X is open
(closed). It follows that f is continuous if and only if X is simultaneously closed
and open. — Use 18 D.4.

18 D.7. Let {f, | a € A4} be a family of mappings of a closure space 2 into (P, <).
If fis a mapping of 2 into (P, <) such that fy = sup {f,y} (fy = inf {/,y}) for each
y in 9, then f is lower (upper) semi-continuous whenever all the mappings f, are
lower (upper) semi-continuous.

Apply 18 D.5 or observe that

ST x]1=n{f7 ]« x]1|ac4}
S =11 =0{7[x > [1|ae4}
and apply 18 D.4.

18 D.8. Let f and g be functions on a space 2 and y € 2. If both fand g are
upper (lower) semi-continuous then so is f + g, and if in addition f = 0,4 2 0,
then fgis also upper (lower) semi-continuous. Next, f is upper semi-continuous
if and only if —f is lower semi-continuous. Finally, if fy > 0 for each y in 2, then
fis upper semi-continuous if and only if 1/f = {y = (f¥)"'}:2—- R is lower semi-
continuous.

Corollary. If f and g are continuous functions on 2, then each of the mappings
f+4g,f-9, —fand if fy > O for each y, then also 1/f is continuous.

Hint. The upper-semi-continuity of f + g: If U is a neighborhood of y in 2 such
that fz < fy + r and gz < gy + r for each zeU, then (f+ g)z = fz + gz <
<(f+ g)y + 2r for each z in U.

E. STRUCTURE SPACES
r
In this subsection the structure space 5})(92) of all prime ideals of a semi-ring £
and the structuge space (<) of all maximal ideals of a unital semi-ring # will be
introduced. The structure space P{Z) of Z is the set of all prime ideals of 2 endowed
with the so-called hull-kernel closure operation. It turns out that the hull-kernel
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closure opzration is uniquely determined by the set of all ideals ordered by the in-
clusion —. Therefore we shall define the structure space of an ordered set (subject
to some conditions) and the structure space P(£) will be defined as a subspace of the
structure space of the ordered set of all ideals in £.

We shall show that the ultrafilter space fX of a set X is a homeomorph of the
structure space of the semi-ring {(exp X, n, U). In 41 E we shall investigate the struc-
ture space of the ring of all bounded continuous functions on a given closure space.

18 E.1. Let (P, £) be a non-void ordered set such that each non-void subset X
of P has a unique greatest lower bound which will be denoted by AX. We shall
write x; A x, instead of A(x;, x,). Clearly A(X U Y) = (AX) A (AY) for all
non-void X and Y.

Let us consider the single-valued relation v on exp P ranging in exp P which
is defined as follows: v = @ and vX = < [AX] if X # 0. By definition v) = 0.
and it is easily seen that X < vX = vvX for each X < P, and X < Y implies that
vX < vY. In particular, vX U vY < »(X U Y) for each X and Y. On the other hand,
the inclusion vX v vY v(X U Y) need not be true, and therefore v need not be
a closure operation (this inclusion obtains, e.g. if < is a monotone order).

Suppose that xe(p(X U Y) — (bX UvY)). Clearly X £0+ Y, x 2 A(X U Y),
but neither x = AX nor x = AY. If follows that

xevX vY)=>xevX or xevY

provided that x has the following property:

(*)ifx = yAaz,thenx = yorx = z.
In fact, /\(X U Y) = AX A AY for all non-void X and Y. Let S be the set of all x
with property (*) and let u be the single-valued relation on exp S ranging in exp S
which assigns S n vX to each X < S. It follows from the properties of v that u is
a closure operation for S.

18 E.2. Definition. If (P, <) is a non-void ordered set such that each non-void
set has a unique greatest lower bound, then the topological space (S, u) defined in
18 E.1 is called the structure space of (P, <).

18 E.3. Example. Let (P, £) be a monotone ordered set satisfying the assump-
tions of 18 E.2, that is to say, £ is boundedly order-complete and £ has a least
element. Let us consider the structure space (S, u) of (P, £). Clearly each element x
of P has property (x) of 18 E.1, and therefore S = P. The set uX, X # 0, is the in-
terval [ AX, —» [. Thus u is the closure of upper semi-continuity for (P, <) (as
defined in 18 D.1).

18 EA4. Let Z = (R, +,.) be a commutative semi-ring and let (P, <) be the set
of all ideals of # ordered by . Suppose that P & @. If X is a non-void set of ideals
of #, ie. if X is a non-void subset of P, then NX = N{x | x € X} is an ideal, and
clearly N X is the unique greatest lower bound of X in (P,< ). Thus (P, <) satisfies

21 — Topologica! Spaces
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the assumptions of 18 E.2 and therefore the structure space <S, u) of (P, =) is well-
defined.

Recall that an ideal x is said to be prime if a . b € x implies that either a € x or
b e x. We shall prove that each prime ideal x belongs to S, i.e. has property (*) of
18 E1.If x > x; N x, and a; € x; — x (— denotes set-difference), then a, . a, € x; N
N x, (because b;a; = a;b; € x; for each b, € R) and so certainly a; . a, € x; since x
is a prime ideal we have a, € x or a, € x which contradicts our assumption a; ¢ x.
Thus the set of all prime ideals is contained in S.

18 E.S. Definition. If # is a commutative semi-ring and ¢S, u) is the space of
" 18 E.4, then the subspace of (S, ) consisting of all prime ideals will be called the
structure space of prime ideals of # and will be denoted by P(2).

18 E.6. The collection of all sets of the following form is a closed base for
P(R) : h(a) = E{x | x e P(R), aex}, ae|X|.

Proof. Evidently these sets are closed. Assuming that y does not belong to the
closure of X in P(2), we shall show that y ¢ h(a), h(a) > X for some a. By defi-
nition the prime ideal y does not contain N{x | x € X} and hence we can choose an
a in X — y. Clearly the element a has the required properties.

18E.7. Let # = (R, +,.) be a commutative semi-ring with unity which will
be denoted by 1. We know that each ideal in £ is contained in a maximal ideal
in Z. We shall prove that each maximal ideal is a prime ideal. Assuming x maximal,
a,, a, ¢ x, a,a, € x, we shall derive a contradiction. Since x is 2 maximal ideal we
have 1 = b,a, + ¢; = b,a, + ¢, for some b;€ R and ¢; € x. Since a,a, ex , we
find that 1 = 1.1 = (b,a, + ¢,)(b,a, + c,) € x and this contradicts the fact that
1¢x.

18 E.8. Definition. If # is a commutative semi-ring with unity, then the subspace
of the structure space P(&) of £ consisting of all maximal ideals of 2 will be called
the structure space of maximal ideals of # and will be denoted by ().

18 E.9. Ultrafilter space. The ultrafilter space fX of a given set X was defined
in 14B.12. We shall prove that BX is a homeomorph of (%) where # =
= {exp X, n, u). Recall that @ is the unit element of £, X is the zero of %,
ideals of # coincide with filters on X, and maximal ideals of & coincide with ultra-
filters on X. Next, recall that a proper filter Z on X is an ultrafilter if and only if,
for each subset Y of X, either Y or X — Y belongs to Z. It follows that each prime
ideal is a maximal ideal (and, of course, each maximal ideal is a prime ideal). Thus
V() = M(2), and the underlying set of M() is the set ult X of all ultrafilters on X.
Now we shall construct a homeomorphism f of fX onto I(2). The elements of
BX — X are free ultrafilters on X, i.e. ultrafilters £ such that NZ = §. Put
f% = X for Z in BX — X.If x € X, then the collection of all Y < X, x € Y, is an ultra-
filter on X; let fx be this ultrafilter.
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We know that any non-free ultrafilter is necessarily of the form fx,xeX, and
clearly x + y implies that fx = fy. Thus f is a bijective mapping. It remains to
show that the mappings f and f~! are continuous. It follows from the definition
of BX (and it was stated in 15 ex. 12) that the sets of the form

(#*) oY=YUE{Z|YeZe(pX - X)}, YcX,
form an open base for fX. Since oY = X — o (P — Y) for each Y < X, the sets (x)
form a closed base for fX. Clearly

floY] = E{#% | YeZ eult X} .

By 18 E.6 the sets f[oY] form a closed base for M(#). Thus f carries a closed base
for BX onto the closed base for M(2); it follows that fis a homeomorphism.

18 E.10. Let Z = (R, +, .) be a ring with unity, consisting of bounded real-valued
relations on a set X, i.e. the elements of R are real-valued relations on X and the
addition and the multiplication are defined pointwise; that is to say, £ is a subring
of the product ring R¥ consisting of bounded relations (not necessarily all). In
41 E we shall examine the structure space M%) for the case when R consists of
all bounded f such that f : (X, u) — R is continuous for a fixed closure operation u
for X. In this case the ring £ has the following property: for each x € X the set

*) | E{f|fx = 0}
is a maximal ideal of #. Thus we have a mapping ¢ of (X, u) into SDI(.@) which
assigns to each x the maximal ideal (*). We shall show in 41 E that this mapping
is continuous, and if ¢ is one-to-one, then ¢ is a homeomorphism.
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19. TOPOLOGIZED ALGEBRAIC STRUCTS

This section contains definitions and theorems relating to general functional
analysis which are needed at various places throughout the book. Although the rea-
der is not presumed to have made a study of functional analysis a prerequisite
for studying this book, some acquaintance with basic facts is needed; our development
rather formally points out the basic ideas and applies the purely topological results
of earlier sections. Sometimes general results will be applied to the particular case of
real numbers without any detailed treatment of elementary facts. In the later develop-
ment we shall always try to apply topological results to general functional analysis.

The reader is possibly familiar with the fact that a topological group is a struct
<G, g, u) such that {G, o) is a group, u is a closure for G and the mappi'ngs g
:{G,u) x {G,u) » {G,u) and {x > x7'}:{G,u) - {G,u) (x~' denotes the
inverse of x in (G, 6)) are continuous. Similarly, a topological ring is a struct
{R, o, u, u)y such that (R, o, u) is a ring, (R, g, u) is a topological group and the
mapping g : (R, ud> x (R,u) - (R, u) is continuous. The last condition is some-
times replaced by the weaker condition that u: ind ((R, uy x (R, u)) > (R, u) be
continuous. Thus the topological requirements consist of conditions which demand
that certain mappings be continuous, disregarding the algebraic relations among the
various compositions involved, and sometimes algebraic properties of single com-
positions (e.g., of being a group structure). Therefore it is natural to begin with a pair
{o, u) where ¢ is an internal composition on a set G and u is a closure operation
for G (such a pair will be termed a topologized internal composition), and to study
the topological requirements for such a pair. Then some results concerning more
complicated topologized internal structures will follow by combining the results
concerning individual topologized compositions. A similar development will be car-
ried out for structs containing an external composition.

An auxiliary study of topologized internal compositions in A is followed by an
examination of topological groups, rings and fields in B. For the later development,
the normed groups and rings are of particular interest. An auxiliary study of topolog-
ized external compositions in C is followed by a study of topological modules and
algebras. Particular attention is given to normed modules and algebras because the
normed algebras of bounded continuous, uniformly continuous or proximally con-
tinuous functions will be studied in detail in later sections (25 E, F, 41 C, E).
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Combinations of topological and algebraic requirements imply some topological
properties of topologized algebraic structs (e.g., every topological group is a topo-
logical space) and their mappings. Therefore continuous homomorphisms will be
examined in E.

Subsection F contains some results concerning series in a commutative topo-
logized semi-group which will be needed later.

A. TOPOLOGIZED INTERNAL COMPOSITIONS

At first sight it might seem natural to define a continuous internal compotision as
a triple <o, u, v) such that ¢ is an internal composition, u is a closure for Do, v is
a closure for Eo and the mapping ¢ : (Do, u)> — {Eg, v) is continuous. Nevertheless
this definition is too general. Usually, a composition ¢ on a set P and a closure
operation u for P are given, and we need to know whether the mapping
o :{P x P,v) > (P, u) is continuous, where v is the product closure u x u or the
inductive product closure ind (¢ x u). More precisely, the continuity of ¢ relative
to the product closure or relative to the inductive product closure usually must be
assumed in various theorems. It is to be noted that sometimes there are situations
in which some other “product™ closures are of certain interest, for example the
sequential product which will be considered in Section 35. Here we restrict ourselves
to the product closure and the inductive product closure.

Thus our basic concept will be a pair {g, u) where ¢ is an internal composition
and u is a closure for DDg, and we will define the continuity of such a pair in various
ways.

19 A.1. Definition. A topologized internal composition is a pair {o, u) such that
o is an internal composition and u is a closure for DDo. A topologized semi-group
is a struct (P, o, u) such that (o, u) is a topologized internal composition and (P, ¢)
is a semi-group. A topologized internal composition {g, u) is said to be continuous
(inductively continuous) if the mapping

0 :{DDg, u) x {(DDg, u) — {DDg, u)
(0 :ind ({(DDg, u) x (DDg, u)) - {DDs, u})

is continuous. A fopologized semi-group (P, o,u) is said to be continuous or
inductively continuous if {a, u) is continuous or inductively continuous, respectively.
A composition o on a space (P, u) is said to be continuous or inductively continuous
if o, u) has the corresponding property.

We shall use the term continuous (inductively continuous) internal composition
instead of continuous (inductively continuous) topologized internal composition,
and similarly continuous (inductively continuous) semi-group instead of continuous
(inductively continuous) topologized semi-group. Instead of internal composition
we shall say composition.
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For example, a topologized composition {o, u) is continuous provided that u
is a discrete or an accrete closure (recall that the product of two discrete closures
is a discrete closure, and a mapping of a discrete space into any space as well as
a mapping of any space into an accrete space is continuous). Addition is a con-
tinuous group structure on the space R of reals and multiplication is a continuous
semi-group structure on the space R of reals (by 18 C.8).

It is to be noted that there is another term which frequently appears in the literature
and which is used with two different meanings, namely a topological semi-group
is usually either a continuous or inductively continuous semi-group such that the
closure structure is topological.

19 A.2. Every continuous composition is an inductively continuous composition. —
The inductive product closure is finer than the product closure.

Because of the importance of the concepts introduced, we shall describe them
more directly in the two propositions which follow.

19 A.3. A composition o on a space (P, u) is inductively continuous if and only
if the following condition is fulfilled:

The mappings {y > yox} : (P, u) > (P, u) and {y - xap}:{P,u) - (P, u)
are continuous for each x in P (that is, the left translations and the right translations
are continuous).

Corollary. If o is a continuous composition on a space P then the translations
are continuous.

19 A4. Let o be a composition on a space {P,u). In order that o be conti-
nuous it is necessary and sufficient that for each x and y in P and each neigh-
borhood U of xcy there exist a neighborhood V of x and a neighborhood W of y
such that [V] ¢ [W] < U. In order that o be inductively continuous it is neces-
sary and sufficient that for each x and y in P and each neighborhood U of xcy
there exist a neighborhood V of x and a neighborhood W of y so that [V] oy =« U
and xo[W] < U.

Corollary. If o is continuous and e is the neutral element of o, then for each
neighborhood U of e there exists a neighborhood V of e such that [V] e [V] = U.

19 A.5. Examples. (a) Let (P,u) be a non-void space, and denote the pro-
duct space {P,u)’ by {Q,v). Let us consider the composition ¢ = {{f, g) —
— g of} on Q; thus ¢ is the restriction of the composition o to Q. It is easily seen
that ¢ is a semi-group structure on Q. Consider the triple {Q, o, v).

(o) The right translation by g is continuous if and only if g : (P, u) — (P, u)
is a continuous mapping.

First suppose that g is continuous; we shall prove that the mapping { f=gof}:
: {Q, v> = {Q, v) is continuous. Let {fa | a € A} be a net converging to fin {Q, v),
that is, for each x € P the net {f, x | a € A} converges to fx in (P, u). We must show
that the net {g o f,} converges to g o fin <@, v, i.e., that {(g - f;) x | a € A} con-
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verges to (g o f) x in (P, u) for each x in P. But (g o f;) x = g(f;x) and (g o f) x =
= g(fx). Since g is continuous and { f,x} converges to f, then necessarily {g(f,x)} con-
verges to g(fx).

Conversely, suppose that g : (P,u) — (P, u) is not continuous. There exists
a point x of P and a net {x, | a € A} which converges to x in (P, u) such that the
net {gx,} does not converge to gx (by 16 A.8). For each a let £, be the constant
relation {y — x,} and f be the constant relation {y — x}. Clearly the net {f,} con-
verges to {f} in (@, v). On the other hand, the net {g . f,} does not converge to
gof Indeed, (9 of,)y =gx,and (gof)y = gxforeach yin P,ie. gof,and go f
are constant relations; but {gxa} does not converge to gx by assumption.

(B) The left translations are continuous, i.e. for each g € Q the mapping {f — f. g}
of {Q, v) into {Q, v) is continuous.

This is almost self-evident. Suppose that a net {f,} converges to fin {Q, v). To
prove that the net { fao g} converges to fo g in {Q, v) it is sufficient to show that
the net {(f, - g) x} converges to (fo g) x in (P, u) for each x € P. But (f,0g) x =
= fAgx), (f- g) x = f(gx) and {f,y} converges to fy in (P, u) for each y in P by
our assumption, which gives the result.

(b) Let £ be a closure space. Since the composite of two continuous mappings
is a continuous mapping (16 A.3), the composition of mappings o is an internal
composition on the set C(2, 2) of continuous mappings of 2 into itself, and hence
(C(2, #), o) is a semi-group. It follows from (a) that this semi-group endowed
with the closure of pointwise convergence is an inductively continuous semi-group.
On the other hand, in general this semi-group is not continuous. This will be proved
in the exercises.

19 A.6. If o is an inductively continuous semi-group structure on a space (P, u)
and an element a of P has an inverse element, then the translations ({x — aox} :
:{P,u) » (P,u) and {x - xoa} : (P, u) - (P, u)) are homeomorphisms.

Proof. Let ™! be the inverse element of a. The mappings {y — a~'ay} : (P, u) —
— (P,u) and {y » yoa~'} :{P,u) — (P, u) are inverses of the mappings in
question because ao(a~'ox) = (asa™!) ox = x and (xoa"') oa = xo(a"'oa) = x
for each x. Since all four of the mappings considered are continuous (by 19 A.3),
they are homeomorphisms.

Corollary. If o is a continuous semi-group structure on a space ? and an ele-
ment a of P possesses an inverse, then the left translation by a as well as the right
translation by a are homeomorphisms.

Let o be a composition on a set P and let us consider the relation ¢ consisting
of all pairs {a, b) such that b is the inverse of a. If ¢ is a semi-group structure,
then ¢ is a single-valued relation (cf. 6 B.10). Now if ¢ is enriched by a closure u,
it is sometimes important to know whether the mapping ¢ of the subspace Dg of -
(P, u) into itself is continuous. For convenience we shall introduce the following
terminology.
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19 A.7. Definition. The inversion of a topologized semi-group structure {o, u)
is the mapping {x - x ™'} of the subspace of (DDg, u) consisting of all elements x
of P possessing ‘an inverse into itself. The inversion of a topologized semi-group
{P, a, u) is the inversion of {a, u).

19 A.8. If the inversion f of a topologized semi-group structure is continuous,
then fis a homeomorphism.

Proof. If b is the inverse of a, then q is the inverse of b, and consequently f = f~!.
It follows that if fis continuous, then fis a homeomorphism.

For example, the inversion of (R, +) is continuous; in fact the inversion of
{R, + > is an isometry of the metric space R.

The concluding part is devoted to the definitions of the restriction of a topologi-
zed composition and the product of topologized compositions.

19 A.9. Definition. A restriction of a topologized composition {c, u) is a topo-
logized internal composition (g, v) such that g is a restriction of ¢ and v is a relativ-
1zation of u. The definitions of a restriction of a topologized semi-group structure
or a group structure are evident. A sub-semi-group or a subgroup of a topologized
semi-group or group {P, o,u) is a sub-semi-group or subgroup <Q, ¢> of (P, o)
enriched by the relativization » of u to Q.

19 A.10. Theorem. Restrictions of a continuous or inductively continuous com-
position are continuous or inductively continuous respectively. If the inversion
of a topologized semi-group structure {o, u) is continuous, then the inversion of
each restriction of (o, u) is continuous. — Evident.

19 A.11. Definition. Let {<o,, u,> | ae A} be a family of topologized internal
compositions. The compositional product, or simply product, of {{o,, u,»} is the
compositional product ¢ of {a,,} (6 E.6) enriched by the product closure u, that is,
{DDg, u) = II{{DDo,, u,) | ae A} and {x,} 6 {y.} = {x,0,y.}- The product of
a family {(P,,, Oa Ug) | a € A} where each (o, u,) is a composition on P, enriched
by a closure is defined to be the triple (P, o, u) where {o, u) is the product
of {<o,, u,>} and P = DDo.

19 A.12. Theorem. Let {a, u) be the compositional product of a family {{o,, u,>}
of topologized compositions. If all (o, u,y are continuous or inductively continuous
then so is {o,u). If each o, is a semi-group structure and the inversion of each
{o,, u,» is continuous, then so is the inversion of (o, u).

Corollary. The product of a family of continuous or inductively continuous
semi-groups (groups) is a continuous or inductively continuous semi-group (group,
respectively). :

Proof. All statements follow from the fact that the product of any family of
continuous mappings is a continuous mapping (17 C.13). The inversion of (o, u) is
the product of the family {/,} where each f, is the inversion of {o,, u,), and any
translation g of (o, u) is the product of a family {g,} where each g, is an appropriate
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translation of {a,, u,) (e.g. if g is the left translation by {x,} then g,is the left trans-
lation by x,). Thus we have proved the statements concerning the inversion and
the inductive continuity of (o, u)>. For the proof of the statement concerning
continuity of {a, u) we shall need some auxiliary mappings. For brevity write P, =
= DDg,, P = DDg; thus P = II{P,}. Let f be the product of the family
{0, : {Py ;) X {P,,u,> > (P, ad}; thus f is continuous. Consider the mapping
hof (P, u) x (P, u)into II{{P,, u,» x {P,, u,>} which assigns to each {{x,}, {y.}>
the point {(x,, y,»}. By 17 C.19 the mapping A is a homeomorphism. Clearly o :
:{P,ud x {(P,u) > {(P,u) = foh. The proof is complete.

19 A.13. Example. Let 2 be a closure space and let C(2, 2) be the set of all
continuous mappings of 2 into itself endowed with the restriction of the composition
of mappings as a semi-group structure and with the closure of pointwise convergence.
By 19 A.5(b), C(2, 2) is an inductively continuous semi-group. Consider the subset H
of C(2, ) consisting of all homeomorphisms of 2 onto itself. Clearly H endowed
with the restriction of compositions of mappings as a semi-group structure and with
the closure of pointwise convergence is 2 sub-semi-group of C(2, 2). Since C(2, 2)
is inductively continuous, H is inductively continuous as well. On the other hand H
is a group (because the inverse h™' of a homeomorphism 4 is the inverse of the
element h of H). Thus H is an inductively continuous group. It will be shown in the
exercises that neither H nor the inversion of H need be continuous.

B. TOPOLOGICAL GROUPS, RINGS AND FIELDS

In the foregoing subsection we introduced the concepts of an inductively conti-
nuous group, a continuous group, an inductively continuous group with continuous
inversion and a continuous group with continuous inversion. The latter is particul-
arly important and will be studied in this section under the current name topo-
logical group. It will be shown here that the underlying space of a topological group
is a topological space; moreover, in Section 24, we will see that the underlying space
of a topological group is uniformizable.

Now let (P, o, u, u) be a ring (P, g, u) enriched by a closure operation u (simply a
topologized ring). It may be shown on examples that all of the following cases are
possible: each of the compositions <o, 1) and {u, u), independently of each other, may
be ccntinuous or inductively continuous, need not be inductively continuous, and
the inversion may but need not be continuous. One of all these possibilities, namely
that (P, o, u) is a topological group and {yu, u) is continuous is currently studied
under the term topological ring.

19 B.1. Definition. A group structure o on a set G and a closure u for the set G
are said to be compatible if {o, u) is a continuous composition with a continuous
inversion, that is, if the following two conditions are fulfilled:
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(g 1) The mapping o : (<G, u) x {G,u)) - <G, u) is continuous.

(g2) The mapping {x - x~'} : (G, u) » {G, u) is continuous.

If a group structure ¢ on G and a closure u for G are compatible, then ¢ is said to
be an admissible group structure for the space {G, u) and u is said to be an admis-
sible closure for the group {G, o). A topological group is a triple {G, g, u) such
that (G, &) is a group and u is an admissible closure for the group (G, o).

As a trivial example notice that the discrete and the accrete closures for a set G
are admissible for any group <G, o).

In what follows the notation will be as abbreviated as possible. The group com-
position will usually be written multiplicatively, that is, it will be denoted by . . If we
say that ¢ is a topological group, then the group structure of ¢ will be denoted by .
and the closure structure will be indicated, as usual, by u.

Sometimes it is convenient to replace the conditions (g 1) and (g 2) by a single
condition.

19 B.2. A4 closure u for G is admissible for a group {G, .) if and only if the fol-
lowing condition is fulfilled:

(8) the mapping {<x, y> —» x .y~ '} of the product (G, u) x {G, u) into (G, u)
is continuous.

Proof. I First let us suppose (g 1) and (g 2). The mapping f= {<x, y) = {x.y ">}
of (G, ud> x G, u) onto itself is continuous as the product of two continuous map-
pings {x — x} and {y - y~'} the latter being continuous by (g 2). The mapping
under question is continuous as the composition of f and {{x,z) > x.z}:
{G, u) x {G,u)> - {G, u) the latter being continuous by (g 1). — IL. Conversely,
suppose (g). Let 1 be the neutral element of the group G. Since clearly {x — <1, x} |
| xe G} : <G, u) » (G, ud x {G, u) is continuous and {{1,x) >1.x7' =x"1}is
continuous by (g), their composition {x — x ™!} is continuous, yielding (g 2). Finally,
the mapping in (g 1) is continuous as the composite of two continuous mappings,
namely {<x, y> - {x, y~'>} and {<x, z) - x.z7'}, the former being continuous
as the product of two continuous mappings and the latter by (g).

19B.3. If % is a topological group, then the mappings {x - x~'} : 9 - ¢ and
{x >a.x.b}:9 > ¥, where a and b belong to 4, are homeomorphisms.

Proof. Since in a group every element has an inverse, the statement follows from
19 A.8 and 19 A6,

Corollary. Let % be a topological group and a and b be elements of 4. A subset U
of G is a neighborhood of x if and only if a.U . b is a neighborhood of a.x . b
(notice the cases of a = 1 or b = 1). A subset U of ¥ is a neighborhood of a point x
if and only if U™" is a neighborhood of x~* (notice the special case of x = 1).

19 B4. Every topological group is a topological space, more precisely, the
underlying closure space of a topological group is topological.
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Proof. Let ¢ be a topological group. According to 15 A.2 it is sufficient to show
that for each neighborhood U of a point x of & there exists a neighborhood V of x
such that U is a neighborhood of each point of V. By virtue of the foregoing pro-
position it is sufficient to prove this for x = 1. Since the group structure is continuous
at {1, 1), given a neighborhood U of 1, we can choose a neighborhood V of 1 so that
V.V < U. It follows from the corollary of the preceding proposition that U is
a neighborhood of each point of V. Indeed, y. Vis a neighborhood of y for each
yE Igl by the corollary, and clearly y . V < V. ¥V provided that y e V.

Remark. In Section 24 we will see that the closure structures of topological
groups possess further important properties (e.g. they are uniformizable).

19 B.5. Examples. (a) According to 18 C.8 the natural closure for the reals is
admissible for the additive group (R, + ) of real numbers. In what follows the letter
R will also be used to denote the additive group of reals, endowed with the order
closure. (b) According to 18 C.8 and 18 ex . 10 the relativization of the natural clo-
sure for R to R — (0) is admissible for the multiplicative group R — (0) of the reals.

Sometimes it is convenient to define an admissible closure for a group by neigh-
borhood systems at points. According to the corollary of 19 B.3 it is sufficient to
define the neighborhood system # at the neutral element, and the neighborhood
system at x is then x . [%]. If % is a filter in exp |¥| such that 1 e U for each U
in %, then x . [%] is a filter such that x e V for each Vin x.[%]. By Theorem 14 B.10
there exists exactly one closure for the set |¢| such that x . [%] is the neighborhood
system at x. But this closure need not be compatible with the group structure of 4.
Now we give necessary and sufficient conditions on % for this closure to be admis-
sible.-

19 B.6. Theorem. Let 4 be a group. A filter % on % is a neighborhood system
at the neutral element 1 with respect to an admissible closure for the group 4
if and only if the following conditions are fulfilled:

(gn 1) for each U in % there exists a Vin % with V.V < U;
(gn2) if Ue % then U ' e U;

(gn 3) 1 belongs to each U in %;

(gn4) for each x in % and U in %, (x .U .x" ) e%.

Proof. First let U be the neighborhood system at 1 with respect to an admissible
closure u for the group . Conditions (gn 1) and (gn 2) follow readily from (g 1)
and (g 2), respectively. The third condition is obviously fulfilled, for a neighborhood
of a point x contains x. Finally, the last condition is an immediate consequence of
19 B.3, because {y — x . y.x"'} is a homeomorphism of {|%|, u) onto itself which
carries 1 into 1 and Vinto x. V.x 1.

Conversely, let % be a filter on ¥ satisfying all the conditions (gn i). By 14 B.10
there exists a closure u for ¢ such that x . [%] is the neighborhood system at x for
each x in %. It will be shown that u is admissible for the group 4. We shall prove (g),

i.e. that {{x, y> » x .y~ !} is continuous. Let x4, yo€ % and let U = xo. y5 ' . Vbe
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a neighborhood of x, . yy!; thus Ve %. We want to find a neighborhood W of 1
such that xex,. W, ye y,. Wimplies x. y™* e U. If x = xo.u, y = yo ., then

(*) (x0-yo™ ) t.(x-y N =ypo.u. 07t ygt.

By (gn 1), (gn 2) and (gn 4) we can find a neighborhood Wof 1 such that y,. W-
. W™t yo ! = V(prove!). From () it follows at once that W possesses the required
properties. ‘

Sometimes we shall define an admissible closure for a group by a local base at the
neutral element. The corresponding theorem, which is an immediate consequence
of the preceding result, is as follows.

19 B.7. Let 4 be a group. A base ¥~ of a filter on % is a local base at the neutral
element with respect to an admissible closure for the group % if and only if the
Sfollowing four conditions are fulfilled:

(gnb 1) for each Vin ¥ there exists a U in ¥ withU .U c V;

(gnb 2) for each Vin ¥ there existsa U in ¥ withU™! < V ;

(gnb 3) each Ve ¥ contains the neutral element of 4 ;

(gnb 4) for each Vin ¥ and x in & there exists a U in ¥ with U =« x. V.x™ .

Remark. A neighborhood V of the neutral element 1 of a topological group ¢
is said to be symmetric if ¥V = V™!, If V is any neighborhood of 1, then V. V™!,
V™l AV, V™! u Vare symmetric neighborhoods of 1. It is easy to see that the col-
lection of all symmetric neighborhoods of the neutral element 1 is a local base at 1.
If n is a positive integer, then the collection of all sets of the form V”, where V is
a neighborhood of 1, is also a local base at 1 (V" is defined by induction: V7! =
= VP.V).

Remark. If ¢ is a commutative group, then the postulates (gn 4) of 19 B.6 and
(gnb 4) of 19 B.7 are automatically fulfilled. On the other hand, if ¢ is not commutat-
ive, then the first three conditions may be fulfilled but not the fourth. For example,
if 2 is a subgroup of a group % and if % is the collection of all subsets of % containing
o, then % satisfies the conditions (gn i), i = 1,2, 3 and (gn 4) is satisfied if and
only if 5 is an invariant subgroup of 4. Recall that by Definition 8 D.7 (and Remark
8 D.8) a subgroup # of a group ¥ is invariant if (and only if) x. y.x ' e # for
each x in ¢ and y in . An inner automorphism of 4 is defined to be either a relation
of the form g, = {y » x.y.x7! | y€ ¥} with x in ¢, or a mapping ¢, : 9 — 9.
It is easily seen that a subgroup # of ¢ is invariant if and only if o[|#]] < || for
each inner automorphism g of %.

19 B.8. Definition. If (G, ., u) is a topological group, {H, *) is a subgroup of {G, .>
and v is the relativization of u to H, then by 19 A.10 (H, *, v) is a topological group
which will be called a subgroup of the topological group {G, ., u).

19 B.9. Theorem. If H is a subgroup of a topological group ¥, then H is also
a subgroup of G. If H is an invariant subgroup, then H is also an invariant sub-
group.
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Proof. To prove the first statement we must show that x, y e H implies x. y "' € H.
If x, y € H, then clearly {x, y) € H x H which implies, according to the continuity
of the mapping {{x, y> = x.y~ '}, that x. y"' e H. Now let H be an invariant sub-
group of 4. Thus f[H] < H for each inner automorphism f of . Since every inner
automorphism f is continuous by 19 B.3, we have f[H]| < H for each inner auto-
morphism f of 4. But this means that H is an invariant subgroup.

19 B.10. A subgroup H of a topological group % is closed in % if and only if
UnH=UnH % 0 for some open subset U of 4.

Proof. The ‘“only if” part is obvious. Conversely, suppose that U n H =
= U n H % 0 for some open subset U of 4. Let x be any point of H. We have to
prove x € H. First let us choose a point y in U n H and a neighborhood V of the
neutral element 1 so that y. V < U. Since x € H, it follows that the set (V.x) n H
is non-void, and consequently we can choose a point z in it. Now clearly we have
z.x *eVand hence y.z.x 'ey.V < U. Since His a group and y, z, x ' e H,
the element y.z.x~' must belong to H. As a consequence, y.z.x 'eUnH
and by our hypothesis, y.z.x *eU n H, in particular y.z.x ' e H. Since y
and z also belong to H, x must belong to H, which concludes the proof.

19 B.11. A subgroup of a topological group is open if and only if its interior
is non-void. Every open subgroup is closed.

Proof. If a subgroup H of a topological group ¢ is a neighborhood of a point x,
then H is a neighborhood of each of its points, i.e. H is open, because f =
={z > y.z.x7'} is a homeomorphism of ¢ onto ¢ (by 19 B.3) which carries x
in y, and if moreover y € H, then f[H]| = H. The converse implication is obvious.
The second statement is a straightforward consequence of 19 B.10 (put U = H).

19 B.12. Definition (and proposition). If {(G,, o,,u,>} is a family of topological
groups, then by 19 A.12 (I1{G,}, II{s,}, ITI{u,}) is a topological group; this topo-
logical group is termed the product of the family {{G,, o,, u,>}.

19 B.13. Examples. (a) If m + 0is any cardinal then R", considered as a product
of the additive topological group R, is a topological group. (b) If m # 0,then (R — (0))",
considered as a product of the multiplicative group R — (0), is a topological group.
(c) Let 2 be the discrete group consisting of two points 0 and 1 such that O is the
neutral element (in consequence, 1 + 1 = 0 if + denotes the group composition).
For any m £ 0, 2™ is a topological group.

If {¥, | a e A} is a non-void family of commutative topological groups such that
%, = ¥ for each a in A, then in addition to the product group 4“4 we can define
another closure which is admissible for the underlying abstract group G#, the so
called closure of uniform convergence. '

19 B.14. Definition (and proposition). Let us consider a commutative topological
group % = (G, -, u) and a non-void set P. Let % be the neighborhood system at the
neutral element of 9 and let ¥~ be the collection of all subsets V of G such that
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V o U for some U in %.It is easily seen that ¥ fulfils conditions (gn i), i = 1,2,3,4
of 19 B.6 (relative to {G, -)F), and consequently, there exists exactly one closure v
admissible for the group <G, Y* such that ¥ is the neighborhood system at the
neutral element of (G, ->*. This closure will be called the closure of uniform con-
vergence for 4%, and the topological group {{G, *)*, v) will be denoted by unif %*,

19 B.15. For any commutative topological group % and any non-void set P, the
closure structure of 9% is coarser than that of unif 4¥; stated in other words, the
closure of pointwise convergence is coarser than the closure of uniform convergence.
If P is finite, then ¢* = unif ¥% (éhow, for instance, that each neighborhood of an
_element x in %® is a neighborhood of x in unif 4 and, if P is finite, then each neigh-
borhood of an x in unif ¥* is a neighborhood of x in ¥*).

Corollary. For any positive integer n the groups R" and unif R* coincide.

19 B.16. Theorem. Suppose that 4 = {G, -, u) is a commutative group and P
is a non-void set. If w is any closure for P, then the set H of all elements f of G*
such that f: (P, w> = {G, u) is a continuous mapping, is a closed subset of unif %*.
In addition, H is a stable subset of {G,-Y¥ and hence H is a closed subgroup of
unif %%,

Before giving the proof it may be in place to restate the result for groups of
mappings.

19 B.17. Suppose that 4 = {G, -, u) is a group and £ is a non-void closure
space. Let us consider the relation v on G'#! which assigns to each f the mapping
f:2? - %. Clearly v is one-to-one and ranges on F(2, g).‘Thus we can define
a group structure on F(2, %) in such a manner that v : {G, )| - F(#, %) is an iso-
morphism. The set F(, %) with this group structure will be called the group of
mappings of P into 4. Next, we can endow the group F(2, g) with a closure
operation so that v : ¢!?l - F(2, %) becomes a homeomorphism. Clearly this closure
is admissible for the group F(2, {4) This topological group will be called the group
of mappings of P into ¥ endowed with the closure of pointwise convergence.
Finally, we can endow the group F(2, ) with a closure operation so that the map-
ping v : unif ¢/ - F(#, ¥) becomes a homeomorphism. This closure is admis-
sible for F(#, %) and the resulting topological group, denoted by unif F(2, %)
will be called the group of mappings of # into 4 endowed with the closure of uni-
form convergence. Now we are prepared to give the required restatement of Theorem
19 B.16.

19 B.16a. Theorem. Let % be a topological group and let P be a non-void closure
space. The set C(2, %) of all continuous mappings of P into ¥ is a closed subset
of the topological group unif F(2?, ) (= the group of mappings of P into ¥
endowed with the closure of uniform convergence); in addition, C(2, %) is stable,
and hence C(?, 9) is a closed subgroup of unif F(2, %).

According to 15 B.4 the fact that C(2, %) is closed in unif F(2, %) is equivalent
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to the following: if a net N converges to fin unif F(#, %) and if N ranges in C(2, %),
then f'e C(#, ¥); stated in other words, if a net N of continuous mappings converges
to a mapping f in unif F(#, ¥) then f is continuous. Sometimes it is convenient to
have the following currently employed convention:

19 B.18. Convention. Let & be a struct and ¢ be a topological group. It is
said that a net N in F(2, %) converges to f pointwise or uniformly accordingly as N
converges to fin the group F(2, ) endowed with the closure of pointwise converg-
ence or uniform convergence.

Now the main result of 19 B.16a can be restated as follows:

19 B.16b. If a net of continuous mappings of a space & into a topological group 4
converges to a mapping f uniformly, then f is a continuous mapping. Roughly
speaking, a uniform limit of continuous mappings is a continuous mapping.

Proof of Theorem 19B.16. I. To prove that H is closed it is sufficient to
show that the complement of H is open. The composition in unif ¢!*! will also be
denoted by - . Let f be any element of the complement of .H. There exists a point x
of P such that f: P —» G is not continuous at x. As a consequence, there exists
a neighborhood U of fx such that (f[W] — U) # @ for each neighborhood W of x.
Let us choose a symmetric neighborhood V of the neutral element of 4 so that fx .
.[V].[V].[V] = U. It will be shown that the neighborhood f.[V*] (of f in
unif %'*1) is contained in the complement of H which will establish that H is closed.
Moreover, we shall prove that no g : P — ¢ with g in f . [V*] is continuous at x.
Suppose that ge f.[V*] and g : P —> ¢ is continuous at x. There exists a neigh-
borhood W of x such that g[W] < gx.[V]. Since g € f. [V*] and V is symmetric
we have f[W] = U{gy.[V]| ye W} = [g[W]] . [V] But g[W] = gx.[V] and
hence f[W] < gx.[V].[V]. Finally, since gef[V*] and hence gxefx.[V],
we obtain

fIWlefx.[V].[V].[V]cU
which contradicts our hypothesis (f[W] — U) # 0 for each neighborhood W of x. —
II. H is stable. Suppose f, g € H, k is the inverse for g.in 4!*! and h = f. k. We
must show that h e H, i.e. that h is continuous. Let x be any point of 2 and U be
any neighborhood of hx in 4. We must find a neighborhood Wof x so that A[ W] < U.
By the remark following 19 B.7 we can find a symmetric neighborhood V of the neutral
element in ¢ so that fx . [V] .kx . [V] <= U.Since f: ? > % andg: P — & are
continuous and the sets fx . [V] and [V] . gx are neighborhoods of fx and gx
respectively, there exists a neighborhood Wof x such that f[W] < fx. Vand g[W] <
= [V].gx.Since ([V]. gx)™'= kx .[V™'] = kx.[V] we obtain ([ W]<=[ f[W]].
[kK[W]] = fx.[V].kx.[V] = U, which completes the proof.
Now we proceed to topological rings and fields.

19 B.19. Definition. A topological ring is a quadruple £ = (R, o, 4, u) such
that (R, o, p) is a ring (called the underlying ring), {R, o, u) is a topological group
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(called the underlying additive topological group) and {u, u) is a continuous inter-
nal composition. A topological field is a topological ring # = (F, o, u, u) such that
(F,0,u) is a field (called the underlying field) and the multiplicative group of
(F, 0, u) endowed with the relativization of u is a topological group (called the
multiplicative topological group of F).If (R, o, y,u) is a topological ring (field),
then the ring (field) structure {o, u)> and the closure u are said to be compatible,
u is said to be admissible for the ring (field) (R, o, u) and the ring ( field) structure
{0, 1) is said to be admissible for the space {R, u).

Stated more directly, (R, g, u, u) is a topological ring if and only if (R, o, u)
is a ring, both topologized compositions {o, u) and {u, u) are continuous and the
- inversion of (g, u) is continuous; {F, o, u, u) is a topological field if and only if
{F, o, ) is a field, both topologized compositions {a, u)> and {y, u) are continuous
and the inversion of (o, u) as well as the inversion of {u, u) are continuous.

Convention. If a is an m-tuple {ay, ..., a,) but not an n-tuple, n > m > 1, then
{a; b) stands for <a,,,,, a,, b); if a is not a pair then {a; b) = {a, b). Finally,
{Xy5 eees Xp; ¥ stands for ({xy,...,x,>; y> as defined above. — Thus e.g. if ¥ =
= (G, o) and o is not a pair, then {(%; u) = (G, 0, u); if # = (R, r), r = (o, 1)
and p is not a pair, then (Z;u) = (R, 5, u, u).

19 B.20. Examples. (a) If Z = (R, 0, u) is a ring (field) and u is either the
discrete closure for R or the accrete closure for R, then (%; u) is a topological ring
(field). — (b) The field R of reals endowed with the usual closure (= order closure)
is a topological field (by 19 B.5). In what follows the letter R will also stand for this
topological field.

19B.21. (a) If # =<R,0,u, uy is a topological ring (field) and R, =
= (Ry, 04, 1y is a subring (subfield) of A&, then {(R,;v) is a topological ring
(field) where v is the relativization of u to R,. — 19 A.10.

(b) If{@.} is a non-void family of topological rings, where , = {R,, 6,, iy, U,),

then R = (R}, Mooy {00} Moamplita}s Tt}

is a topological ring called the product ring and denoted by II{®,}. — 19 A12,

19 B.22. Remark. If {(4,; u,) | a € A} is a family of topological rings such that
(R,; u,y = {A; u) for each a in 4, then the product II{<%,; u,>} is usually denoted
by {(®; u)*. For example, R* is a topological ring (if 4 + 0).

19 B.23. The underlying closure space of a topological ring ( field) is topological.
— 19B.4.

The proof of the fact that R is a topological field was based upon the existence
of the absolute value {x — |x|} on R (see 18 C.8). Now we shall prove that it is pos-
sible to introduce an admissible closure for a group, ring or field by means of a func-
tion satisfying certain conditions corresponding to properties of the absolute value
used in proving that R is a topological field. The main result is contained in the fol-
lowing lemma.
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19 B.24. Lemma. Suppose that {R, +, ‘) is a ring and ¢ is a function on R
satisfying the following three conditions:

(1) 90 = 0; (2) ¢(—x) = @x for each x € R; and

(3) o(x + y) £ ox + @y for each x and y in R.

Then ¢ = {<{x, y> > @(x — y)| (%, ¥> € R x R} is a pseudometric for R and the
closure u induced by g is admissible for the group (R, +). If, moreover,

4) o(x.y) = o(x). @(y) for each x and y in R,
then u is admissible for the ring (R, +,->. If (4) is replaced by the following
stronger condition

(5) o(x.y) = (ox).(@y) for each x and y in R,
then the inversion of (-, u) is continuous and consequently, if (R, +, ) is a field,
then (R, +,,u) isatopological field.

Proof. I. The function ¢ is a pseudometric. From (1), (2) and (3) we obtain at
once that 2¢x = (¢x) + (¢x) = ¢(x — x) = 0 = 0 and hence ¢x = 0 for each
x € R which shows that ¢ is a non-negative function. It follows that ¢ is also non-
negative. The symmetry of ¢ follows from (2), and the triangle inequality is obtained
from (3) as follows:

olx%, ¥> = o(x — y) £ o(x — 2) + o(z — y) = o(x, 2) + o(2, y) .

II. The proof of the remaining statements preceeds similarly to that of the cor-
responding statements for R in 18 C.8, 18 ex. 10, and is therefore left to the reader.

Corollary. The field C of complex numbers endowed with the usual closure is
a topological field.

Proof. Let o(x + iy) = \/(x?> + ¥?). Then ¢ = {x — @x} fulfils conditions (1),
(2), (3) and (5), and ¢ induces the usual closure for C.

19 B.25. Definition. A norm for a group <R, +) is a function ¢ on {R, +)
satisfying conditions (1), (2) and (3) of 19 B.24. Next, a norm for a ring <R, +,.)
is a function ¢ on {R,+,.) satisfying conditions (1) to (4) of 19 B.24. Finally, a norm
for a field <R, +, ) is a function ¢ on (R, +, -) satisfying conditions (1), (2), (3)
and (5) of 19B.24. A normed group, ring or field isa struct (%;¢) where £ is a group,
ring or field and ¢ is a norm for . If (#; ¢) is 2 normed group, ring or field, then
the pseudometric ¢ = {{x, y> — o(x — y)} is said to be induced by ¢, and the
closure induced by ¢ will be said to be induced by ¢ or to be the normed closure
for (Z; ).

Lemma 19 B.24 can be now restated as follows:

19 B.26. Theorem. If <%; @) is a normed group, ring or field, then the normed
closure is admissible for 4.

19 B.27. The normed group (ring) of mappings of a struct # = (P, &)
into a normed group (ring) <#; ¢). Let 2 = (P, ¢) be a non-void struct, P
being a set, and let (R; @) be a normed group or ring. The underlying set of & is

22 — Topological Spaces
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denoted by R and the addition by +. Let us consider the set % of all mappings f of
P into {R; @) (that is, all fe F(P, (R; ¢))) such that

¥f = sup {ofx | x e P}
exists. Let y be the relation {f — yf| fe F}. Then

(«) F is a stable subset of the group (ring) F(P, &) of mappings of P into &,
i.e. # is a group (ring) under the algebraic structure of F(?, Z).

(B) The function {y, #,R) is a norm for the group (ring) &.

(Y) The underlying topological group of % is a subgroup of the group
unif F(2, ¥) where % is the underlying topological group of (®;u) and where u
is the normed closure for {&; ).

Proof. Addition (and multiplication) of the group (or ring) F(#, %) as well
as of the group (ring) £ will be denoted by + (and -, respectively).

I. It is self-evident that if fe % then (—f)e % and Y(—f) = yf, 06 F and
Y0 = 0.

II. Now prove that if f,ge%, then (f+ g)eF and Y(f + g) < ¥f + ¥g.
If xeP then ¢((f + g)x) = o(fx + gx) < ofx + @gx < Yf + Yg. It follows
that y(f + g) exists and is less than or equal to yf + yg.

III. Now let # be a ring and f, g € #. The same argument as in II shows that
Y(f. g) exists and is less than or equal to yf. yg.

IV. Statements (o) and (B) follow from I, II and IIL

V. Statement (y) is an immediate consequence of the corresponding definitions.

19 B.28. Theorem. Let C*(2, R) be the ring of all bounded continuous functions
on a closure space ?. Then

-1l = {f - sup {|/x[ | x e [2]} | fe CX(2, R)}
is a norm for C¥2, R). In what follows, the symbol C*(2, R) will be used to denote
the normed ring {C*2, R); | - ).
Proof. 19B.27.

C. TOPOLOGIZED EXTERNAL COMPOSITIONS

Let ¢ be an external composition on a struct # = (P, n) over a struct & = {4, a).
By definition, this is to mean here that ¢ is a single-valued relation with domain
|| = A such that g[(a)] is a single-valued relation on |#| (=P) ranging in 2|
for each a in A. Thus |+/| = Dg and |#| = DEp. Instead of g[a] x we shall write
agx. Often we consider the struct (P, r, g,a)> whose underlying class is P and whose
structure is the triple (z, ¢, a). It is to be noted that the structs £ and & are uniquely
determined by (=, g, o), namely ? = (DEg, ) and &/ = (Dg, «). For example,
a module over a ring & is a struct (P, w, g, &) satisfying certain conditions connecting
7, ¢ and o. Here we will be concerned with the case where 7 and « are closure struc-
tures.
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Now we shall define the continuity of an external composition ¢ on a space {P, u)
over a closure space {4, v). The definition will require certain mappings to be
continuous. We can construct the following mappings:

{<a,x) > agx}: A x P> P,

{x >agx} : P> P, acd
and

{a > apx}:A—>P, xeP.
If we want to speak about continuity we must endow the domain carriers and the
rangg carriers with a closure operation. All the mappings in question have a common
range carrier, namely P, and undoubtedly the only candidate for the closure structure
for P is the given closure u. The domains of the last two mappings are P and A4, and
the only candidates for the corresponding closure structures are the given closure ope-
rations, u for P and v for A. It remains to topologize the domain 4 x P of the first
mapping. Naturally, the closure structure for A x P must be an important closure
operation constructed from the given closures v for A and u for P, e.g. the product
closure or the inductive product closure. It turns out that the product closure as well
as the inductive product closure yield continuities which are often required.

19 C.1. Definition. We shall say that an external composition ¢ on a closure
space {2, u) over a closure space (&7, v) is continuous (inductively continuous)
on {2, u) over (A, v) if the mapping

{<a, x) > agx} : {H,v) x (P, u) > (P, u)
({<a, x) - apx} :ind ({, v) % (P, u)) » (P, u))
is continuous.

Notice that we require continuity of mappings whose graphs are not g but a closely
related relation {{a, x) — agx}. This relation, called the external multiplication
associated with g, occurs very frequently in topological investigations of external
compositions and therefore it will be convenient to adopt the following definition.

19 C.2. If ¢ is any external composition then any mapping f, whose graph is the
external multiplication o associated with g, is also termed an external multiplication.
If the structures of D*f and E*f are clearly given by the context then we shall simply
speak about the properties of o instead of f.

It is worth noticing that the external multiplication associated with ¢ entirely
determines o, namely ¢ = {<a, {x, apx)> | a € &, x € #}. Now Definition 19 C.1
can be stated as follows: An external composition ¢ on a space (£, u) over a space
{7, v) is continuous (inductively continuous) if the external multiplication associated
with ¢ is continuous under the product closure v x u (inductive product closure
ind (v x u)) and wu. If the closures u and v are clear from the context then we shall
say simply that the external multiplication is continuous (inductively continuous).

The following two statements follow immediately from Definition 19 C.1 and the
description of continuous mappings on inductive products.

22+
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19 C.3. Theorem. An external composition ¢ on a space {£, u) over a space
{A, v) is inductively continuous if and only if all the following mappings are
continuous:

{x > agx} : (P, u) > (P,u), ae,
{a > aox} : (AL, ) > (P, u), xeP.

19 C.4. Every continuous external composition is inductively continuous; more
precisely, if ¢ is a continuous external composition on &2 over ¢, then g is an inductively
continuous composition on £ over %.

It is to be remarked that the continuity and the inductive continuity of an in-
ternal composition can be reduced to the corresponding continuity of a certain external
- composition. Namely, let ¢ be an internal composition on a closure space (2, u)
and let us consider the relation

0={x—> (xop)|{(x, p)e? x P}
Clearly g is an external composition on (£, u) over (£, u) and the external multi-
plication associated with ¢ coincides with o. It follows that ¢ is a continuous (induct-
ively continuous) internal composition on (£, u) if and only if ¢ is a continuous
(inductively continuous) external composition on (2, u) over (2, u).

19 C.5. Remarks. Let ¢ be an external composition on a set P over a set A.
(2) If u is a closure for P and v is the discrete closure for 4, then ¢ is a continuous
external composition on {P, u) over {4, v) if and only if all the mappings {x - agx}:
: (P, u) - {P,u), ac A, are continuous. Indeed, in this case the product {4, v> x
x (P, u) coincides with the sum Z{(P, u) | a € A} and the statement follows from
17 B.4. Thus the case where there is given a closure u for P such that all the mappings
{x — agx} :{P,u) - {P,u),ae A, are continuous is reduced to continuous ex-
ternal compositions by endowing A4 with the discrete closure. (b) If u is the accrete
closure for P and v is any closure for A, then g is a continuous external composition
on {P, u) over (4, v). This is evident because every mapping into an accrete space
is continuous. Thus given a closure v for 4 we can choose a closure u for P so that g
becomes a continuous external composition on (P, u) over {4, v). (c) Let u be a clo-
sure for P and v be a closure for A4 such that all the mappings {a — agx} : {4,v) -
— (P, u), x € P are continuous. The mappings {x — agx} : (P, u) » {P, u) need
not be continuous as will be seen in 19 C.6. Therefore this case does not reduce to the
notion of an inductively continuous or a continuous external composition.

19 C.6. Example. Let .4 be a set of mappings of a closure space 2 = (P, u)
into itself and let us consider the relation

0= Z{grflfe.//z’}
Clearly ¢ is an external composition on (P, u) over .4 and fox = fx for each f
in # and x in P. Thus f = {x — fox} : (P,u) — (P, u) for each fin .#. Let us
consider a closure v for .
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(2) All the mappings {f — fx} : {4, v) —» (P, u), x € P are continuous if and
only if the closure v is finer than the closure of pointwise convergence.

Recall that the closure w of pointwise convergence for .# is the closure such that
the mapping {f — gr f} : {4, w) - (P, u)F is an embedding. Thus a net {f;} in
(M, w) converges to fin {4, w) if and only if the net {f,x} converges to fx in
{P, u) for each x in P. Now the statement is obvious.

(b) The external composition ¢ on (P, u) over {.#, v) is inductively continuous
if and onmly if # < C((P, u), (P, u)) (i.e. each fe A is continuous) and v is finer
than the closure of pointwise convergence. — This follows from 19 C.3.

(c) The external composition g is continuous on (P, u) over {.#, v) if and only
if the following condition is fulfilled: if a net {f, | @ € A} converges to fin {.#, v)>
and a net {x, | a € A} converges to x in (P, u) then f,x, converges to fx in (P, u).
This is precisely the description of continuity of the mapping {( fx> > fx}:
(A, v) x (P, u)) — (P, u) by means of convergent nets (see 16 A.8 and 17 C.9).

(d) If the closure u is compatible with a commutative group structure + for P
and (, v) is a subspace of the underlying space of the group of continuous mappings
of (P, u) into the topological group {P, +, u) endowed with the closure of uniform
convergence, then g is a continuous external composition on (P, u) over {4, v).

For the proof we may assume that {.#, v) coincides with the underlying space
of the group unif C({P, u), (P, +, u)) which, for brevity, will be denoted by
® = (A, +,v). Suppose that {f,} converges to fin &, {x,} converges to x in
{P,u) and W is a neighborhood of fx. Let ¥~ be the neighborhood system at the
neutral element O of P and for each Vin ¥ let

V* = E{f|fe®, Ef c V}.

By definition the set ¥™* of all V*, Ve ¥ is a local base at the neutral element in &.
Let us choose a symmetric Vin ¥ so that fx + [V] + [V] = W. Since f'is continuous
we can choose a neighborhood U of x so that f[U] < fx + [V]. Let us consider the
neighborhood f + [V*] of f. Clearly if g € f + [V*], then

gVl e [AfIU]+ V] e+ [V]+[V] = W.
ge(f+ [V D=gU]cw.

Now since {f,} converges to fand {x,} converges to x we can choose a residual set 4,
of indexes so that f, € (f + [V*]) and x, € U for each index a in 4o, and consequently,
by the above implication, f,x, € W for each a in 4, which proves that the net {f,x,}
converges to fx. (It should be noted that one may eliminate the use of nets in the
proof and obtain a more direct proof.)

(e) If v is the closure of pointwise convergence for < C((P,u), (P u)),
then g is inductively continuous on {P, u) over {.#,v) but g need not be continuous.
For example, let <P, u) be the unit interval [ 0, 1 ] of real numbers endowed with
the order closure (i.e. [ 0,1] is a subspace of R), and let us choose a sequence {f,}
of continuous mappings of [0, 1] into itself so that f,x, = 1, where x, = 1/(n + 1)

Thus
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and f,x = 0 for [x — x,,] > (4n + 4)72. Such a sequence obviously exists. Next,
evidently the sequence {x,,} converges to 0, { f,} pointwise converges to the constant
mapping {x — 0} (for each x, at most one f,x is differént from 0), but fx, = 1
for each n, and hence the sequence { f,x,} converges to 1. By (c) ¢ is not continuous.

Let us recall that we have defined a continuous internal composition for a closure
space (P, u) as an internal composition for <P, u) such that the mapping
o :{P,u) x {P,u) — {P, u) is continuous, and a continuous internal composition
for a set P as a pair (o, u) such that o is a continuous composition for (P, u).
In the case of an external composition g the situation is more complicated because
the continuity depends on two closures, one for Dg and one for DEp.

19 C.7. Definition. A topologized external composition is a triple (u, g, v)
where ¢ is an external composition, say on P over A4, and u is a closure for P and v
is a closure for A; we shall say that {u, g, v) is continuous (inductively continuous)
if o is a continuous (inductively continuous) external composition on (P, u)
over (4, v). If ¢ is a continuous (inductively continuous) external composition
on (P, u) over {4, v), then we shall say that (g, v) is a continuous (inductively
continuous) external composition on (P, u), and that {u, ¢) is a continuous (in-
ductively continuous) external composition over {A, v).

Remark. One can define the external multiplication associated with a given
topologized external composition {u,g,v) to be the mapping of {Dg, v> x (DEg, u)
into (DEg, u) whose graph is the external multiplication associated with g. Then
{u, g, v) is continuous or inductively continuous if and only if the corresponding
multiplication is continuous or inductively continuous.

The concept of a topologized external composition requires no comment. The pair
{g, v) is very appropriate if v is fixed and we examine various u. For example, there
is given a module L over the topological field of reals and we examine various closures
making La topological linear space (19 D.2); here the pair {g, v) is fixed. The pair
{u, @) occurs frequently in another situation. There is given a closure space {P, u)
and a subset ./ of F({P, u), (P, u)) and we examine various closures v for .4 such
that, e.g., the external composition ¢ = Z{gr /| fe .#} (considered in 19 C.6)
is continuous; here the pair (u, ¢) is fixed.

In conclusion we shall introduce the definitions of the restriction of a topologized
external composition and of the product of topologized external compositions.

19 C.8. Definition. The restriction of a topologized external composition (u, g, v)
is a topologized external composition {u;, 91, v;» such that g, is a restriction of g, u,
is a relativization of u and v, is a relativization of v.

19 C.9. Theorem. The restriction of a continuous (inductively continuous) external
composition is continuous (inductively continuous). — Immediate consequence
of earlier results (Sections 16, 17).

The product of a family {u,, g,, v, | b e B} of topologized external compositions will
be defined only in the case that all the v, coincide and hence all the domains Dg, coincide.
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19 C.10. Definition. The product of a non-void family {(ub, Qp> VY | beB} of
topologized external compositions, denoted by II{<u,, g,, v}, is defined as the
topological external composition {u, ¢, v) where g is the product IT{g,} (see 8 A.15)
of the family {g,} and u is the product closure opzration IT{u,}. Thus

H{(ub, @p> v)} = <H{ub}, H{Qb}: v).
It is to be noted that the symbols Il occurring in the equality all have different
meanings.

19 C.11. Theorem. The product of continuous (inductively continuous) external
compositions is a continuous (inductively continuaus) external composition.

Proof. Let {u, g, v} be the product of a non-void family {Cuy, s, v)|b e B}
of topologized external compositions; let each g, be an external composition on
P,over 4,and let g be on P over 4, i.e. P = II{P,}. Finally put # = (P, u), #, =
= {Py, upy and & = (A, v). Thus £ is the product of the family {9’;} of closure
spaces. — L. First suppose that each {u,, gy, v) is a continuous external composition,
i.e. that the mapping

S = {(‘B.V)"aQb.V}:d X Py — Py
is continuous for each b in B. We must show that the mapping
f={a,x)—>aox}:d x P> P

is continuous. By 17 C.10 it suffices to show that the mappingpr, . f: & x # — 2,
is continuous for each b in B. But clearly (pr, - f) <a, x) = f,<a, pr, x) for each
{a,x) e A x P and hence

((Pryof): s x P2 > P) =fo0((): L > L) % (pr},: P = Py)).

But the right side of the equality is a composite of two continuous mappings,
/f, being continuous by our assumption and the product mapping continuous
(17 C.13) because the identity mapping ] : & — & as well as the projection pr, :
: P > P, (17 C.6) is continuous. — II. Now suppose that each {u,, g,, v) is an
inductively continuous external composition, that is, by 19°C.3, the mapping
{a — agyy} : o > P, is continuous for each b in B and y in P,, and the mapping
{y - agyy}: P, > P, is continuous for each b in B and a in A. To prove that
the composition (u, ¢, v) is inductively continuous, by 19 C.3 ‘it suffices to show
that the mapping {a — agx} : & — 2 is continuous for each a in 4, and the map-
ping {x — apx}: P — 2 is continuous for each x in P. But, given an x € P, the
mapping {a — agx} : & — 2 is the reduced product of the family of continuous
mappings {{a — ag, pr, x} : & — 2,} and therefore it is continuous by 17 C.13,
and given an a € A, the mapping {x — agx} : > 2 is the product of the family
{y = agyy} : #, > P} of continuous mappings and therefore it is continuous by
17 CA13.

19 C.12. Convention. The product of a family {(u, ¢, v |be B} is denoted
by <u, g, v)".
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D. TOPOLOGICAL MODULES AND ALGEBRAS

The purpose of this subsection is to introduce the concepts of a topological module
and a topological algebra over a topological ring or field. Particular attention turns
to normed algebras of bounded functions which will be discussed in Sections 25
and 41. We point out that we do not intend to build a general theory of topological
algebraic structs. Nevertheless a general introductory remark may be in place.

First, let a topologized internal algebraic struct be a struct {P, a; u) such that P
is a set, u is a closure for P and « is a multiplet {uay,...,a,» such that each a;is an in-
ternal composition on P; {a,, ..., &, t) is called a topologized internal structure
on P. Now let (P, a; u) be a topologized internal struct, ¢ be an external composition
on P over a set A and finally, let {f;v) be a topologized internal structure for A.
It is natural to form the struct <P, o; u; {g, f; v>) and to term it a topologized alge-
braic struct (with only one external composition) over the topologized algebraic
struct (Dg, B, v>. Now we can speak about the continuity or the inductive continuity
of the internal compositions {a;, u) (recall that & = <a, ..., @,») and {B;, v) (where
B = {B1,..., B,), about the continuity of the inversion of {a;, u) or {f;,v))and finally,
about the ¢ontinuity or inductive continuity of the topologized external composition
{u, g, v). Besides these topological requirements some algebraic conditions are
usually involved. We restrict our attention to two important cases, namely to topo-
logical modules and topological algebras over a topological ring or a topological
field.

19 D.1. Definition. A topological module over a topological ring # =
= {R,o', i, v) ({R,o’,u’) is the underlying ring of the topological ring ) is
a multiplet ¥ = <L, 0,u,¢,0', u’> such that (L, o,9,06’, 4’y is a module over
(R, ¢, y') (called the underlying module over the underlying ring of &), <L, 6, u)
is a topological group (called the underlying topological group) and (u, g, v) is
continuous. A topological algebra over a topological ring & = (R, ', ', v) is
a multiplet & = (L, o, u, u, ¢, ¢’, i, v) such that {L, o, u, 0, ¢', ', v) is a topo-
logical module over # (called the underlying topological module over Z),
(L, 0, p,0, ¢, is an algebra over R, o', ') (called the underlying algebra of
& over the underlying ring of #) and (L, o, y, u) is a topological ring (called the
underlying topological ring of £).

19 D.2. A topological module # over a topological field £ is usually called a topo-
logical linear space, and if 2 is the topological field of reals or complex numbers,
then % is called a real topological linear space or a complex topological linear; space.

19 D.3. Convention. In what follows, unless the contrary is explicitly stated,
the external multiplication will be denoted by -, and the compositions, currently
called addition or multiplication, will usually be denoted by + or -, respectively.
Thus, if & is a module over a ring # then there is the addition of £ (addition of
vectors), the addition of £ (addition of scalars), the multiplication of # and the mul-
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tiplication associated with the external composition (multiplication of scalars and
vectors). If & is an algebra then there is yet another multiplication, namely the
multiplication of the ring & (vector multiplication).

It may be in place to list all the topological conditions required of a topological
linear space & over a topological ring £ (the underlying closure space of & is denoted
by &’ and the underlying closure space of £ is denoted by #’'). All the following
mappings are to be continuous:

R XR SR+ R xR SR, {r—> -1} R >R
+: x>, x> —x}:1 ¥ > L,
R X P
For a topological algebra, there is yet another requirement:
¥ x ¥ — &’ is continuous.

19 D.4. Examples. (a) If <L, «, o, B is a module (algebra) over a ring (R, ) and u
and v are either accrete closures for L and R or discrete closures for Land R, then
{L,o,u,q,fB,vyisa topological module (algebra) over the topological ring (R, B, v).
(b) If <L, o, g, B) is a module (algebra) over a ring (R, f) and if v is any admissible
closure for the ring (R, ) and u is the accrete closure for L, then (L, «, u, g, B, v)
is a topological module (algebra) over the topological ring (R, B, v) .(c) Let Z =
= (R, +,,u) be a topological ring and let ¢ = {x > {y, x- y> |x € R, y e R}.
Then g is an external composition on R over R, &, = (R, +,u, 9, +, ,uyis
a topological module over the topological ring (R, +,-,u)and ¥, = (R, + ,*, u,
o, +,-,u) is a topological algebra over the topological ring #. If we say that we
consider a topological ring # as a topological module or a topological algebra over
itself it is to be understood that we consider the topological module £ or the topo-
logical algebra %, over Z.

Further examples can be obtained by two basic operations, of taking subspaces or
forming products, which will now be introduced. '

19 D.5. Definition. A topological submodule of a topological module & over
a topological ring £ is a topological module &’ over # such that the underlying
topological group of %’ is a subgroup of the underlying topological group of %
and the external composition of %’ is a restriction of the external composition of 2.
A topological subalgebra of a topological algebra is defined in a similar way (it
is sufficient to replace the expressions “module” and “group” by ‘algebra” and
“ring”).

Of course we must show that a topological submodule is actually a topological
module. This follows, however, from the fact that the restriction of a continuous
external composition is a continuous external composition (19 C.9), and the fact
that a topological subgroup (subring)\ of a topological group (ring) is a topological
group (ring).
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If # is a topological ring, module or algebra, and if X < || is stable under the
corresponding structure, then the closure of X is stable.

19 D.6. Remark. By definition 19 D.5 a topological submodule of an %#-module
is an #£-module. It is easily seen that, more generally, the notion of a topological sub-
module can also be introduced by restricting the scalars. Indeed, if % is a topological
module over a topological ring # and if £’ is a topological subring of %, then we
can construct a topological module %’ over £’ by requiring the underlying topo-
logical group of %’ to coincide with that of % and the external composition of &’
to be a restriction of the external composition of & to an external composition over
R'; we refer to &’ as the topological module obtained from & by restricting the scalars
to 22'. Now, given a topological submodule % of a topological module & over a topo-
logical ring # and given a topological subring #’ of , we can consider the topological
module &£ over Z’ obtained from &’ by restricting the scalars to #’, and the topo-
logical #'-module #” is the above mentioned submodule of % in a generalized sense.

19 D.7. Theorem. Let & be a topological ring and let {&, | ae A} be a non-void
Samily of topological R-modules (Z-algebras). Then the struct & = (L, a;u, g, B; v)
is a topological Z-module (R-algebra) where (L, o; u) is the product of the family
{9,|ae A}, each 9, being the underlying topological group (ring) of %, o
is the product of {o, | a € A}, each g, being the external composition of &,, and {B, v)
is the topological ring structure of A.

19 D.8. Definition. The topological #-module (#-algebra) & from 19 D.7 will
be termed the product of the family {&,|ae A} of topological R-modules
(#-algebras) and will be denoted by II{%Z,|ae A}. As usual, the product of
the family {& | a € 4} is denoted by £4.

Proof of 19 D.7. By definition 19 D.1 it is sufficient to show that (L, o, u) is
a topological group (ring) and this has already been proved (19 B.8, 19 B.21)); and
that {u, g, v) is a continuous external composition and this was proved in 19 C.11.

19 D.9. Remark. Let £ be the product of a family {&, | a € A} of topological
Z-modules. Then the underlying closure space of % is the product of underlying clo-
sure space of the .#,, the underlying topological group of % is the product of under-
lying topological groups of the £, the external composition of & is the product of the
external compositions of the &, and, finally, & is over the same ring as each %#,, na-
mely over . It is to be noted that we can define the product of a family of topological
modules {&,}, each &, being a topological module over £, as a topological module
over the product topological ring II{#,}; nevertheles this definition is not appro-
priate because the product IT{#,} need not be a field even if all &, are fields. Modules
over fields are of principal importance, and in fact very little is known about topo-
logical modules over topological rings.

19 D.10. Examples. (a) Let us consider the field R of reals as a topological
algebra over R (see example 19 D.4(c)), and let 4 be a non-void set. By 19 D.8 and
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19 D.7 we obtain a topological algebra R* over R. Unless otherwise stated, if R*
is considered as a topological algebra or a module it is to be understood that R*
is the R-algebra or R-module described above. (b) Let & be a topological %-
module and let & be any struct with a non-void underlying set. The mapping
{f— grf} of the set F(&, &) (of all mappings of & into %) into the #-module
Z!1 is bijective and therefore we can endow the set F(#, &) with the structure of
a topological Z-module so that the mapping mentioned above becomes an isomor-
phism (we hope that the meaning of the word isomorphism is clear here although
the definition will not be given until the next subsection). If F(%, &) is considered
as a topological £-module then it is to be understood that we mean the topological
Z-module just defined. We leave to the reader the simple task of defining the topo-
logical #-algebra F(&, &) where & is a given topological Z-algebra. (c) In part-
icular, given a closure space 2, F(2, R) is a topological algebra and C(2, R) can
be considered as a topological subalgebra of F(2, R).

19 D.11. If & is the product of a family {&,} of topological modules or algebras,
and if X, = |&,| is stable under the structure of %, then the closure of IT{X,} is
stable.

In conclusion we shall introduce the concept of a normed module or algebra over
a normed ring.

19 D.12. Definition. A norm jfor a module (algebra) £ = (L, a; 0, B; @) over
a normed ring # = <R, B; ¢> (<R, B) is the underlying ring of Z and ¢ is the norm)
is a norm ¥ for the underlying group (ring) <L, ) of & satisfying the following
condition:
xeL, reR = yY(rox) = or.yx.

A normed module (algebra) over a normed ring & or simply a normed R-module
(#-algebra) is a struct (L, a; ¥, g, B; @) such that ¢ is a norm for the module
(algebra) (L, a; g, B; > over the normed ring #. We shall say a real or complex
normed module (algebra) instead of normed R-modul or normed C-algebra, where R
is the normed field of reals and C is the normed field of complex numbers. The norm
y will usually be denoted by | - .

19 D.13. Theorem. Let & = (L, a; | - |, o, B; ¢) be a normed module (algebra)
over a normed ring # = (R, B; ¢>. By 19B.26 the norm | - || induces a closure
operation u admissible for the group (ring) (L, a), and ¢ induces an admissible
closure operation v for the ring (R, B). The topologized external composition
u, g, v} is continuous and hence (L, a; u, @, f; v) is a topological module (algebra)
over {R, B; v).

Convention. A normed #-module (%-algebra) will be considered as a topological
module (algebra) with the closure structures just introduced.

Proof. Let + denote addition in (L, &) as well as in (R, #>. The closure u is
induced by the pseudometric {{x, y> — |x — y|} and the closure v is induced by
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the pseudometric {{r, s) — ¢(r — s5)}. Now, continuity is implied by the following
inequality which holds for each r, se R and x, y € L:

[rex — sey| < or]x — y| + o(r — 5)|y] .

19 D.14. Normed modules (algebras) of bounded mappings into
a given normed module (algebra) over a normed ring. Let % be a normed
module (algebra) over a normed ring # and let & be any non-void struct. For each
mapping f of & into & put

11 = sup {I5] | x e |1},

and let F*(&, %) denote the set of all f such that | /]| is finite. Clearly fe F¥(&, &)
if and only if E{x — H fx[| | x e I.SPI} is a bounded subset of R, or equivalently, Ef is
a bounded subset of the pseudometric space <|%|, {<x, > — ||x — y|}>. We shall
say that such f are bounded; thus F*(&, &) is the set of all bounded mappings of &
into &. For each fand g in F(&, £) and rin 2 let f + g = {x » (fx + gx)} :
1 & > & (if £ is an algebra, let, in addition, f.g = {x > fx.gx} : & - £) and
r.f={x->r.fx}:% > % Now F(&, £) endowed with the addition {{f, g> —
— f+ g} (and multiplication {{f, g> — f.g}) and the external composition cor-
responding to the external multiplication {<r, f> — r. f} over # is a module (algebra)
over % and the mapping {f - gr f} : F(&#, &) —» £,!¥lis an isomorphism, where £,
is the underlying algebraic module of % (i.e. &, is obtained by omitting norms).
If £, g e F{(&, &) and r € ® then clearly

1+ gl < WAL+ Dol AUr-all = 10 Nal)s e A= 1L A 1AL =111

and consequently F*(&, %) is stable under the module structure (algebra structure)
of F(&, #). In what follows F¥(#, &) will be considered as a module (algebra)
under the relativization of the module structure (algebra structure) of F(&, &).
The formulac mentioned above show that {f — | f| | f& F¥(&, £)} is a norm for
the module F*(&, £) over the normed ring #. In what follows, F¥(#, &) will
denote this normed module (algebra) over # and we shall refer to F¥&, %) as to
the normed module (algebra) of all bounded mappings of the struct & into the
normed module (algebra) £.

19 D.15. Theorem. The closure of the normed module F¥(&, &) of bounded
mappings of a non-void struct & into a normed module & over R is the closure of
uniform convergence, more precisely, if 9 is the underlying topological group of
the topological module associated with %, then the mapping

(*) {f=>f:% > 9} :FH&, &) > mif (&, %)
is a topological embedding. In addition, the range of () is closed in unif F(&, %).

Proof. If r > 0 and U is the closed r-sphere about the zero of &, then |f|| < r
if and only if fx € U for each x, and therefore the mapping () is an embedding and
if g is not bounded then no & such that |k — g| < r is bounded.
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We are interested in the case where % is the normed topological field R of reals
and £ = R as well. For this case we shall need the following theorem which is the
analytic background of the famous Stone-Weierstrass theorem.

19 D.16. Theorem. Let & be a struct and A a closed subalgebra of F*(¥,R)
containing all constant functions. If fe A, then |f] = {x > |fx|} : & = R also
belongs to A and consequently, if f, g € A, then max (f, g) = {x - max (fx, gx)}:
& — R and min (f, g) = {x - min (fx, gx)} : &¥ —> R also belong to A. Thus A
is lattice-stable in (F*(.?, R), <> where £ is the product-order. — For proof
see ex. 6.

E. CONTINUOUS HOMOMORPHISMS

It turns out that closures admissible for algebraic structs possess rather special
properties, e.g. a closure admissible for a group is topological and we shall see
later that then it is necessarily uniformizable. Similarly, if f is a mapping of a
topologized algebraic struct into another one and if f possesses some algebraic
properties (e.g. f is a homomorphism) and some topological properties (e.g. f is
continuous at a point), then f possesses some further topological or algebraic pro-
perties. There are many profound results which under some weaker algebraic and
topological assumptions assert that a closure or a mapping has very striking topo-
logical or algebraic properties. Here we shall prove two very simple results with
which the reader is surely familiar. The main purpose is to introduce an appropriate
terminology.

19 E.1. Theorem. Let ¥ = {G,06,u) and # = {H, u, v) be topologized groups
and let f be a homomorphism of (G, o) into (H, uy.1f both % and 3¢ are inductively
continuous and f:{G,u)y - {H,v) is continuous at a point, then f:<{G,u) —
— {H, v) is continuous.

Proof. Suppose that fis continuous at a point x and let y be any point of G. We
must show that f is continuous at y. It is sufficient to find continuous mappings h
of {G, u) into itself and k of (H, u) into itself such that f = ko fo h and hy = x.
Since the topologized groups in question are inductively continuous we can take the
mappings

h={z—>xozoy™'}, k= {w— (fx)™! pwu(fy)}.
Indeed, clearly x = hy, kfhz = k f(xozoy™') = k(fxpufzufy™*) = fz and h and k
are continuous because of the inductive continuity of (e, u) and (g, v).
It is evident that the preceding theorem may be applied to continuous groups, to-
pological groups and also to richer structs as for instance topological rings, modules
and algebras.

19 E.2. Theorem. Let f be a homomorphism of the underlying module &, of
a normed real module & into the underlying module 4, of a normed real module 4.
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The following conditions are equivalent:

(a) f: & — A is continuous;

(b) f: & — A is continuous at a point of &;

(¢) f: & - A is continuous at the zero of &;

(d) the image of a sphere about the zero of & is bounded in A,

(e) f: & — A is Lipschitz continuous, i.e. || fx] < r|x|¢ for some r.

Proof. Conditions (a), (b) and (c) are equivalent by 19 E.1. Clearly (c) implies (d)
and (e) implies (c). It remains to show that (d) implies (¢). Suppose that the image
of a sphere S about the zero of %, say with radius r > 0, is bounded in £, say
| /%[5 < s for each x e S. It is easily seen that || fx[|x < s.r *|z| ¢ for each x.

In Section 8 we defined the concept of a homomorphism of an algebraic struct
into an algebraic struct of the same type. In the preceding two theorems we were
concerned with a mapping of an algebraic struct endowed with further structures,
in the former case with closure operations and with norms in the latter case. This
situation occurs frequently and therefore we shall introduce futther terminology.

19 E.3. Convention. Consider a mapping f of a topologized algebraic struct
(P, a; u) into another one {Q, B; v>. If P is a property of mappings of closure spaces
and if the transposed mapping f: (P, u> — {Q, v) has property P, then we shall
say that f has the property B. E.g., f is continuous means that f: (P, u)> — {(Q, v)
iscontinuous. If 9B is a property of mappings of algebraic structs and if the transposed
mapping f : (P, a) = {Q, B has the property PB, then we shall say that the mapping f
has the property B. E.g., f is a homomorphism means that f: (P, o) = {(Q, >
is a homomorphism.

For example, the result of theorem 19 E.1 can be stated as follows: if a homo-
morphism of an inductively continuous group is continuous at a point, then f is
continuous.

In accordance with 19 E.3, if we say that a mapping fis an embedding, then it is
to be understood that f: (P, u) - {Q, v) is an embedding and also f: (P, a) —
— {Q, B> is an embedding. Indeed, to be an embedding is defined for mappings of
closure spaces as well as for mappings of algebraic structs. If we want to say that
f:{P,u) - {Q,v) is an embedding, then we must say that f is an embedding of
closure spaces, or simply a topological embedding. Similarly, if we want to say that
fi{P,a) - {Q, B> is an embedding then we must say that f is an embedding
of algebraic structs, or simply an algebraic embedding.

19 E4. Examples. (a) Consider the group o of all mappings of a topological
group ¥ into a topological commutative group 4. The set L of all homomorphisms
of 4 into 5 is a subgroup of 2", and the set L, of all continuous f€ L is also
a subgroup of . Relative to the closure of uniform convergence, L, is closed in
L, but neither L, nor Lneed be closed (e.g. consider an accrete #); on the other
hand, if the neutral element of " is closed, then both Land L, are necessarily closed.
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(b) Let £, and Z, be normed linear spaces and 2" the submodule of K<Z,, Z,)
consisting of all continuous linear mappings. If

of = sup {| x| Z,| Ix|£, < 1}

for all f in i, then ¢ is a norm for . If &, = &, then ¢(g, f) < ¢g . of for
all fand g, and hence ¢ is a norm for the corresponding algebra.

F. SERIES

Without doubt the reader is familiar with the definition and basic properties of
sums of series of real numbers and related concepts. For the sake of completeness
and also as an example of application of earlier results we shall introduce the con-
cept of a sum of a family in a topologized commutative semi-group.

It should be remarked that all the results will be needed for real numbers only.

Let 4 = (G, 6) be a commutative semi-group. For each non-void finite family
{x,| a € A} ranging in & there is dcfined the so-called composite of {x,} in %, denoted
by o{x,}, to be the element (... ((x,,0%,,) 6X,,) ...) 6%, of G where {a;} is any finite
one-to-one sequence ranging on A. If 4 is endowed with a closure operation then
we can define composites of infinite families.

19 F.1. Definition. Let 4 = (G, o, u) be a topologized commutative semi-group
and let {x, | a € A} be a non-void family ranging in %. Let & be the collection of all
non-void finite subsets of A. Clearly (&, =) is a directed set and hence N =
= {{o{x,|aeF}|Fe«}, =) is a net in 4. Any limit point of N in <G, u) is
called a composite of the family {x, | a € A} in the topologized semi-group ¢ and
denoted by a,{x,}. If x is a composite of {x,}, then we shall sometimes say that {x,}
composes to x. If {x,} has at least one composite in & then we shall say that
{x.} is composable in 4. If ¢ is written additively, then we shall speak about a
sum instead of a composite and we shall say summable instead of composable.

Often we shall need the following direct description of composites: An x € G is
a composite of a family {x‘I | a € A} in a topologized commutative semi-group ¢ =
= (G, o, u) if and only if for each neighborhood U of x there exists a finite non-
void subset A, of 4 such that the composite of {x, l aeF} in {G, o) lies in U
for each finite F o A, F < A.

If u is an accrete closure then N converges to each point of G and therefore each
point of G is a composite of {x,} in . If {x,} is a finite family then the composite
o{x,} in G, ¢) is a composite in {G, g, u) for each u.

19F.2. Let 4 be a topologized commutative semi-group, {x, | a € A} be a family
in 9 and g be a permuting relation for A (i.e. @ is a one-to-one relation on A ranging
on A). Then a point x is a composite of {x,} in 9 if and only if x is a composite



352 ITII. TOPOLOGICAL SPACES

of {xa,, I aeA} in 9. Roughly speaking, the operation of forming composites is
commutative. — Evident.

19F.3. Let {x, | ae A} and {y,|a e A} be families ranging in a continuous
commutative semi-group 4. If x is a composite of{x,,} in % and y is a composite of
{ya} in @, then xay is a composite of {x,0y,} in 4.

Proof. The net {c{x,|a e F}} converges to x, the net {a{y, | a € F}} converges
to y and we must show that the net {a{xaay,, | ae F}} converges to xay. This is
evident because (o{x, | a € F}) o({y. | a € F}) = o{x,0y,| a € F} for each F and 4
is continuous.

19F4. Let {x,, | a € A} be a family ranging in a continuous commutative semi-
group¥%,B; N B, = 0,B; UB, = A, B, + 0 % B,.If y, is a composite of {x,| a e
€B,},and y, is a composite of {x,| a € B;} then y,0y, is a composite of {x,| a € A}.

Proof. Let U be a neighborhood of y,cy,. Since ¢ is continuous we can choose
a neighborhood V; of y;, i = 1,2, such that [V;]o[V,] = U. Let B}, i = 1,2, be
a non-void finite subset of B; such that {x, | a € F} € V; for each finite subset F of B,
containing Bj. If A’ = B} U Bj, then o{x, | a € F} € U for each finite subset F of A
containing A’ which shows that y,oy, is a composite of {x, | aeA}in%.

Remark. By induction the result of 19 A.4 can be proved for every finite de-
composition of A4.

19F.5. Let 4 = {G, o, u) be a topological commutative group and {x,, l ae A}
be a composable family in 4. For each neighborhood U of the neutral element
e of & there exists a finite subset A’ of A such that o{x,|a e F} e U for each non-
void finite subset F of A — A'.

Proof. Let x be a composite of {x, | a € 4} in 4. Choose a symmetric neighbor-
hood V of the neutral element such that [V] ¢ [V] < U and then a non-void finite
subset 4’ of A such that ¢{x, | @ € F} € x o[ V'] for each finite subset F of A containing
A'. If F is a non-void finite subset of 4 — A4’, then o{x,|ae(4’ U F)} e xo[V]
and o{x, | a € A’} € xs[ V] and therefore the element o{x, | a € F}, which is the dif-
ference in ¢ of these two elements, belongs to [V] ¢ [V] = U.

19 F.6. Corollary. If {x, | ae A} is composable in a topological commutative
group 9, then each neighborhood of the neutral element contains all x, except
for a finite number.

19 F.7. Corollary. If {x,} is a composable family in a topological commutative
group 9 with a countable local character, then all the x, lie in the closure of the
neutral element, except for a countable number of indices.

Proof. Notice that the closure of the neutral element is the intersection of neigh-
borhoods of the neutral element.

19F.8. Let f be a continuous homomorphism of a commutative topological
semi-group %, into another one 4,.1f x is a composite of{x,,} in %, then fx is a com-

posite of {fx,} in %,.
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Proof. If {x,} is finite then the algebraic composite of {fx,} in ¥, is the image
under f of the algebraic composite of {x,} in %, (f is a homomorphism). If x is
a limit point of a net N, then fx is a limit point of fo N.

A family in a commutative topological group may have many composites, e.g.
if the closure structure is an accrete closure then each point is a composite of each
non-void family.

/

19F.9. If e is the neutral element of a topological commutative group 4 =
= (G, 0,u) and E is the closure of (e), then the set E is a closed subgroup of
4, the closure of a point x is xo[E], and if x is a composite of a family {x.}
then xo[E] is the set of all composites of {x,}.

Proof. E is closed because u is topological, and E is an invariant subgroup because
(e) has these properties (19 B.9). The set xo[E] is the closure of (x) because
{y > x.y}:9 - % is a homeomorphism which carries e into x and E onto xo[E].
To prove the last statement we shall prove that if x is a limit point of a net N, then
a point y is a limit point of N if and only if y € x6[E]. The set of all limit points
of a net in a topological space is closed and hence each point of xg[E] is a limit
point of N. If y ¢ xo[E] then G — xo[E] is a neighborhood of y and hence there
exists a neighborhood U of e such that yoU is contained in G — xo[E]. Choose
a symmetric neighborhood V of e such that [V]6[V] = U. It is easily seen that
(xa[V]) n (yo[V]) = 0. The net N is eventually in xo{V] and hence N is not even-
tually in yo[V].

Remark. We have proved that if x ¢ u(y), then x and y have disjoint neighbor-
hoods in %.

19 F.10. Corollary. If the neutral element of a topological commutative group
% is closed then any family in 4 has at most one composite.

Remark. Each point of R is closed and therefore 19 F.10 applies to the additive
group R as well as the multiplicative group R — (0).

19 F.11. Definition. Let 4 be a commutative topological group and let & be any
struct. We shall say that a family {f,} of mappings of & into ¢ composes to f point-
wise or uniformly if fis a composite of {f;} in the topological group F(&, %) or
unif (&, %), respectively. If {f,} composes to f pointwise or uniformly then f
is termed a pointwise or uniform composite of {f,}. The support of a mapping f
of a closure space & into a topological group ¢ is the set of all x € |,5f [ such that fx
is distinct from the neutral element of ¥; the smallest closed set containing the sup-
port of f is termed the closed support of f. A family { f.} of mappings of a closure
space & into ¥ is said to be locally finite if {support £} is a locally finite family, where
support f, denotes the support of f,. The definitions just stated are carried over to
mappings into a topological ring, field, module or algebra #Z by replacing £ by the
underlying topological group %, e.g. if R is the field of reals then { f,} composes point-

23 — Topological Spaces
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wise to fif and only if {g,} composes pointwise to g where g, or g is f, or fregarded
as a mapping into the additive topological group of reals.

The following result is simple but very important.

19 F.12. Theorem. Let {f;} be a family of mappings of a closure space ? into
a commutative topological group 4. Then

(a) Any uniform composite of {f,} is a pointwise composite.

(b) If{f.} is finite then any pointwise composite is a uniform composite.

(¢) If all f, are continuous then any uniform composite of {f,} is continuous.

(d) If {f.} is a locally finite family then f has a pointwise composite, and if,
in addition, all {f,} are continuous, then any composite of {f,} is continuous.

Proof. Statement (a) follows from the fact that the closure structure of unif F(2, %)
is finer than the closure structure of F(2, ¥). Statement (b) follows from the fact
that the closures of a singleton in unif F(2, ), and F(#2, ) coincide (cf. 17 ex. 2).
Statement (c) follows from Theorem 19 B.16 which states that the set of all continuous
mappings of 2 into ¥ is a closed sub-group of unif F(2, ¥). We shall prove (d).
If {/.,} is locally finite and x € |#|, then the set 4, of all a such that f;x =% e is finite
and therefore the algebraic composite fx or {f,x | a € A,} is a composite of {f,x}
in . The mapping f = {x — fx} : 2 —» ¥ is a pointwise composite of {/,}. (Notice
that we have only used the fact that the supports form a point-finite family.) Suppose
that f is a pointwise composite of {f,}, and all f, are continuous. We shall prove
that f is continuous by showing that any point x of £ has a neighborhood U such
that the domain-restriction of fto the subspace U of £ is continuous. Given any x,
choose a neighborhood U of x a such that B = E{a | the support of f, inter-
sects U} is finite, and let g = f: U > ¥, g, = f, : U > . Evidently g is a point-
wise composite of {g,}. It is clear that g is a pointwise composite of {g, | a € B}.
The set B is finite, and hence g is a uniform composite of {ga | ae B}. Since each
g, Is continuous, g is continuous by (c). The proof is complete.
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20. SEPARATION AND CONNECTEDNESS

In the first subsection two important relations for the set of all subsets of a closure
space will be introduced and examined, namely the relations E{<X, Y> | (X n Y) u
U(XNnY)=0} and E{KX,Y)|U n ¥V =0 for some neighborhoods U of X and
V of Y}. Both relations will occur frequently in the next chapter. Here the importance
of the first relation might be guessed from Theorem 20 A.9 and its corollary, Theorem
20 A.10. Furthermore, the concept of the boundary of a set in a space is introduced.
Subsection B, which is closely related to subsection A, is concerned with defining
and developing the properties of connected spaces.

A. SEPARATION AND SEMI-SEPARATION

20 A.1. Definition. Let P be a closure space. Two subsets X; and X, of P are
said to be semi-separated if there exist neighborhoods U, of X, and U, of X, such
that U; n X; = 0 = U, n X,. Two subsets X, and X, of P are said to be separated
if there exist neighborhoods U, of X, and U, of X, such that U, n U, = 0.

From the definition we immediately obtain the following properties for the rela-
tion “‘to be separated” and “to be semi-separated”.

20 A.2. Let P be a closure space. Both relations for exp P E{{X, Y) ]X and Y are
semi-separated} and E{(X, Y) | X and Y are separated} are symmetric. If X, and X,
are semi-separated (separated) in P and Y; = X;, i = 1,2, then Y, and Y, are also
semi-separated (separated). Any two separated sets are semi-separated and any
two semi-separated sets are disjoint.

Of course, for discrete spaces the relation {X and Y are separated}, {X and Y are
semi-separated} and {X and Y are disjoint} coincide. In an accrete space no two
non-void sets are semi-separated. If P is an infinite topological space such that only
all finite sets and P are closed, then no two non-void sets are separated, and two sets
are semi-separated if and only if they are disjoint and finite. The following self-evi-

dent proposition will often be needed.

20 A3, Let P be a space. Two closed subsets are semi-separated if and only if
they are disjoint, and two open subsets are separated if and only if they are dis-
Jjoint.

23*
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It is to be noted that two disjoint closed sets need not be separated (see the example
preceding 20 A.3). The class of all topological spaces in which every two disjoint
closed sets are separated is very important but rather small as will be seen in Section
29. Nevertheless, it contains all pseudometrizable spaces as stated in the next
proposition.

20 A4. Example. In a pseudometrizable space every two semi-separated sets,
and hence every two disjoint closed sets, are separated.

Proof. Let X, and X, be non-void semi-separated subsets of a pseudometriz-
able space P. Choose a pseudometric d inducing the closure of P and consider the
sets U, and U, defined as follows, where i ¥ j:

Ui = E{x I xEP, diSt(x,Xi) < dlSt(x,XJ)} .

The sets U, are obviously disjoint. If x € X ;, then dist (x, X;) = Oand dist (x, X;) > 0,
where i # j, because X; N X; = @ by our assumption and consequently, x € U,.
Thus U; o X,. Finally, both sets U, are open because the functions

fi = {x - (dist (x, X;) — dist (x, X))}
are continuous (by 18 A.12) and U, is the inverse image under f; of an open subset
of R, e.g. of the open interval | «, 0.

20 A.5. In order that two subsets X, and X, of a closure space P be separa-
ted it is necessary and sufficient that there exist a neighborhood U, of X, such
that U, n X, = 0.

Proof. If U, and U, are disjoint neighborhoods of X, and X, then U; n X,
< P —U,nX, =0. Conversely, if U, is a neighborhood of X, such that U, n
nX, =490, then U, = P — U, is clearly a neighborhood of X, and U, n U, = 0.

20 A.6. Each of the following conditions is necessary and sufficient for two
subsets X, and X, of a given closure space P to be semi-separated.

@ XinXy))uX,nX,)=10

(b) X, n X, = 0 and both X, and X, are relatively closed in X{ U X,

() Xy n X, = 0 and both X, and X, are relatively open in X, U X,.

Proof. It will be shown that (a) is necessary, (c) is sufficient, (a) implies (b) and (b)
implies (c). Let X, and X, be semi-separated and U, be neighborhoods of X; such
that U;nX; =0 fori + j. If i + j thenevidently X;nX; =« P — U;n X;= @, which
establishes (a). Assume (a) and consider the subspace Q = X, U X, of P. We have
X¢ = X, n Q = X, which means that both X, are closed in Q. Obviously (b) im-
plies (c). Finally suppose (c) and let Q stand for the subspace X; U X, of P. Since
X, i=1,2,is open in Q, X, is a neighborhood of itself in Q and by 17 A.9 there
exists a neighborhood U; of X, in P such that U; n @ = X,. Obviously X, n U, =
=0 = X, n U, which, by definition, means that X, and X, are semi-separated
in P.
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Remark. From the foregoing theorem if follows that two sets semi-separated
in a subspace of a space P, are also semi-separated in P. The analogous result
for the relation {X - Y| X and Y are separated} is not true. For example, if P is an
infinite topological space such that only all finite sets and P are closed, then no two
points are separated in P and every finite subspace of P is discrete.

20 A.7. Theorem. Let X and Y be the unions of the families {X,|ae A} and
{Y, | b € B} of subsets of a closure space P. If both families are closure-preserving
(for instance, finite) and X, and Y, are semi-separated for each a in A and b in B,
. then X and Y are also semi-separated. If both families are finite and X, and Y,
are separated for each a in A and b in B, then X and Y are also separated.

Proof. If both families {X,} and {Y,} are closure-preserving, then X = U{X,}
and Y = Y{Y,}. It follows that (X, n ¥,) U (X, n ¥;) = @ for each a and b, so that
X)X uY)cU{(X.nY,)|aecA, beBluU{X,n Y, |ac4, beB}=0.
By 20 A.6 we have the first statement. Now suppose that {X,} and {Y,} are finite
and for each a in A and b in B the sets X, and Y, are separated. By 20 A.5 a family
{Ug | a € A, b € B} can be chosen such that U,, is a neighborhood of X, and U,, n
NY,=0. Put ¥, = N{U, | beB} and V= Y{V,| ae 4}. Since B is finite, each
V, is necessarily a neighborhood of X,. Thus V is a neighborhood of X and {V,}
being finite, ¥ = UY{¥,}. Finally, Vn Y = (U{V.}) n (U{%s}) c U{V. " Y, [ae 4,
b € B} = (0 which implies that X and Y are separated (again by 20 A.5).

Remark. Apparently the assumption that the {X,} and {¥,} are closure-preserving
is essential ((x) and () are separated for each y in R — (x) but x and R — (x) are not
semi-separated). In the second statement the assumption of finiteness cannot be
replaced by the weaker assumption that {X,} and {Y,} are locally finite.

20 A.8. Let f be a continuous mapping of a closure space P into another space Q.
If X and Y are semi-separated or separated in Q, then f~'[X] and f ~'[Y] possess
the corresponding property in P.

Proof. If fI[X]nf~[Y] # 0, then also X n Y + @ by the continuity of f
which establishes (by 20 A.6) the assertion concerning semi-separated sets. If U
and Vare disjoint neighborhoods of X and Yin Q, then f ~![U] and f [V ] are disjoint
neighborhoods of f™![X] and f~![Y] in P which establishes the second statement.

Let & be a collection of subsets of a set P and let u be a closure operation for P.
It is sometimes important to know under what condition the subspaces X of {P, u),
X €Z, entirely determine the closure u or, more precisely, under what conditions
is the following statement true: if v is a closure for P such that the relativizations of v
and u to each X in & coincide, then v = u. For the case of a collection consisting
of two elements the question is answered by the following theorem.

20 A.9. Theorem. Let (P, u) be a closure space, X | and X, be subsets of P, and ut
be the relativization of u to X, i = 1, 2. In order that

(%) uX = uy(X N X,) v uy(X N X,)
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for each X < P it is necessary and sufficient that the sets P — X, and P — X, be
semi-separated in (P, u).

Proof. Remember that u(X n X;) = X; nu(X n X,) and therefore we always
have uX o (u,(X n X;) U u(X n X,)). — L. First suppose that (%) is true for each
X < P. For X = P — X, we obtain u(P — X;) = u,(P — X,) n X,) = X,
and hence (P — X,)nu(P — X,) = 0. Similarly (P — X;) nu(P — X,) = 0. —
II. Now suppose that the sets P — X; and P — X, are semi-separated in {P, u) and
X cP. We have uX = u((P — X)) n X)vu(X, n X, nX)uu((P — X,) nX).
But u(P — X;)n(P —X,)=9, hence u((P — X,)nX) =X,nu((P -X,)n
N X) =u,(P — X,) nX) and similarly u((P — X;) n X) = u,((P — X,) n X).
Next, we obviously always have u(X;nX,nX)=u(X;nX,nX)u
U uy(X; nX,;nX). Asaconsequence, uX = uy(P — X,)nX)u uy(X; n X, nX)u
Uu((P — Xy) n X) v uy(X, 0 X, n X) = uy(X; 0 X) U uy(X,; n X)(because
(P — X;) = X, and (P — X,) = X,).

20 A.10. Theorem. Let f be a mapping of a closure space {(P,u) into another
one Q and let X, and X, be subsets of P such that the sets P — X, and P — X,
are semi-separated. Lf the domain-restriction of f to each subspace X;of P is con-
tinuous then f is continuous.

Proof. By 20 A.9, for each X < P, f[uX] is contained in the set f [u,(X n X;)] U

U fl[u,(X n X,)] which is contained in the set f[X n X,]|% u f[X n X,]% = f[X]°®
by the continuity of the restrictions.

20 A.11. Definition. The boundary of a subset X of a closure space P is defined

tobethesetbd X =X n P — X.
According to 14 B.6 the boundary of a set can be described as follows:

20 A.12. A point x € P belongs to the boundary of a subset X of a space P if and
only if each neighborhood of x intersects both X and P — X.

20 A.13. Let X be a subset of a closure space P. Then bd X = bd (P — X),
X=XubdX and intX =X — bd X.

Proof. The first formula is self-evident and the last two are clearly equivalent.
It will be shown that X = X ubd X. The inclusion X > X v bd X is obvious, and to
prove the converse inclusion it is sufficient to show that X — X < bd X. We have
X-XcXn(P-X)cXnP-X=>bdX.

Corollary. Let P be a closure space. A subset X of P is closed if and only if
bdX c X, and X is open if and only if bd X nX =0,ie. bdX =X —X. In
particular, X < P is simultaneously open and closed if and only if bd X = 0.

According to 20 A.13 the closure operation of a closure space is completely determ-
ined by the boundary operation {X — bd X}; indeed X = X U bd X. It follows that
every topological property can be described in terms of the boundary operation.
For example we shall prove the following characterization of a topological closure
space.
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20 A.14. A closure space P is topological if and only if the boundary of each
subset of P is closed.

Proof. If P is topological, then the boundary of X < P is closed as the inter-
séction of two closed sets, namely X and P-X. Conversely, if X <« P and bd X
is closed, then X=XUbdX =XuUbdX =X uUbdX = X and hence X = X.

20 A.15. If X is a subset of a closure space P, then the setsint X = X — bd X
and int(P—X)=P —X = (P — X) — bd(P — X) are semi-separated.

Proof. It will be shown that (int X A int (P — X)) U (int X nint (P — X)) = 0.
According to the symmetry it is sufficient to show that int X nint (P — X) = 0,
but this is obvious because int X = X and int(P — X) = P — X.

Further properties of the boundary operation can be found in the exercises.
Now we shall turn to connected sets and spaces.

B. CONNECTEDNESS

20 B.1. Definition. A subset X of a closure space 2 is said to be connected in 2
if X is not the union of two non-void semi-separated subsets of 2, thatis, X = X, u
UX, (XuX,)u(X,nX,) =0 implies that X, =0 or X, = 0. A space 2 is
said to be connected if the underlying set | 2| of £ is connected in 2.

Every accrete space is connected, and a non-void discrete space is connected if
and only if its underlying set is a singleton.

20 B.2. Theorem. A closure space P is connected if and only if 2 is not the union
of two disjoint non-void open subsets, that is, P contains no proper non-void subset
simultaneously open and closed. A subset X of a closure space & is connected
if and only if the subspace X of 2 is connected. — A straightforward consequence
of the definitions.

As an example we shall describe all connected subsets of a boundedly order-com-
plete ordered space. A pair of consecutive elements of a monotone ordered set is
defined to be a pair (x, y) such that x < y and the order-open interval | x, y [
is empty, that is, y immediately follows x.

20 B.3. Theorem. Let (P, <,u) be an ordered space (thus < is monotone).
Then the following statements hold:

(a) If X is a connected subset of {P,u) then X contains each interval [ x, y |
with x and y in X, i.e. X is an interval-like subset of (P, <> if X + 0.

(b) The space (P, u) is connected if and only if the ordered set (P, <) is bound-
edly order-complete and there exists no pair of consecutive elements in (P, <).

(c) If <P, u) is connected, then X < P is a connected subset of (P, u) if and only
if X is an interval in (P, £).
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Proof. I. Statement (a) is almost evident. Indeed, if x€X, yeX and ze
€([ x, y] — X), then the non-void and disjoint sets Uy = X n ] «,z[ and U, =
=X n ]z, — [ cover X, and they are open in X because they are intersections of X
with open sets in (P, u), namely with the sets | «, z [ and ] z, - [; thus X is not
connected (20 B.2). — II. Now we shall prove that (P, u) is not connected whenever
{P, £ is not boundedly order-complete or there exists a pair of consecutive ele-
ments in <P, u). If {x, y) is a pair of consecutive elements, then (] «, y [, ] x, = [)
is an open disjoint cover of (P, u) consisting of non-void sets and hence (P, u)
is not connected (by 20 B.2). Assuming that (P, <) is not boundedly order-com-
plete, let us choose a bounded non-void subset X of (P, £) such that the least
upper bound of X does not exist; now let us consider the set X, of all y in P such that
y < x for some x in X, and the set X, of all upper bounds of X. Clearly (X, X,)
is a disjoint cover of P and both sets X, and X, are non-void. To prove that the space
P, u) is not connected it remains to show that both sets X; and X, are open (20 B.2).
The set X, is open because it is the union of all open intervals [ «, x [, x € X. The
set X, is the union of all intervals | y, - |, y € X,; indeed, if z € X, then z is not
the least element of X, because sup X does not exist, and hence z € || y, — ] for some
yeX,. — III. Assuming that (P, <) is boundedly order-complete and there exists
no’ pair of consecutive elements, we shall prove that (P, u) is connected. By 20 B.2
it is sufficient to show that no non-void open proper subset U of (P, <, u) is closed.
Since (P, <) is boundedly order-complete, the open set U is the union of a disjoint
collection 7~ of non-void order-open intervals. If Ve ¥ and z e (uV — V), then
z € (uU — U); in fact, clearly z e uU and, if z € U, then z € V; for some V; in ¥
and hence V; = V and V; n V =+ 0; this contradicts the fact that ¥~ is disjoint.
Thus it is enough to show that uV — V % @ for some Vin¥". Let Ve ¥". Since U # P,
also V+ P, and hence either V=[«,x[ or V=]x,>] or V=]x, y[.
Clearly V + 0. It follows from our assumption on the non-existence of consecutive
elements that xeulV in all three cases. E.g. if V= «,x[ and x¢V, then
J».x[n V=0 for some y,y < x (remember that ¥ + 0), and hence (y, x) is
a pair of consecutive elements. The proof of (b) is complete. — IV. Statement (c) is
an immediate consequence of statements (a) and (b) and the trivial fact that each
interval in a boundedly order-complete ordered set is boundedly order-complete.

Corollary a. A subset of the space R of reals is connected if and only if X is
an interval in R. In particular, the space R is connected.

Corollary b. Suppose that the closure structure of a connected space 2 is induced
by orders <, and <,. Then a subset X of|9| is an interval in (Ig’|, <> ifand only
if X is an interval in {|2|, <, (20 B.3 (c)). Moreover, if X is an interval in 2|, <>
with end points x and y then X is an interval in <|.@|, <, with the same end points.
Stated in other words, in a connected ordered space the concepts of an interval
and its end points do not depend on the order, i.e., in a connected ordered space
an interval and its end points are topological concepts.
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If{P,u, <) is an ordered space, then {(P,u, <~ ') is an ordered space. In general,
there are many other orders such that {P, u, <) is an ordered space; e.g. each mono-
tone order for a finite set induces the discrete closure. On the other hand, if u is
connected then there are only two orders.

Corollary c. If (P, u, <) is a connected ordered space and an order < induces
u, then either < = < or < = <71

Proof. Suppose that < and < induce a connected closure u for a set P. If P is void
or a singleton, then clearly < = <. In the other case let x and y be any two distinct
points of P such that x < y. It is sufficient to prove that if x < y, then < = <. But
this follows without difficulty from Corollary b.

The following restatement of the definition of connected sets will often be con-
venient in proofs of results which follow.

20 B.4. A subset C of a closure space is connected if and only if the following
condition is fulfilled: if C is contained in the union of two semi-separated sets X,
and X,, then Cc X, or C < X,.

Proof. If C is not connected then there exist semi-separated sets X, and X, such
that X; v X, = Cand X; #+ 0 & X,. Clearly C is contained neither in X, norin X,. -
Conversely, suppose C is connected. If C =« X; U X, and if the sets X, and X, are
semi-separated, then the sets C n X; and C n X, are also semi-separated, and con-
sequently Cn X; = @ or Cn X, = 9, that is, either C =« X, or C < X,.

20 B.5. Theorem. If {X, | a€ A} is a family of connected non-void subsets
of a closure space P and if X is a connected subset of P such that the sets X and X,
are not semi-separated for any a € A, then the set Y = X U U{X, | a € A4} is
connected.

Proof. Let Y; and Y, be two semi-separated subsets of 2 such that Y < Y, u ¥,.
It is to be shown that Y= Y, or Y= ¥,. Since X =« Y¥; U Y,, X is connected and
the sets Y; and Y, are semi-separated, the set X is contained in Y; or in Y5, say in Y;.
Again from 20 B.4 we find that each X, is contained in Y; and hence ¥ < Y;. Indeed,
the set X, being connected, it is contained in Y, or Y,; but it is not contained in Y,
because X < Y;, the sets Y¥; and Y, are semi-separated and the sets X and X, are
not semi-separated.

Corollary. Let 2 be a closure space. Then the closure of each connected subset
of P is connected, and the union of a family {X,} of connected subsets of ? is
connected provided the intersection of {X,} is non-void.

Proof. Notice that the sets (x) and X are semi-separated for no x € X and apply
the theorem to the set X and the family {(x) | x € X}. The second statement is obtained
by application of the theorem to the set (x) and the family {X,} where x is a point of
the intersection of {X,}.

Now we are prepared to introduce the notion of a component of a space.
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20 B.6. Definition. A component of a closure space 2 is a connected subset X of 2
with the following property: If X « C < £ and C is connected, then C = X. Thus
components are maximal connected subsets. The component of a point x in a space &
is the component of £ containing x.

The definition of the component of a point in a space requires proof of the fact
that every point is contained in exactly one component of the space. But this is
obvious, and for convenience will be stated in the following theorem. First we recall
Definition 12 A.1 of the decomposition of a struct (X, &) as a disjoint cover of X
whose elements or members are non-void provided that X £ @, and 0 if X = 0.

20 B.7. Theorem. Let & be a closure space. Each component of 2 is closed,
and distinct components of P are disjoint and hence semi-separated. Every non-
void connected subset of P is contained in exactly one component of ?. The col-
lection of all components of a non-void P is a decomposition of P. If P = ), then
@ is the unique component of 2.

Proof. Each component is closed because the closure of a connected set is a con-
nected set by the Corollary of 20 B.5. Two distinct components are disjoint because
the union of two connected sets is connected provided their intersection is non-void
by the Corollary of 20 B.5. Since disjoint closed sets are semi-separated, distinct com-
ponents are necessarily semi-separated. If X is a non-void connected subset of 2
then the union of all connected sets intersecting X is the component of £ (by 20 B.5)
which obviously contains X; the uniqueness is clear. The last statement follows from
the fact that every singleton is connected.

20 B.8. Definition. A space £ is said to be connected between its points x and y
if each simultaneously open and closed subset of 2 containing x contains y as well.
The quasi-component of a point x € 2 in 2 is the set of all y € 2 such that £ is
connected between x and y; stated in other words, the quasi-component of x is the
intersection of all simultaneously closed and open subsets of £ containing x. A quasi-
component of a space 2 is a quasi-component of some point of 2 or @ if |#?| = 0.

20 B.9. Theorem. Let 2 be a closure space. The relation E{{x, y)> | the space 2
is connected between x and y} is an equivalence on 2. The equivalence classes are
the quasi-components if  + (. Each component is contained in a unique quasi-com-
ponent, and consequently each quasi-component is the union of all components con-
tained in it. A quasi-component is a component if and only if it is connected. The
quasi-components of P are closed and distinct quasi-components are separated.
A space P is connected if and only if P is the only quasi-component of 2.

Proof. Let @ be the collection of all simultaneously closed and open subsets of £.
It is easy to see that @ is additive and multiplicative, i.e. closed under finite unions
and finite intersections. Let ¢ be the relation under question, i.e. {x, y)> € g if and only
if 2 is connected between x and y. Obviously g is reflexive, i.e. {x, x> € ¢ for each
xeP. If {x, y) ¢ 9, xeP, ye P, then there exists an O in @ such that xe O,



20. SEPARATION AND CONNECTEDNESS 363

ye(® — 0). But (Z2 — 0) € 0 and hence (y, x) ¢ ¢ which establishes the sym-
metry of P x P — g, and hence of g. Only transitivity remains to be proved. Let
{x, y> € g and {y, x) € g; it is to be shown that {x, z) € g. If O € 0 and x € O, then
y € O because <{x, y> €9, and hence ze O because (y,z) €g. Thus each Oe0
containing x- also contains z, so that {x,z) € ¢. If O € @ and C is connected,
then C = O or C = P — O because of 20 B.4. It follows that C x C < ¢ for each
connected subset of 2. Hence each quasi-component is the union of all components
contained in it. If a quasi-component X is a component, then X is connected because
each component is connected. Conversely, if a quasi-component X is connected,
then X is contained in the component of any of its points; on the other hand, it con-
tains the component of all its points. It follows that X is a component. The quasi-
components are closed as intersections of closed sets. Let X; and X, be two distinct
quasi-components. There exists an O in 0 such that X, = 0, X, = (P — 0). Now O
and # — O are disjoint neighborhoods of X, and X,. The last statement is almost
self-evident.

A quasi-component need not be connected, in other words, a quasi-component
need not be a component and a component need not be a quasi-component. A very
simple example will be given. Let us define a closure operation u for P = N u (x,) u
U (x,), where x; # x, and x;, X, ¢ N, so that the subspaces N and (x,) U (x,) are
discrete, N is open and x; belongs to the closure of a subset N; of N if and only if
N, is infinite. It is easy to see that every one-point set is a component and every one-
point set (n) with n in N is a quasi-component. On the other hand, neither (x;) nor
(x,) are quasi-components. Indeed, if O is a simultaneously open and closed set
containing x,, then O n N is infinite because O is open and x, € O because O is
closed and x, € u(0O N N). In 20 ex. 6 we give an example of a subspace of R x R
in which these concepts do not coincide.

Nevertheless in some extensive classes of spaces the concepts of a component and
of a quasi-component do coincide. Here we shall state only the following trivial
result, the proof of which is left to the reader.

20 B.10. If a component X of a space 2 is open, then X is a quasi-component.

Corollary. If a space P possesses a finite number of components, then each com-
ponent is open and hence each component is a quasi-component.

The concluding part of the section is devoted to an investigation of connected
spaces and the class of all connected spaces.

20 B.11. Let C be a connected subset of a connected space 2. If |?| — C =
= X, U X, and the sets X, and X, are semi-separated, then the sets C U X, and
C v X, are connected. In other words, if X is simultaneously closed and open in
|?| — C, then C U X is connected.

Proof. Let us suppose that C U X; = Y; U Y, where ¥, and Y, are non-void
semi-separated sets. Since C is connected, C must be contained either in ¥; orin Y,
(by 20 B.4). Without loss of generality we may assume C < Y,. It followsthat ¥, = X,
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and consequently the sets Y, and X, are semi-separated. Thus the pairs of sets Y;, Y,
and X,, Y, are semi-separated. By 20 A.7 the sets Y, U X, and Y, are also semi-
separated. Since (Y; U X,) UY, = |#|and 2 is connected, we have Y, = @ or ¥; U
U X, = 0. But this contradicts our assumption that Y, + 0 £ Y,.

Corollary a. If Y; and Y, are closed subsets of a space 2 such that the sets
Y,uY, and Y, n Y, are connected, then the sets Y, and Y, are both connected.

Proof. Consider the subspace P = Y, U Y, of 2 and the sets X, = Y, — Y,,
X,=Y,—-7Y, C=Y, nY, By our assumption the space P is connected, C is
a connected subset of P, Cn X; =0 and Cu X, u X, = P. Since Y, are closed
in 2, the sets Y are closed in P as well. It follows that the sets X; and X, are semi-
separated. According to the theorem the sets ¥; = X, uC and Y, = X, u C are
connected.

Corollary b. Let C be a connected subset of a connected space 2. If K is a com-
ponent of |?| — C, then |?| — K is a connected set.

Proof. If X, v X, = |9[ — K and the sets X, and X, are semi-separated, then
X;,nC=0 for some i = 1, 2, because C is connected; on the other hand,
K U X, is connected by 20B.11. Since K is a component of |#| — C and the set
KuX; c l.@l — C is connected, K U X; = K, that is X; = (), which establishes
the connectedness of ]9‘| — K.

20 B.12. Theorem. If % is an open cover of a connected space P then each two
points x and y of P can be joined by a finite chain in%, i.e. for each x and y in P
there exists a finite sequence {U, | i < n}in%such thatxeUy, yeU,andU;_; N
NU; %0 for each i = 1,...,n (such a finite sequence is called a chain from x
to y). (Compare with ex. 10(d)).

Proof. If |#| = 0 then the assertion is trivial. In the remaining case fix a point x
in & and let us consider the set X of all y € 2 which can be joined to x by a finite
chain in %. We must show that X = |#|. Since 2 is connected and X is non-void,
it will be sufficient to show that X is simultaneously open and closed in 2. If y e X
then there exists a finite chain {U,|i < n} from x to y. Now clearly {U,, ..., U,}
is a chain in %, joining x to each point of U,. It follows that U, < X. Since y was
arbitrarily chosen in X, X is a union of open sets and hence X is open. Now let y € X.
It is to be proved that y e X. Choose U € % such that ye U. Since ye X and U
is a neighborhood of y, we can choose a point z in X n U. By the definition of X
there exists a chain {U,|i < n} from x to z,and clearly {U,, ..., U,, U} is a chain
from x to y. It follows that y € X which concludes the proof.

Corollary. If G is a connected topological group and U is a neighborhood of the
neutral element, then Y{U" | ne N} = G, where U' = U and U*! = [U"].[U].

Proof. We may assume that U is open. Consider the open cover % =
= {[U] . x | x € G}. By induction it is easy to show that U" is the set of all ye G
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which can be joined to the neutral element by a chain in % of a length at most n
(of course, the length of a chain {U; | i < n} is defined as n).

Remark. The Corollary can be proved directly. Obviously H = Y{U" l n e N}
is an open subset of G. It is easy to see that H is a group. But an open subgroup of
a group is closed by 19 B.12. Since G is connected, G = H.

The sum £ of a family {#,} of connected closure spaces is not connected provided
at least two spaces from the family are non-void. Indeed, the subspace (a) x 2,
of 2 is both open and closed in 2 for each index a.

20 B.13. The class of all connected spaces is closed under surjective continuous
mappings; that is, if fis a continuous mapping of a space 2 onto a space 2 and if 2
is connected, then 2 is connected.

Corollary. If f: P — 2 is a continuous mapping and X < I.@I is connected, then
Sf[X] is connected.

Proof. Let f be a continuous mapping of 2 onto 4. If 2 is not connected then 2
is not connected. Indeed, if |.@| =Y, uY, and Y; and Y, are semi-separated, then
the sets X; = f~![Y;] and X, = f~![Y,] are also semi-separated by 20 A.8 and
X, vuX, = ]9[ Since f is surjective, if Y; & 0 & Y,, then also X; + 0 + X,.

If f: 2 — 2 is a surjective continuous mapping and 2 is connected, then £ need
not be connected even if f is one-to-one. In fact, every space is the image under
a one-to-one continuous mapping of a discrete space, and a discrete space is con-
nected if and only if it has at most one point. On the other hand

20 B.14. A closure space P is connected if and only if its topological modification
T2 is connected.

Proof. If 2 is connected, then t% is connected by the foregoing result because
the identity mapping of & onto tZ is continuous. If # is not connected, then there
exists a non-void proper subset X of 2 which is simultaneously closed and open
in 2. The set X possesses the same properties in % and hence t2 is not connected.

20 B.15. The product 2 of a family {9,[ a € A} of connected closure spaces is
a connected space.

Proof. 1. If A = (a, ,B), |.@| + 0 and ye Z,, then, Z is the union of a family
{Y, | x € 2,} of connected sets Y, = E{w |we 2, pr, w = x} each of which meets
the connected set E{w | pr, w = y}. By 20 B.5 & is connected.

II. By induction one can deduce from I that the theorem is true for every finite 4.

III. Now let A be an arbitrary set. The empty space is connected and therefore we
may assume that 2 # @. Choose a point x = {x } in #. Let C be the componcnt
of x. We shall prove that C = |#|. For each finite subset F of A let

P(F) = E{y = {yo} | o€ P, ac(d — F) =y, = x,} .

Clearly P(F) is homeomorphic with the product space II{Z,|a e F}. According
to the second part of the proof, P(F) is connected. Thus the union Q of all P(F) where
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F runs over finite subsets of A, is contained in C. The proof will be complete if we
show that § = |#|, because components are closed. But this is obvious (see also
22A7).

20 B.16. Corollary. For each cardinal X the product spaces R® and I¥ are con-
nected, where I is an interval in R.

Proof. According to 20 B.3 the spaces R and I are connected. The assertion follows
from the preceding result.

The following more general result will be needed later.

20 B.17. Let 2 be the product of a family {.@a [ ae A} of closure spaces. Each
component C of 2 is of the form I1{C, | a € A} where C, is a component of 2, for
each a in A.

Proof. Let C be a component of 2 and let C, = pr, [C] for each a € A. The sets
C, are connected as images under continuous mappings of a connected set C. For
each a e 4 we consider the component C, of P containing C,. The set C' = TI{C; | ae
€ A} is connected by 20 B.15. But C is 2 component and C = C’. Thus C = C’and C
is the product of components of coordinate spaces.
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21. LOCALIZATION OF PROPERTIES

We now intend to explain various possibilities for the localization of the properties
of sets in a closure space.

First (subsection A) we give all definitions and some illustrative examples, and ex-
plain some logical difficulties connected with the idea of the localization of an ar-
bitrary property. Then, a non-trivial and rather important case is considered, namely
the localization of connectedness. Further important cases will be treated in the fol-
lowing section. It is to be noted that no general theorems about localization are proved;
various general results, however, arc stated in the cxcrcises. As a matter of fact, it
seems that no non-trivial theorem on localization (in arbitrary spaces) is known;
on the other hand, there are many profound results concerning localization of special
properties in special cases, mainly in paracompact spaces (30 E).

A. LOCALIZATION

Given a property P of sets in a closure space P, we want to define what is meant
by the statement that a set X locally possesses the property in question at a point x
of the space P. The following possibilities arise naturally:

(a) there exists a neighborhood U of x such that the set U n X has the property P
in the space P;

(b) U N X has the property 9P in P for each neighborhood U of x;

(c) there exist arbitrarily small neighborhoods U of x such that U n X possesses
the property Y in the space P.

More intuitively, condition () requires that there exists a set (in P) which is “large”
relative to x (that is, which is a neighborhood of x) and intersects X in a set with
property . Condition (c) requires the existence of large (relative to x) but also
arbitrarily small sets intersecting X in a set with property 9. Finally, (b) requires
that each large set intersects X in a set with property .

Conditions (a), (b), (c) occur, explicitly or merely implicitly, in many theorems and
definitions and, in fact, they have already occurred in our exposition. For instance,
if Pis a space,x € P, X < P, then x ¢ X if and only if there exists a neighborhood U
of x such that X n U = @ (condition (a)), x € X if and only if U n X # 0 for each
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neighborhood of x (condition (b)), x € X if and only if there exist arbitrarily small
neighborhoods U of x such that U n X = @ (condition (c)). It turns out that condition
(b) is usually too strong and often leads to uninteresting properties; on the other
hand, if it leads to an interesting property, then it coincides with condition (c).
Therefore we restrict our attention to conditions (a) and (c).

Apparently, we can now define e.g. the “feeble localization™ as follows: “If P
is a property of sets in a space (that is, if 9 is a logical relation between sets and closure
spaces or, in other words, if P is a property of pairs (X, #), X being a set and 2
a space with X < [2]),if 2 is a space, X = |#|, x € |#|, and there exists a neighbor-
hood U of x in & such that U n X possesses property P in £, then we shall say that
X locally posesses property B at x in . This statement may be surely considered
as a correct definition. However, its logical character is not in line with the approach
adopted in this book where we avoid considering properties of properties or opera-
tions with properties (and even, as far as possible, statements referring to “every
property”). For this reason, we formulate definitions of localization for arbitrary
relations (between sets and spaces) and consider the usual expressions, such as in-
dicated above, as conventional substitutes, more intuitive and more adapted for
“practical” use.

21 A.1. Definition. Let o be a relation for the class of all sets and the class of all
closure spaces such that <X, #) € o implies that X is a subset of the underlying set
|| of 2; we shall say that X is an a-set in 2 if <X, ) € .. .

Let 2 be a closure space, X < |2, x € [#|. If there exists a neighborhood U of x
in 2 such that U n X is an a-set in & (i.e. such that <UNX, ) e a), then we shall
say that X is feebly locally an a-set at x in 2. 1f there exist arbitrarily small neighbor-
hoods U of x in 2 such that U n X is an a-set in £ (i.e. if for any neighborhood V
of x in £ there exists a neighborhood U of x in Z suchthat U <« V, {UN X, P) e a),
then we shall say that X is locally an a-set at x in £.

Thus, X is locally an a-set at x in 2 if and only if there exists a local base % at x
in 2 such that U n X is an a-set in & for each U € %. Obviously

21 A2, If X is locally an a-set at x in P, then X is feebly locally an a-set at x
in 2.

21 A.3. Convention. Consider a property P of sets in closure spaces, i.e. a log-
ical relation between sets and closure spaces. Let a be a relation such that X, Z) e a
if and only if X possesses property P in 2; suppose that (X, #) € a implies X < |9’[
If X is locally (feebly locally) an a-set.at x in 2, then we shall also say that X locally
(feebly locally) possesses property P at x in 2.

It turns out that the above convention leads to the current terminology. For
example, if o consists of all pairs (X, 2) such that £ is a closure space and X is
a closed set in 2, then the expression “X is locally closed at x in 2”” means the same
as “X is locally an a-set at x in 2.
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21 A4. Examples. (a) Let a consist of all pairs <X, 2) such that 2 is a closure
space and X is a nion-void subset of 2. Thus X is an a-set in a space £ if and only
if X is a non-void subset of |9| A subset X of a space &2 is feebly locally an «-set
ata point x € |?]in 2, i.e. X is feebly locally non-void at x in 2, if and only if X =+ 0.
Indeed, if X 4 @ then |#| is a neighborhood of x intersecting X in a non-void set,
and conversely if U n X = @ for some set U, then clearly X #+ 0 as well. On the other
hand, X is locally non-void at x in £ if and only if x belongs to the closure of X in 2.
Indeed, by definition, X is locally non-void at x in 2 if and only if x € |9| and there
exists a local base % at x in & such that U n X # @ for each U € #; the statement
now follows from 14 B.6. This example shows that the converse of 21 A.2 is not true.
Nevertheless the converse is true for relations « of a certain important kind.

(b) A relation o« whose domain is a class of sets will be called hereditary if
X, ?)eaand Y c X imply (Y, #) ea. It is evident that the converse of 21 A2
holds for hereditary a. It is to be noted that the notion of a hereditary relation cor-
responds to the currently utilized concept of a hereditary property. A property 9P
of sets in a space is often said to be hereditary if each subset of a set possessing P
in a space 2 possesses P in £. In this book, we avoid considering “‘properties of pro-
perties”’; nevertheless, we shall use the above expression for convenience; thus when
we speak of a hereditary property, we shall mean that the corresponding relation
a is hereditary.

(c) Let « consist of all pairs {§, Z) such that 2 is a closure space. Thus X is an
a-set in a space 2 if and only if X = 0. Evidently the following three statements are
equivalent, where 2 is a space, x € | 2|, X = |#|: X is feebly locally empty at x in 2;
X is locally empty at x in 2; x does not belong to the closure of X in 2.

Lét o be a relation as in 21 A.1, 2 be a space and X be a subset of |2|. Let X,
be the set of all points x such that X is locally (feebly locally) an a-set at x in 2.
There are two important cases, namely X < X, and X, = Igpl

21 A.5. Definition. Let « be a relation for classes of all sets and for all closure spaces
such that (X, #) € a implies X < |§’| We shall say that a set X is locally an a-set
in a closure space 2 if X is locally an «-set at each point x € |#| in 2. We shall say that
a set X is relatively locally an a-set in a closure space 2 if X is locally an a-set at
each point x € X in 2. The corresponding definitions for feeble localization are ob-
tained by replacing “locally” by “feebly locally™.

Notice that for any «, the empty set is relatively locally an «-set in every closure
space.

21 A6. If X is (relatively) locally an a-set in a space 2, then X is (relatively)
feebly locally an a-set in 2. If X is (feebly) locally an a-set in 2, then X is relatively
(feebly) locally an a-set in 2. — Obvious.

21 A.7. Convention. Consider a property P of sets in closure spaces. Let «
be a relation such that (X, #) € « if and only if X possesses property P in £; suppose
that (X, ) € o implies X < |.¢’| If X is locally (relatively locally, feebly locally,

24 — Topological Spaces
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relatively feebly locally) an a-set in 2, then we shall also say that X locally (relatively
locally, etc ) possesses property P in 2.

21 A.8. Examples. (a) For the property “to be empty in 2 the correspond-
ing o is equal to (@) x C. If 2 is a space, then the empty set is the only one which is
locally (feebly locally, relatively feebly locally, relatively locally) an a-set in 2.

(b) The property “to be non-void”. Every subset of a space 2 is relatively locally
non-void in 2. On the other hand, X is locally non-void in £ if and only if the closure
of X is |2| (such sets are said to be dense in 2 and will be studied in 22 A). Every
subset of a space £ is relatively feebly locally non-void in 2, but a subset X of 2 is
feebly locally non-void in £ if and only if X + 0.

(c) The property “to be closed in 2. Every closed subset of a space £ is feebly
locally closed in 2, and hence, relatively feebly locally closed in 2. Conversely, if X
is feebly locally closed in 2, then X is closed in 2. Indeed, if x € X and if U is a neigh-

borhood of x such that the set U n X is closed, then x € U n X because U is a neigh-

borhood of x, and hence xe U n X = U n X, in particular, x € X. On the other
hand, a relatively feebly locally closed set need not be closed, e.g. the set X of all n™ 1,
n =1, 2, ...1s relatively feebly locally closed in the space R of reals but X is not closed
in R because 0 € X — X. Locally closed and relatively locally closed sets will be con-
sidered in Section 27.

(d) The property “to be open”. It is easily seen that the following three statements
are equivalent, where 2 is a space: X is relatively feebly locally open in £; X is feebly
locally open in £; and X is open in . We shall prove that X is relatively locally open
in £ if and only if X is open in £ and the subspace X of £ is topological. First sup-
pose that X is open in £ and the subspace X of 2 is topological. Let U be any neigh-
borhood of x € X in . Clearly U n X is a neighborhood of x in 2 and hence in X,
and X being topological, the interior V of U n X in X is open in X; X being
open in £, Vis open in 2. Thus Vis a neighborhood of x contained in a given neigh-
borhood U such that V' n X = U is open in £; by definition, X is relatively locally
open. Conversely. suppose that X is relatively locally open in £ and x is a point of X.
If U is a neighborhood of x, then, by our assumption, there exists a neighborhood V
of x contained in U such that V' n X is open in &; but xe V' n X and hence Vn X
is an open set in & containing x and contained in X. It follows that X is open in £
and the subspace X of £ is topological. It remains to describe locally open sets and
this will be performed in the exercises.

21 A.9. Definition. Let « be a relation for the class of all sets and the class of all
closure spaces such that <X, #) e « implies X < |[#|. A closure space 2 is said
to be locally an a-set at x, feebly locally an a-set at x, locally an a-set or feebly
locally an a-set is the underlying sct || of & has the corresponding property in 2.

21 A.10. Convention. If P is a property of sets in a closure space, then we shall
say that a space 2 locally possesses P at x, feebly locally possesses P at x, locally
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possesses P, feebly locally possesses P if the underlying set of |g’| of # has the cor-
responding property in £ (see conventions 21 A.3 and 21 A.7).

Notice that a space £ is locally empty if and only if |9’| = {), and every space is
locally non-void. Next, a space 2 is locally a singleton (= is locally -one-point)
if and only if 2 is discrete. Finally, every space is feebly locally open and feebly locally
closed. Locally closed spaces will be considered in Section 27, and locally open spaces
are described in the following theorem.

21 A.11. Theorem. A space 2 is topological if and only if 2 is locally open. —
A particular case of Example 21 A.8 (d).

In the next subsection a non-trivial example of the localization of connectedness
will be exhibited, and in Section 22 further non-trivial properties will be localized
(locally non-meager spaces). In closing we shall introduce a terminology which is
sometimes utilized in the literature.

21 A.12. Let 2 be a space and let Z be a collection of subsets of 2. Puta = & x
x (|2]). We shall say that X locally belongs at x to & in 2 if X is locally an a-set at x
in 2. The following expressions are treated in a similar way: X (relativel y) locally be-
longs to & in P, feebly locally belongs to ¥ at x in # and X (relatively) feebly,
locally belongs to %. Let &, (% ;,) be the collection of all subsets of 2 which locally
(relatively locally) belong to & in 2, and let ', (% ,,) be the collection of all subsets
of # which feebly locally (relatively feebly locally) belong to Z'. The collection &
is said to be locally (relatively locally, feebly locally, relatively feebly locally)
determinedin Pif% =X, (X = %1.% = %3, % = %,,). For example, by Example
21 A.8 (c) and (d), the collection of closed subsets of a space £ is feebly locally
determined in £ but not relatively feebly locally determined in £, and the collection
of all open subsets of a space & is feebly locally as well as relatively feebly locally
determined in #.

B. LOCALLY CONNECTED SPACES

In accordance with preceding definitions, a subset X of a closure space 2 is locally
connected at a point x if every neighborhood of x contains a neighborhood V of x
such that ¥ n X is connected, and a space 2 is locally connected at x € 2 if every
neighborhood of x contains a connected neighborhood of x, that is, if connected
neighborhoods of x form a local base at x; stated in other words, x possesses arbitrarily
small connected neighborhoods. A subset X of a space & is feebly locally connected
at x € 2 if there exists a neighborhood V of x such that ¥ n X is connected, and a
space 2 is feebly locally connected at x € 2 if there exists a connected neighborhood
of x. A subset X of 2 is locally connected if every neighborhood of each point x
of 2 contains a neighborhood U of x such that U n X is connected, and a space 2
is locally connected if each point of & possesses arbitrarily small connected neigh-
borhoods. A subset X of a space is relatively locally connected if the subspace X

24+
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of 2 is locally connected. Similarly, a subset X of £ is feebly locally connected if
every point of 2 possesses a neighborhood U such that U n X is connected, and
a space # is feebly locally connected if every point of 2 possesses at least one connected
neighborhood. Finally, a subset X of £ is relatively feebly locally connected if the
subspace X of 2 is feebly locally connected.

21 B.1. Examples. A) (a) Every connected ordered space is locally connected.
Indeed, by 20 B.3 every interval in an ordered connected space is connected; since
open intervals form a base for the ordered space, the statement follows. In particular,
the space R of reals is locally connected. On the other hand, a locally connected or-
dered space need not be connected. Obviously, the union X of any finite family of
order-closed connected intervals of an ordered space is a relatively locally connected
subset of the space, and hence a locally connected subspace which need not be con-
nected. On the other hand X is induced by an order, i.e. X is an ordered space (because
the intervals were assumed order-closed).

(b) It is easily seen that a connected space need not be locally connected. The
following example is typical. Let X be a subspace of R x R, the underlying set
of which is (R x 0))u U {(x) x R|x is a rational number}. The space X is con-
nected as the union of connected sets each of which intersects a connected subset of
R x R. On the other hand, X is locally connected in precissly those points which
have zero second coordinate (as may be proved directly).

B) Let X be the subset of the space R of reals (which is locally connected by A(a))
consisting of all points 1/n, n =1, 2,... Then:

(a) X is relatively locally connected in R because X is a discrete subspace of R
and every discrete space is locally connected (a one-point set is always connected).

(b) X is not locally connected at the point 0. Indeed, if U is any neighborhood of 0,
then U n X is an infinite discrete subspace of R.

() X = (0) U X, both- X and (0) are relatively locally connected but X is not
relatively locally connected; moreover, X is not relatively feebly locally connected.
It follows that the closure of a relatively locally connected set need not be relatively
locally connected, and the union of two relatively locally connected sets need not be
relatively locally connected.

C)Let X =] —1,0[ u]O0,1[ be a subset of R. Clearly X is not locally con-
nected (not even feebly locally connected) at 0. On the other hand, each of the intervals
is obviously a locally connected subset of 2. Thus the (disjoint) union of two locally
connected subsets need not be locally connected.

Any subset X of a space £ is locally connected at each point x € (# — X) because
each neighborhood U of x contains a neighborhood V such that V' n X is empty
and hence connected, since V can be taken as the neighborhood U n (2 — X).

" 21B.2. Every closed relatively (feebly) locally connected subset of a space P
is (feebly) locally connected.
The proposition need not be true if the set is not closed (see 21 B.1, B (a) and (b)).
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A closed subset of a locally connected space need not be relatively locally connected
(see 21 B.1, B (b), X is closed), in other words, a closed subspace of a locally connected
space need not be locally connected. On the other hand, open subsets of locally con-
nected spaces obviously are relatively locally connected.

21 B.3. Theorem. If a subset X of a topological space 2 is (feebly) locally con-
nected, then the closure of X is also (feebly) locally connected.

Proof. Since X is closed, it is sufficient to prove that X is locally connected at
each point x € X (see 21 B.2). Suppose U is a neighborhood of a point x € X such
that U n X is connected. Consider the set V= (U U nX)u (U — X). First,
it is easy to see that ¥ n X is a connected set. Indeed, VN X =UnUnXnX =
=UnUnX=UnXY that is, Vn X is the closure of a connected set in U,
namely of U n X. On the other hand, V'is a neighborhood of x. Here the assumption
“@ is topological” is essential. Choose an open neighborhood Wof x such that W< U.
By 14B.26 we have WNnX =WnWnX cUnNX U and hence W V. We
have proved that each neighborhood U of a point x € X contains a neighborhood V
of x such that ¥ n X is connected. Both statements of the theorem follow.

Remark. The assumption *“2 is topological” cannot be omitted from 21 B.3
(see 21 ex. 2).

21 B.4. The union of a locally finite family of closed locally connected (feebly
locally connected) subsets of a space 2 is a locally connected ( feebly locally con-
nected) subset of 2.

Proof. Let X be the union of a locally finite family {X, | a € A} of closed locally
connected subsets of a space 2. Let x be any point of 2; then there exists a neigh-
borhood U of x and a finite subset A, of A such thata e (4 — A4,)impliesU n X, = @
and x € n{X, | ae Ax}. Let V be a neighborhood of x. For each a € A, there exists
a neighborhood W, of x such that W, =« Vn U and W, n X, is connected. Put
W =U{W,nX,|aeA}, W= W U((Un V)~ X). First, W is a neighborhood
of x because it contains a neighborhood N{W, | a € 4.} of x. Clearly Wn X = W’
and finally, W’ is connected as the union of connected sets W, n X, containing a com-
mon point, namely x. Thus W is a neighborhood of x contained in a given neighbor-
hood V of x and W X is connected. The proof for feebiy locally connectedness is
left to the reader.

Now we proceed to an investigation of properties of locally connected and feebly

locally connected spaces. We begin with a description of feebly locally connected
spaces.

21 B.5. Theorem. Each of the following two conditions is necessary and sufficient
Jor a closure space P to be feebly locally connected:

(a) The components of P are open.

(b) The space 2 is homeomorphic with the sum of a family of connected spaces.
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Proof. It will be shown that (a) is necessary, (a) implies (b) and (b) is sufficient.
Let x be a point of a component C of a feebly locally connected space 2. There
exists a connected neighborhood ¥ of x. Since both ¥V and C are connected and V n
n C £ 0, the set Vu C is connected and consequently Vu C = C, ie. V< C.
Thus x is an interior point of C. It follows that (a) is necessary. Let each component C
of a space 2 be open and let € be the collection of all components of 2. The sum
of the family {C | C € %} of subspaces of 2 is clearly homeomorphic with #. Finally,
if 2 is the sum of a family {P,,} of connected spaces, then i,[ P,] is a connected neigh-
borhood of each of its points for all a, where i, is the canonical embedding of P,
into 2. Since Y{i,[P,]} = |#|, 2 is feebly locally connected.

Corollary a. The components and quasi-components of a feebly locally connected
(in particular, of a locally connected) space coincide.

Indeed, by 20 B.10 every open component is a quasi-component (use the condition
(a))-
Corollary b. If a space P possesses only a finite number of components, then P

is feebly locally connected; indeed, each component is open as the complement
of a finite union of closed sets, namsly the union of the remaining components.

Obviously, the open subsets of a locally connected space are relatively locally connec-
ted; stated in other words, open subspaces of locally connected spaces are locally con-
nected. According to Theorem 21 B.5, the components of an open subspace U of
a locally connected space are necessarily open in U and hence in the space, because
U is opzn. If the space is topological, then this property characterizes local connec-
tedness as is stated in the following theorem.

21 B.6. Theorem. The components of open subspaces of a locally connected space P
are open in P. A topological space P is locally connected if and only if the com-
ponents of open subspaces of P are open.

Proof. The first statement, and hence the necessity in the second statement, has
been already proved. Conversely, suppose that the components of open sets are open.
If U is a neighborhood of a point x of 2, then we can choose an open neighborhood V
of x contained in U. Now the component of the point x in V'is open, by our assump-
tion, and consequently it is a neighborhood of x, which is connected and contained
in U.

If C # 0 isa connected subset of a subset X of a space 2 such that bd C N X = 0,
then C is simultaneously relatively open and closed in X, and consequently C con-
tains a quasi-component of X. On the other hand, C being connected, C is contained
in a component of X. But each component is contained in a quasi-component and
consequently C is simultaneously a component and a quasi-component of X.If C
is a component of a subspace X of a space £, then X n bd C need not be empty
because X nbd C = 0 if and only if C is simultaneously open and closed in X.
Nevertheless, if X is an open subspace of a locally connected space, then each com-
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ponent of X is open in £ and closed in X and hence bd C n X = @. We have thus
proved the following proposition.

21 B.7. Let C + @ bea connected subset of asubset X of aspace 2. If X nbd C =0,
then C is a component of X. If 2 is locally connected, X is open in 2 and C is a com-
ponent of X, then X nbd C = 0.

21 B.8. Theorem. Let C be a component or a quasi-component of a subset X
of a locally connected space P. Then bd C < bd X.

Proof. Let us suppose that there exists a point x in bd C — bd X. Since bd C <
c C = X, clearly xeX. By our assumplion x¢ bd X = X n P — X, and hence
x€(P — P — X) = int X because x € X. The space being locally connected, there
exists a connected neighborhood U of x contained in the neighborhood X of x. Since
x e bd C = Cand U is a neighborhood of x, the set U n Cis non-void. Thus x € bd C,
U is a connected neighborhood of x, U < X, and U n C + 0. If C is a component,
then U U C is a connected set as the union of two non-disjoint connected sets, and
hence U v C < C, i.e. U = C which implies that x is an interior point of C; this
contradicts x e bd C. If Cis a quasi-component, then the component of X contai-
ning U intersects C and hence it is contained in C. It follows that U = C which
implies x eint C, and this contradicts x € bd C.

The concluding part is devoted to an examination of the classes of all locally con-
nected and of all feebly locally connected spaces.

Every discrete space and also every accrete space is locally connected. Since every
space is the image under a one-to-one continuous mapping of a discrete space and
every space admits a one-to-one continuous mapping onto an accrete space, the
images and the inverse images under one-to-one continuous mappings of locally
connected spaces need not be locally connected. Invariance under certain special types
of mappings will be proved later. The following simple result will be verified here.

21 B.9. If a closure space 2 is locally connected or feebly locally connected,
then the topological modification of P possesses the corresponding property.

Proof. It has already been shown that if X < £ is open or connected in £, then X
possesses the corresponding property in the topological modification 12 of 2.
Now if 2 is locally connected, x € 12 and U is a neighborhood of x in ©2, then there
exists an open neighborhood Vof x with ¥V = U. By 21 B.6 the component C of Vin 2
containing x is open. It follows that C is open and connected in T and xe€ C < U.
Thus the arbitrarily chosen point x of t# possesses arbitrarily small connected
neighborhoods. If & is feebly locally connected and C is a component of 2, then
C is open in 2 (by 21 B.5) and hence C is open in t2. Since C is connected in 2, C
is connected in t# (the mapping J : # — 12 is continuous). On the other hand C
is closed in £ and thus in tP. Consequently, C is a component of ©£. Thus each com-

ponent of t# is open and consequently the space t% is feebly locally connected
by 21B.5.
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21 B.10. The sum of any family of locally connected (feebly locally connected)
spaces is a locally connected ( feebly locally connected) space. — Evident.

21 B.11. Theorem. A non-void topological product 2 of a family {9’,, | a eA}
of closure spaces is locally connected if and only if each coordinate space 2,
is locally connected and there exists a finite subset Ay of A such thatall #,,ac A —
— Ag, are connected.

Proof. First suppose that the conditions are fulfilled, x € # and U is a neighbor-
hood of x. Choose a canonical neighborhood ¥ of x so that V= U. Thus V =
= {n;'[V,] | a € A;} where V, is a neighborhood of x, = pr,x in £ and 4, is
a finite subset of 4. Since each 2,, a € A, is a locally connected space, we can choose
a family {W, | a € A, U A} such that W, is a connected neighborhood of x, for each
a€dyU A, and W,cV, if acd,. Clearly W=E{y|ye®?, acd,u A4, =
= pr, y € W,} is a neighborhood of x in  which is contained in ¥ and hence in U.
On the other hand Wis a connected subset of & as the product of connected sets
(20B.15); indeed, W = I{X, | a € A} where X, = W,fora ae(4, U 4,) and X, =
= [.@,l otherwise. The sets W, were chosen connected and each #,, ae A — A, was
assumed to be connected.

Conversely, let 2 be locally connected, a € 4, x, € #, and U, a neighborhood of
x,in 2,. Choose a point x of 2 so that pr, x = x,, and a connected neighborhood V of
x contained in the neighborhood E{y | y € 2, pr, y € U,} of x in &. The set pr, [V]
is obviously a connected neighborhood of x, and pr, [ V] < U. It follows that each 2,
is locally connected.

To prove that each £, except for finite number of a’sin A is connected, by 21 B.6
it is sufficient to prove that if an infinite number of £, are not connected, then there
exists a component C of 2 which is not open in 2. But this follows from the fact
that each component of the product is the product of components of coordinate
spaces (20 B.17). Indeed, if there exists an infinite 4, = A such that no 2,, a € A,,
is connected, then we can choose a component C = II{C, | a€ 4} of £ so that
C, + 2, for each a € A,. It is obvious that C contains no non-void canonical neigh-
borhood.

Corollary a. Each product space R® is locally connected; in particular R”, ne N,
is always locally connected. More generally, the topological product of any family
of connected ordered spaces is a locally connected space.

Cerollary b. The spaces N*° and 2™° are not locally connected.
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22. DESCRIPTIVE PROPERTIES OF SETS

In subsection A dense sets (i.e. locally non-void) and nowhere dense sets having
dense closures of their complements are introduced and their properties studied.
The most profound result is Theorem 22 A.10 which asserts that the density charac-
ter (i.e. the smallest cardinal of a dense set) of a cube [0, 1 [***", X = N,, is at
most N. Given a space (P, u), the relation ¢ = {X — Y| XcYcP, YcuX}
entirely determines u; in fact, uX is the union of the fibre of ¢ over X.
Thus every topological concept can be described by means of g; e.g. (P, u) is topo-
logical if and only if g is transitive, X is dense in (P, u) if and only if X e ¢~ ![P].

In a certain sense the nowhere dense sets are very small. Countable unions of
nowhere dense sets, called meager sets, often appear as small sets, e.g. the set of all
continuous functions f on [ 0, 1 | which have a derivative in some point is meager in
the space C* = C*([ 0,1 ], R) (ex. 8); on the other hand this fact can be used to
prove that there exists a continuous function which has a derivative in no point;
it is sufficient to show that C* is not meager. Another example: if fis a lower or an
upper semi-continuous function on a space 2, then the set of all points at which f
is not continuous is meager. Meager sets and non-meager sets (the sets which are
not meager) are studied in subsection B. The importance of non-meager spaces is
seen from Theorems 22 B.3, 22 B.4 and 22 B.6 which state that the non-meager
spaces £ are characterized among all topological spaces by either of the following
two conditions:

(a) if a collection & of lower semi-continuous functions on £ is bounded from
above at each point, then & is bounded from above on a non-void open subset of £.

(b) each lower (upper) semi-continuous function on £ is continuous at some point.

The main result is Theorem 22 B.11, which states that a feebly locally meager set
is meager, and its consequence, the Decomposition Theorem 22 B.12, which gives
a description of points at which a given space is locally non-meager.

In the last subsection the so-called Baire sets and Baire measurable mappings
will be introduced and studied. A Baire set is the symmetric difference of an open
set and a meager set; thus Baire sets are “almost” open sets. It turns out that the col-
lection of all Baire sets of a topological space is closed under countable unions,
countable products and complementation, and hence, contains all Borel sets, i.e. the
elements of the smallest collection which contains all open sets and is closed under
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countable unions and complementation. Recall that a mapping into a topological
space is continuous if (an only if) the inverseimages of open sets are open. A mapping
of topological spaces is said to be Baire (Borel) measurable if the inverse image of each
open set is a Baire set (a Borel set). Let us mention Theorem 22 C.14 which states
that a Baire measurable mapping of a topological space into a topological space with
a countable open base is continuous on some subspace with meager complement.’
Theorem 22 C.17 is the starting point of many applications in function theory.

A great deal of the results of this section apply only to topological spaces. It is to be
noted that the results of subsections B and C will not be needed in what follows,
except in the exercises.

A. DENSE AND NOWHERE DENSE SETS

22 A.1. Definition. Let 2 be a closure space. A subset X of £ is said to be dense
in a subset Yof # if X « Yand X > Y. A subset X of 2 is said to be dense in 2
if X is dense in the underlying set of £, that is, if X = |9’| The density character
of a space 2 is the least cardinal X such that there exists a dense set in £ of cardinal N.

Since a subset X of a space £ is locally non-void at a point x € 2 if and only if
x € X, the definition can be restated as follows.

22 A.2. A subset X of a space P is dense in P if and only if X is locally non-void.
A subset X of a space P is dense in Y =« P if and only if X < Y and X is locally
non-void at each point of Y. :

It is to be noted that a subset X is dense in a subset Y if and only if X is dense in
the subspace Y.

22 A3. If U is an open subset of a space P, then for any subset X of P the set
X nUisdensein X n U. In particular, if X is dense in # and U is open in P, then
X nU is dense in U.

Proof. The first statement is an immediate consequence of the formula U n X =
= U n X n U which obtains (by 14 B.20) for each X and each open U.

Remark. The relation E{(X, Y)| X is dense in Y} completely determines the

closure structure of the space. Indeed, the closure of X is the union of all sets in
which X is dense.

22 A4. A closure space 2 is topological if and only if the relation E{<X, Y ) IX
is dense in Y} for exp |9"| is transitive, that is, X dense in Y and Y dense in Z imply
X is dense in Z.

Proof. If the relation is transitive, then X = X for each X < £ because X is dense
in X, X is dense in X and the transitivity implies that X is dense in X, that is, X < X.
Conversely, if 2 is topologicaland X « Yc Z,Yc Xand Z < Y, then X =X o Z,
which establishes transitivity. .
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Corollary a. If 2 is a topological space and X, Y are subsets of P such that X
is dense in Y and Y is dense in 2, then X is dense in . — QObvious.

Corollary b. If 2 is a topological space, X and U are dense subsets of 2 and U
is open, then X N U is a dense subset of 2.

Proof. By 22 A.3 the set X n U is dense in U and, U being dense, X n U is dense
because of transitivity (Corollary (a) of 22 A.4).

Since the intersection of two open subsets is an open subset, the following very
simple but useful result follows by induction from Corollary (b)

22 A.5. Theorem. The intersection of a finite number of open dense subsets
of a topological space P is a dense subset of 2.

22 A.6. If {2} is a family of closure spaces and {X,} is a family such that each
X, is dense in P, then the set £{X,} is dense in the sum space Z{?,}, and the product
set II{X,} is dense in the product space II{®}. If f is a continuous mapping of
a space P onto another one 2 and if X is dense in P, then f[X] is dense in 2.

Proof. The first statement is a consequence of the fact that the closure of Z{X,} is
%{X,} (by 17 B.1) and the closure of II{X,} is I1{X,} (by 17 C.2). The second state-
ment is obvious. '

The assertion concerning products can be strenghtened as follows. (It is to be
noted that the fact to be proved was declared to be obvious in the proof of 20 B.15.)

22 A.7. Let P be the product of a family {?,|a € A} and let {X,} be a family
such that X, is dense in P for each a in A. Let y = {y,} e II{X,} and let X be the
set of all x = {x,} € P such that x,e X, for each ac A and x, + y, for a finite
number of a € A only. Then X is dense in 2.

Proof. Let z = {z,,} be any point of 2. It will be shown that z € X. It is sufficient
to show that every canonical neighborhood V = N{rn;![V,]|ae 4,} of z inter-
sects X, where n, = pr, : # —» #,. Since each X, is dense in 2, and each V, is a neigh-
borhood of z,, we can choose x, in V, n X, for each ain A,. Let x, = x,if ac 4,
and x, = y, otherwise. Since A4, is a finite set, x belongs to X. Obviously x belongs
to Vand hence x € V n X, which shows that Vn X + 0.

Corollary. The density character of the product space is less than or equal to
the sum of the density characters provided the density characters of the coordi-
nate spaces are infinite.

Obviously the density character of a space is always less than or equal to the cardinal
of the underlying set. If a topological space 2 possesses an open base #Z of cardinal m,
then the density character of 2 is at most m, because if {xB | B € #} is any family such
that x5 € B for each B in 4%, then the set of all x5, Be 4, is dense in & by 22 A2,
It follows that the density character of a topological space is less than or equal to the
total character. If a space £ is pseudometrizable with an infinite density character,
then the total character and the density character coincide. Indeed, if an infinite
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set X is dense in 2 and d is a pseudometric inducing the closure of 2, then the col-
lection of all open r-spheres about x, x € X, r being a positive rational number, is
obviously an open base of the same cardinal as X.

In general, the density character is less than the total character (see example
22 A.9 (d)). More will be proved in the exercises and in the following chapters. The
facts which will be needed in the sequel are listed in the following proposition.

22 A8. If 2 is a topological space, then the total character is equal to or greater
than the density character. The density character of a space is less than or equal
to the cardinal of the underlying set. For infinite metrizable spaces the total
character and the density character coincide (an infinite metrizable space has an
infinite density character).

22 A9. Examples. (a) The space R of reals has a countably infinite character.
Indeed, the set Q of rational numbers is countable and dense in R. On the other hand,
each finite subset of R is a closed proper subset of R, and hence no finite subset is
dense in R.

(b) The density character of a subspace of a pseudometrizable space is less than
or equal to the density character of the space. Indeed, this is true for total characters
which coincide with density characters if the density character of the space is =N,.
If the density character is finite, then the statement is evident. In particular, each
subspace of R has a countable density character (not necessarily infinite).

(c) Each subspace of R" or [0, 1]" has a countable density character provided
that n < N,. Apply Corollary 22 A.7 and example (b) above.

(d) Let us define a new closure operation u for the set R of all real numbers so that
uX = X if X consists of irrational numbers and uX = X if X consists of rational
numbers. Clearly Q is dense in <R, ©); thus {R, #)> has a countably infinite density
character. On the other hand the subspace R — Q is discrete, and consequently
the density character of R — Q is equal to the cardinal of R — Q, that is, exp N,.
Next, <R, u) is topological and the total character of R, u) is exp N, (each (x) U Q
is open).

The first part, devoted to dense sets, concludes with the following useful and
interesting result which will be used in the sequel and which gives a more precise
estimate of the density characrer of a cube.

22 A.10. Theorem. Let m and n be infinite cardinals and m < exp n. Then the
density character of the cube [ 0, 1 |™ is at most n.

Proof. It is sufficient to show that if n is an infinite cardinal, then the cube
[ 0,1 J***® contains a dense subset of cardinal n. Let N be a set of cardinal n and let
2 =[0,1]**". For brevity call a point x of & rational if each coordinate xy
of x is a rational number. For each finite subset F of N let & be the set of all rational
paints of 2 such that X, eexp N, X, eexpN, X; n F = X, n F imply xx, = xx,.
It follows that each member of @ is completely determined by its coordinates xy;



22. DESCRIPTIVE PROPERTIES OF SETS 381

X c F. But exp F is finite and the xx are elements of a countable set Q A [0, 1].
It follows that each @5, F = N, F finite, is countable. The union @ of all &, F = N,
F finite, has the cardinal ¥, .1, i.e. n because n is infinite. It will be shown that &
is dense in 2. It will sufficz to show that each canonical open subset of £ intersects &.
Actually, 2 is a topological space and hence the canonical open subsets of # form an
open base for #.Let V be any non-void canonical open set, that is, there exist
distinct elements X, ..., X, of exp N, and Vs the set of all x € 2 such that xy, € U;
for each i where U; are appropriate open subsets of [ 0, 1 ]. Foreach i,j = 1,..., k,
i & j, choose n;; e(X; — X,)if (X; — X;) % 0, and consider the set F of all these n,;.
If i & j, then X; & X; by our assumption, and clearly F n X; + F n X; by construc-
tion. Choose rational numbers r; in U, i = 1, ..., k; this is possible because the set
of all rationals of [0, 1] is obviously dense in [ 0,1 ] and U; & 0. Now define an
xed® as follows: xy =r;if XnF=X;,nFand xy=0if XnF %+ X;nF for
each i = 1, ..., k. The point x is well defined because F n X; & F n X; for i % j.
Finally, by definition of x, x belongs to &, < & and also to V. It follows that V n & ==
#% @ which completes the proof.

Remark. The proof of the foregoing theorem can be used to obtain more general
results. See ex. 1.

22 A.11. Definition. A subset X of a closure space 2 is said to be nowhere dense
if the set [#| — X is dense, that is, if int X = 0. A subset X of 2 is said to be nowhere
dense in a subset Y of 2 if X is nowhere dense in the subspace Y of 2.

It is easy to verify that X is nowhere dense in Yif and only if X « Y= Y — X.

22 A.12, A subset X of a space P is nowhere dense if and only if the closure of X
is contained in its boundary, i.e., X < bd X.

Proof. From the formula bd X = X n [?] — X it follows that bd X > X if and
only if [#] — X > X. Since obviously [#] — X = |?| — X, we have [Z?] — X = |2
if and only if [#2| — X o X, which means that bd X > X if and only if|9| -X =
= [37’|; this is precisely the statement.

Corollary. A closed subset X of a space is nowhere dense if and only if X =
= bd X. (Remember that always bd X = X.)

22 A.13. If X is nowhere dense in a space ? and U is open in P, then X n'U
is nowhere dense in U.

Proof. According to 22 A3, if |#| — X is dense and U is open, then the set
(|#| - X)nU = U — (U n X) is dense in U, and consequently, the larger set U —
— (U ) m) is also dense in U, which means that X n U is nowhere dense in U.

In the following propositions 22 A.14—22 A 18 the assumption that the spaée is
topological cannot be omitted; the corresponding examples are given in 22 A.19.

22 A.14. Theorem. Let 2 be a topological space. Each of the following conditions
is necessary and sufficient for a subset X of P to be nowhere dense:
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(a) The closure of X contains no non-void open subset;

(b) The closure of X is nowhere dense;

(c) Every non-void open subset U of 2 contains a non-void open subset V of 2
such that Vn X = 0.

Proof. Since in any topological space the interior of a set X is the largest open set
contained in X, (a) is equivalent to the assertion int X = @. Thus condition (a)
is both necessary and sufficient. Since 2 is a T-space, we have X = X and hence
int X = int X which shows that (b) is both necessary and sufficient. Condition (b)
is sufficient in any space, because the property “to be nowhere dense’ is hereditary.
If X is not nowhere dense, then int X is a non-void open subset of 2 every non-void
open subset of which meets X. Thus (c) is a sufficient condition. If X is nowhere
dense and U is an open non-void subset of 2, then V = U n (|2| — X) is dense in
U since || — X is dense. In particular, ¥ # 0. Clearly ¥ n X = 0. Thus (c) is a ne-
cessary condition.

22 A.15. Let 2 be a topological space and X < Y |ﬂ'| If X is nowhere dense
in Y, then X is nowhere dense in 2.

Proof. Assuming that X is not nowhere dense in 2, i.e. U = int X + 0, we shall
prove that X is not nowhere dense in Y. Clearly the set U n Y is open in Y and is
contained in the closure of X in Y, i.e. in X n Y. Thus it is sufficient to show that
U Y is non-void. The set U n Y is non-void because Un Yo U nX = U, and
the set U n Yis dense in U n Y by 22 A.3 because U is open; consequently, U n Y
is non-void.

22 A.16. Let 2 be a topological space and X = 2. Suppose that for each x
in X there exists a neighborhood U of x such that U n X is nowhere dense. Then
the set X is nowhere dense. In other words, if X < P is relatively feebly locally
nowhere dense, then X is nowhere dense.

Proof. Suppose X is not nowhere dense. Hence V = int X # @. Choose a point
x in ¥ n X and a neighborhood U of x such that U n X is nowhere dense. Since &
is a topological space, we can choose an open neighborhood W of x with W c
< (U n V). Since W is open, we have (by 14B20) Wn Wn X = (WA X)> Wn
NV =W, that is, W< Wn X < U n X; this contradicts the fact that Un X is
nowhere dense.

22 A.17. Theorem. Let 2 be a topological space. The union X of a locally finite
family {X, | a € A} of nowhere dense sets is a nowhere dense set.

Proof. First suppose that A is finite. Since the intersection of a finite number of
open dense sets is a dense set, we have that

l7| - UfXa} = 12| - U{Xa} = nfl?| - X}
is dense, and consequently J{X,} is nowhere dense. The general case follows im-
mediately from 22 A.16. Indeed, the union of a locally finite family of nowhere dense
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sets {X,} is feebly locally, and hence relatively feebly locally; nowhere dense by the
first part of the proof.

22 A.18 Let 2 be a topological space. If a subset X of @ is either open or closed,
then the boundary of X is a nowhere dense set.

22 A.19 Example. Let P be a set such that, for some element x of P, P — (x) =
= (N x N) u N; we shall assume that N n (N x N) = 0. Let us define a closure
operation u for P such that N x N is an open discrete subspace, N is a discrete sub-
space, (x) is closed, x e uX — X if and only if X n N is infinite, and neuX — X
for n e Nif and only if X n ((r) x N)is infinite. It can be proved that

(a) Thesubspace (N x N) u N of (P, u) is topological, (x) U N is a neighborhood
of x which contains no non-void open set. Thus (P, u) is not topological.

(b) The set N x N is not dense but every non-void open set intersects N x N,

() NxNisdensein P — (x) = (N x N)UN, P — (x) is open dense, N x N
is open, but (N x N) n (P — (x)) = N x Nis not dense.

(d) Let N=N, UN,, N,nN, =0, N; infinite. Then G;= (N x N)u N,
are dense open subsets, but G; n G, = N x N is not dense. Thus the intersection
of two open dense sets need not be dense. The sets P — G, are closed nowhere dense
sets and their union is not nowhere dense.

() The set N is nowhere dense in P — (x) but not in P (int uN = (x) % ).

(f) The set N is not nowhere dense in P but «N contains no non-void open set,
and every non-void open set contains a non-void open set disjoint with N.

(g) The set N is the boundary of the open set N x N; on the other hand N is not
nowhere dense.

B. MEAGER ‘AND NON-MEAGER SETS

22 B.1. Definition. A subset X of a space £ is said to be meager (or of the first
category) in a subset Y of 2, if X is the union of a countable number of nowhere
dense subsets in Y. A subset X is non-meager (or of the second categor y) in a subset Y,
if XY and X is not meager in Y. A subset X will be called residual in
a subset Y, if X < Yand Y— X is meager in Y. A subset X is meager, non-meager
or residual in the space 2 if X has the corresponding property in the underlying
set of 2. A space 2 is meager or non-meager if the underlying set has the corresp-
onding property.

For example, every non-void discrete or non-void accrete space is non-meager
because such a space contains no non-void nowhere dense set. Next, every space
possessing only a finite number of accumulation points is non-meager because it
contains only a finite number of nowhere dense sets. On the other hand, the space Q
of all rational numbers is meager, because each one-point set (x), x € Q, is nowhere

dense in Q((?) = (x) and x € Q — (x)) and Q is countable. As a less trivial example
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we shall prove that the space R of reals in non-meager. A similar argument yields
the Baire theorem asserting that every complete pseudometric space is non-meager.
Complete pseudometric spaces will not be considered until Chapter 7 and even there
in a more general situation; in ex. 6 the notion of a complete pseudometric will be
introduced, and a proof of the Baire theorem will be given.

22 B.2. Every non-void boundedly order-complete ordered space is non-meager.
In particular, the space R of reals is non-meager.

Proof. Let the closure of a space £ be induced by a boundedly order-complete
monotone order <. Suppose the contrary, that & is meager. Let {X,} be a sequence
of nowhere dense subsets of 2 which have union |#|. Since the space 2 is topological.
according to 22 A.14 we can construct, by induction, a decreasing sequence {I,} of
bounded open intervals such that I, = P — X, for each n. Indeed, if a finite sequence
{1, I n < k} possesses the required properties then there exists 2 non-void open in-
terval J = | x, y[ in & such that J = I, n (P — X, ) by 22 A.14 (c). Of course,
the end points x and y may belong to X, .. It is easy to find a non-void open interval
I+, = J such that (I,+; N X;4;) = 0. Now if {I,} is such an infinite sequence,
then N{I,} =+ @ because, for example, the least upper bound of left end points of the
intervals I, belongs to this intersection. On the other hand, obviously

N{L} = nfl?] - X.} = 2] - u{X,} = 0.
This contradiction establishes the result.
Cleaﬂy a space £ is non-meager if and only if each residual subset of £ is non-void.
The following theorem shows that a “point-bounded” from above collection of lower
semi-continuous functions on a non-meager space is bounded from above on a non-

void open set. Various applications can be found in the concluding part of the sec-
tion and in the exercises.

22 B.3. Theorem. Let 2 be a non-meager topological space. Let @ be a collection
of lower semi-continuous functions on 2 such that

(1) xeP, fe® imply fx < gx,
where g is a given function on P. Then there exists an open non-void subset U of P
and a real number M such that

(2) xeU, fe ® implies fx < M.

Proof. For each n in N let us consider the set

(3) C,=E{x|xe? fed=fx < n}.
According to (1), the union of all C,,ne N, is |9‘| Moreover, the sets C, are closed.
because each C,, is the intersection of all sets C,(f) = E{x | fx < n}, fe &, and each
‘C,(f) is closed, because f is lower semi-continuous. Since P is not meager, at least
one of the sets C,, n € N, say C,, is not nowhere dense. Thus U = int C, is a non-
void open set. According to (3), assertion (2) holds with M = k.

In the converse direction we shall prove the following result.
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22 B4. If 2 is a meager topological space, then there exists a lower semi-con-
tinuous function fon P which is not bounded from above on any non-void open subset
of 2, i.e., if U is a non-void open subset of P, then the set f[U] has noupper bound.

Proof. If 2 is meager, then there exists a sequence X, of nowhere dense subsets
of & such that Y{X,} = |#|. Since £ is a topological space, the sets X, and F, =
= U{X, |k £ n} are also nowhere dense (by 22 A.14 and 22 A.17). Clearly
U{F.} = 12|

Let us consider the function f on & which assigns to each x € |.@| the least integer n
with xeF,, ie. fx =inf{n|xeF,}. The function f is lower semi-continuous,
because for every real ¢ we have f~'[ ]| «, ¢ | ] = F, where n fulfils the inequalities
n<c<n+1,andF, is closed. If U is a non-void open subset of # and neN,
then F, n U is nowhere dense in U (by 22 A.13), in particular U — F, $ @ which
shows that n is not an upper bound of f[U]. Thus no natural number is an upper
bound of f[U] and consequently f[U] has no upper bound. The proof is complete.

Observe also that the function f of 22 B.4 is continuous at no point. If 2 is non-
meager then each semi-continuous function is continuous at one point at least. This
follows from the following simple result.

22 B.5. Let f be a semi-continuous function on a topological space P. The set
D = E{x | fis not continuous at x} is meager in 2.

Proof. Suppose that f is lower semi-continuous and U, = E{x | fx>rh Itis
easy to show that D = J{U, — U, | r € Q}. The sets U, are open and hence the sets
U, — U, are nowhere dense (22 A.18). If f is upper semi-continuous then —f is
lower semi-continuous, and fis continuous at a point x if and only if — f'is continuous
at x. Thus the statement for upper semi-continuous functions follows from that for
lower semi-continuous functions.

According to the remark following 22 B.4 we obtain the following character-
ization of non-meager spaces.

22 B.6. Theorem. A topological space 2 is non-meager if and only if the fol-
lowing condition is fulfilled: each semi-continuous function on P is continuous at
some point.

Now we proceed to the investigation of meager and non-meager sets. First we shall
prove some almost immediate consequences of the preceding results concerning now-
here dense sets.

22 B.7. Let ? be a topological space. The union of a countable number of meager
subsets of Y is a meager set in Y. If X <« Y= Z and Y is a meager subset in Z,
then X is also meager in Z.If X is meager in the space P, then X n U is meager
in U for every open subset U of 2.

Proof. The first assertion is an immediate consequence of the fact that a countable
union of countable unions is a countable union. The property “to be meager in Z”
is hereditary, since the property “to be nowhere dense” is hereditary. Finally, the last
assertion is a corollary of the corresponding result 22 A.13 about nowhere dense sets.

25 — Topological Spaces
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22B.8. Let 2 be a topological space,X < Y < Ig’l If X is meager in Y, then X
is meager in 2. (From 22 A.15).

22 B.9. Definition. A family {X,|a e A} of subsets of a space 2 is said to be
o-locally finite if there exists a sequence {4,} so that 4 = U{4,|neN} and all
families {X, | a € 4,}, n € N, are locally finite.

Now we can prove, for topological spaces, the following generalization of the first
assertion of 22 B.7. ‘

22 B.10. Theorem. Let & be a topological space. The union X of a o-locally
finite family {X, | a € A} of meager subsets of ? is a meager subset of P.

Proof. By definition there exists a sequence {4,} such that (J{4,} = 4 and every
family {X, [ a € A,}, neN, is locally finite. For each a in A there exists a sequence
{X(a, k) | k € N} of nowhere dense sets such that J{X(a, k) | ke N} = X,. Clearly
{X(a, k)| ae A4,} is a locally finite family of uowhere dense isets. According to
22 A7 the sets Y(n, k) = U{X(a, k) | a € A,} are nowhere dense. Obviously X =
= U{Y(n, k) | neN, ke N}. Since the set N x N is countable, X is a meager set.

Now we proceed to a more difficult part of the section. The following two theorems
are fundamental for further results.

22 B.11. Theorem. Let X be a subset of a topological space 2. If every point
of X possesses a neighborhood U such that U n X is meager in 2, then X is meager
in P. In other words, every relatively feebly locally meager set is meager.

Proof. Let % be the collection of all open subsets U of 2 such that U n X is
meager; by the “maximality principle” there exists a maximal disjoint subcollection
¥ of %. Let V be the union of ¥". First we shall prove that X = V. If x € X then there
exists a neighborhood U of x such that U n X is meager. If moreover x ¢ V, then
U, =(|2| — V) nint U is a non-void open set (for 2 is a topological space) and U; N
N X is meager since the property “to be meager” is hereditary. But this contradicts
the maximality of ¥~ and proves X < V. Since X = V we have X c (X n V) u
U (V = V)). The set ¥V — V is nowhere dense (by 22 A.18). As a consequence, to
prove X is meager, it is sufficient to show X n V is meager. The family {W] We v}
is locally finite in the subspace ¥V of £ (for W is a neighborhood of each of its points
meeting only one member of {W}). Since the sets W X are meager in & and V
is open, they are meager in ¥ as well (22B.7). According to 22B10 V n X =
= U{Wu X | We ¥} is meager in Vand by 22 B.8 in #.

22 B.12, Decomposition theorem. Let X be a subset of a topological space 2.
Let Y, be the set of all points x € 2 in which X is feebly locally meager, and let Y,
be the set of all points x € @, in which the set X is locally non-meager. Put X; =
=XnY,(i=12).ThenY,nY,=0,Y,0Y, =|2?|, X, is meager, X, and Y,
are relatively locally non-meager and Y, = X, nint Y,.

Proof. Obviously, Y, = lg’l — Y, and Y, is the union of the collection % of all
open subsets U of £ for which the set U n X is meager. In particular, Y; is open,
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Y, is closed. Clearly, the set X; = Y, n X is relatively feebly locally meager. Accord-
ing to the preceding Theorem 22 B.11 the set X, is meager. The remaining two state-
ments follow from the following assertion:

(#) if V is open and Vn Y, # 0, then Vn X, is non-meager, in particular,
VaX, ¥ 0and Vnint Y, + 0.

Indeed, the first statement implies that X, is locally non-meager at each point
of Y,, and hence both sets X, and Y, are relatively locally non-meager (remember
that X, < Yz). The formula Y, = X, nint Y, is derived as follows. First notice
that () implies that ¥, = X, and ¥, < int Y,. Since Y, is closed and X, = Y, we
obtain that ¥, = X, and Y, = int Y,. Thus both sets X, and int ¥, are dense
in Y,, and hence this intersection is dense in Y, (by 22 A.3 because inf Y, is open),
ie. Y, =X, nint Y,.

It remains to prove statement (*). Suppose that Vis open and ¥ n Y, # 0. Since V'
is a neighborhood of a point of Y,, the set ¥ n X is non-meager, and hence the set
VX, is non-meager because ¥n X, = (Vn X) — X, and X, is meager. The
first statement of (%) is proved. Since Y, contains X,, the first statement implies that
the set ¥V n Y, is non-meager. It follows that V' n Y, is non-meager in ¥, in particular,
V n Y, is not nowhere dense in Y,. Next, Y, is closed, hence V' n Y, is closed in ¥,
and hence the interior V; of V'~ Y, in Vis non-void. The set V; is open in an open
set, namely in ¥, and hence ¥, is open in . Thus @ + V; cimt(Vn ;) =« Vn
nint Y,. The proof is complete.

For convenience, the following corollary of the foregoing Decomposition theorem
will be formulated as a theorem. Let us recall that a regular closed set in a space 2

is a closed set X of the form X = int X.

22 B.13. Theorem. If & is a topological space and Q is the set of all points in
which the space 2 is locally non-meager, then Q is a regular closed subset of 2,
Q is relatively locally non-meager in P and the subspace Q of 2 is locally non-
meager. In particular, if a topological space 2 is non-meager, then some subspace
(some open subspace, some closed subspace, some regular closed subspace) of P
is locally non-meager.

Remark. We know that a subspace Q of a space £ is locally connected if and only
if the set Q is relatively locally connected in £. This follows from the fact that X < Q
is connected in Q if and only if X is connected in £. It may be in place to point out
that analogous equivalences for meager and non-meager sets and spaces are not
true. Of course, a subspace Q of a topological space 2 is always non-meager or
locally non-meager provided that the underlying set of Q is non-meager or relatively
locally non-meager in £. But if a subspace Q of a space £ is non-meager or locally
non-meager, then Q may be nowhere dense in £; e.g. a one-point space is non-meager
and locally non-meager but a subset (x) of a space 2 is nowhere dense in 2 provided
that (x) is closed and x & [2] — (x).

25+
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22 B.14. Locally non-meager spaces are sometimes called Baire spaces (e. g. by
N. Bourbaki). Properties of the class of all locally non-meager topological spaces
will be discussed in the exercises.

C. BAIRE SETS

The definition of Baire sets and various characterizations of Baire sets are fol-
lowed by examination of the collection of all Baire sets of a topological space. In the
second part we shall be concerned with Baire measurable mappings. The concluding
part is concerned with some properties of Baire sets in a topological group. Many
concepts related to our object are introduced and studied in the exercises. Recall that
the symmetric difference of two sets X and Y, denoted by X + Y, is defined to be the
set (X — Y) u (Y — X), which can also be written as (X U Y) — (X n Y).

22 C.1. Definition. We shall say that a subset X of a closure space 2 has the
property of Baire, or simply, is a Baire set, if the following equivalent conditions are
fulfilled:

(a) X is the symmetric difference of an open set and a meager set, i.e. X = U + Y
for some open set U and some meager set Y.

(b) X =(U - Y,) U Y, for some open set U and some meager sets Y; and Y,.

.(c) The set X + U is meager for some open set U.

It is to be noted that Baire sets are often called almost open (and the term Baire
set is often used for the elements of the smallest g-algebra containing exact open sets,
see 28 ex. 2).

For example, each meager set X is a Baire set because § + X = X is meager, and
each open set U is a Baire set because U + U =  is meager.

We must show that conditions (a), (b) and (c) of 22 C.1 are actually equivalent,
and this follows from the following elementary lemma.

22 C.2. Lemma. Let O be a collection of sets and let 4 be an additive and here-
ditary collection of sets. The following conditions on a set X are equivalent:

(a) X = O + Y for some O in O and some Y in M.

(b) X = (0 — Y,) U Y, for some O € 0 and some Y; € M.

(c) X + Oe A for some O in 0.

Proof. f X =0+ Y,0€0, Ye #,then X = (0 — Y)u (Y — O) is a decom-
position satisfying (b), and hence (a) implies (b). If X = (0 — ;) U Y, with 0 €0,
Yie #, then Y= (Y, — Y,)u(Y, — O)e# and X = O + Y, which shows that
(b) implies (a);also 0 + X = (0 — X)u(X — O) = Y; U Yoand hence O + X e 4
which proves (b) implies (¢). Finally, if X +~ O € # then(X — O)e .#,(0 — X)e M
and hence X = (0 — (0 — X)) u(X — O) is a decomposition of X satisfying (b).

In a topological space, conditions (a)—(c) of 22 C.1 are equivalent to conditions
obtained by replacing ‘“open” by ‘“‘closed”.
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22 C.3. Each of the following conditions is necessary and sufficient for a subset X
of a topological space P to be a Baire set:

(a) X is the symmetric difference of a closed set and a meager set.
(b) X =(C - Yy) U Y, for some closed set C and some meager sets Y; and Y,.
(¢) C + X is meager for some closed set C.

Proof. By Lemma 22 C.2 conditions (a)—(c) are equivalent in any space. Now
let 2 be a topological space. Remember that the boundary of a closed or open set
is nowhere dense. Now, if X = (U — Y,) U Y, with U open and Y, meager, then X =
=(U - (Y;ubdU))u Y, with U closed and ¥, U bd U, Y, meager (remember
thatbd U = U — U).If X = (C — Y;) u Y, with C closed and Y, meager, then X =
= (int C — Y;) u (Y, u (bd C — Y;) where int C is open and Y;, Y, U (bd C — 1)
are meager. The proof is complete.

‘It follows from 22 C.3 that each closed set in a topological space is a Baire set.
Now we proceed to some less trivial characterizations of Baire sets. For brevity we
shall introduce further notation.

22 C.4. Remark. Given a subset X of a space &, the symbol X* denotes the set
of all points of & at which X is locally non-meager, and X° denotes the interior of X*.

If 2 is a topological space then X* is a regular closed set and X — X* is meager
(by 22 B.12).

22 C.5. Theorem. Each of the following conditions (a)—(f) is necessary and suf-
ficient for a subset X of a topological space 2 to be a Baire set:

(@) The set X* N (|2| — X)* is nowhere dense.
(b) The set X* — X is meager.

(c) The set X* + X is meager.

(d) The set X° ~ (|2| — X)° is empty.

(e) The set X° — X is meager.

(f) The set X° = X is meager.

Proof. I. Since X* is closed and X° is open, each of the conditions (b), (c), (¢)
and (f) is sufficient. Next, conditions (a) and (d) are equivalent because X° is open
and dense in X* (remember that the boundary of an open set is nowhere dense).
Conditions (b) and (e) are equivalent because X* = X° U bd X° and bd X° is nowhere
dense and so certainly meager. Similarly one finds that conditions (c) and (f) are
equivalent. It remains to show that (a) is necessary, (a) implies (b) and (b) implies (c).
The implication (b) = (c) is almost self-evident because X* + X = (X* — X) u
U (X — X*) and X — X* is always meager by 22 B.12. — II. Assuming that X =
=(U — Y,) v Y, where U is open and Y; are meager, we shall prove (a). Notice
that P — X = ((P — U) — Y,) u (Y, — X) (we write P = |2|). It follows that X* =
= U* and (P — X)* = (P — U)*. For each Z we have Z* c Z and therefore
U*cUand (P-U*<P—U. Thus X*n(P — X)* cbd U. Finally, U is
open, hence bd U is nowhere dense and therefore X* n (P — X)* is nowhere dense.
— III. Assuming (a) we shall prove (b). We have
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Xt —X=X*n(P-X)=(X*n(P-X}*n(P-X))u
v (X* (P - X) — (P - X))
where X* n (P — X)* is nowhere dense by (a) and (P — X) — (P — X) * is meager
because Z — Z* is meager for any Z. Thus X* — X is meager. The proof is com-
plete.

We now proceed to an examination of the collection of all Baire sets of a topo-
logical space.

22 C.6. The collection of all Baire sets of a topological space P is closed under
complementation, countable unions and countable intersections. Each closed set,
each open set and each meager set is a Baire set.

Proof. Evidently each closed set, each open set and also each meager set is a Baire
set. The complement |.¢’] — X of a Baire set X is a Baire set by the preceding theorem
because condition (a) is invariant under complementation, that is, if X fulfils (a)
then |#| — X also fulfils (a). Next let X, be a sequence of Baire sets. There exists
a sequence {U,} of open sets such that X, + U, is meager for each n. Obviously

U{U.} + U{X,} « U{U, = X}
and therefore J{X,} is a Baire set. Finally, N{X,} = |#| — U{|?| — X,} and there-
fore the intersection of a sequence of Baire sets is a Baire set.

Let us consider the ordered set {exp P, =) of subsets of a set P. Clearly @ is the least
element, P is the greatest element and, for any family {X,}, we have sup {X,} =
= U{X,} and inf {X,} = N{X,}; consequently, this ordered set is complete.
A subset & is countably meet-stable if and only if it is countably multiplicative,
and «f is countably join-stable if and only if & is countably additive. Thus the col-
lection of all Baire sets of a closure space is countably lattice-stable. We know that
the set-theoretical complement of a Baire set is a Baire set. Let us notice that the
set-theoretical complement of a set X in P coincides with the complement of X in the
ordered sst {exp P, =); this is an element Y such that sup (X, Y) is the greatest
elemznt and inf (X, Y) is the least element. In general lattice complementation is not
unique; however in our case a complement is unique and coincides with the set-
theorztical complement. A subset of an ordered set is said to be complemented if it
contains all complemsnts of each of its elemznts. Thus we can say that the collection
of all Baire sets of a topological space £ is complemented in {exp |@], < ). Proposition
22 C.6 can be restated as follows.

22 C.7. The collection of all Baire sets of a topological space P is a countably
lattice-stable and complemented subset of {exp [.@l, <>, and it contains all open,
closed and meager sets.

If a space 2 is meager then each subset is meager and hence each subset is a Baire
set. There are non-meager spaces such that each subset is a Baire set, e.g. each
non-void discrete space has these properties. In 22 C.21 a subset of R which is not
a Baire set will be constructed. By the preceding theorem the collection of all Baire
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sets of a topological space 2 is a complemented countably lattice-stable subcollection
of {exp |#|, =) containing all open sets. We shall prove in the exercises that the
smallest complemented countably lattice-stable subset of {exp R, =) containing
all closed sets is strictly smaller than the collection of all Baire sets of R.

22 C.8. Definition. If £ is a closure space and if & is the smallest complemented
countably lattice-stable subcollection of exp || containing all open sets, then the
elements of & are called the Borel sets of 2.

Of course the indicated subcollection exists; in fact, if Yis any subset of a count-
ably complete complemented ordered set (X, <) then there exists the smallest
complemented countably lattice-stable subset Z of X such that Y < Z; Z is the inter-
section of all complemented countably lattice-stable sets containing Y.

22 C.9. In a topological space each Borel set is a Baire set. — 22 C.8.

On the other hand a Baire set need not be a Borel set; in the exercises we shall
show that there exists a Baire set in R which is not a Borel set. A countable union
of closed sets is a Borel set which need not be closed, and a countable intersection
of open sets is a Borel set which need not be open. These two kinds of Borel sets are
very important and therefore we shall introduce the following terminology.

22 C.10. Definition. A subset X of a space £ is said to be an F, (a G;) if X is the
union (the intersection) of a countable number of closed (open) sets. °

22 C.11. Examples. (a) In a topological space each meager set is contained in
a meager F,. In fact, if X = U{X,} with X, nowhere dense, then J{X,} is a meager F,
containing X.

(b) ‘We know that the intersection of two open dense sets in a topological space
is dense. In general the intersection of two dense sets need not be dense, e.g. both Q
and R — Q are dense in R but 0 is not dense. It is easy to show that the intersection
of a countable number of dense G; in a locally non-meager space is dense (see ex. 5).

22 C.12. Definition. A mapping f of a space Z into a space 2 is said to be Bore!l
measurable (Baire measurable) if f~'[U] is a Borel set (Baire set) in & for each
open set U in 2.

22 C.13. Theorem. Each continuous mapping is Borel measurable as well as
Baire measurable, and each Borel measurable mapping of a topological space
is Baire measurable. A mapping f of a topological space 2 into a topological
space 2 is Baire measurable provided that there exists a subspace & of & such that
|9’| - |§?| is meager and the domain-restriction g of f to & is continuous.

Proof. The first statements are evident. Let £ be a subspace of & such that the
set X = |#?| — || is meager and the domain-restriction ¢ of f to £ is continuous.
Consider an open subset U of 2. The set g~ '[U] is open in £ because g is continuous
and there exists an open subset ¥ of & such that g '[U] = |#] n V (because £ is
topological). Now clearly f~H{U] =g ' [U]Ju(X nf7[U])=(V-(X V) u
U (X n f7'[V]) which shows that f~'[U] is a Baire set in 2.
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The converse of the last statement of 22 C.13 is not true in general. However, the
following important result holds.

22 C.14. Theorem. Let f be a Baire measurable mapping of a topological
space 2 into a topological space 2 with a countable total character. Then there
exists a subspace & of P such that the set l.@l - l.%l is meager in 2 and the domain-
restriction of f to & is continuous.

Proof. Let # be a countable open base for 2. For each B in & let Ug be an open
subset of 2 such that the set X5 = Up + f~![B] is meager in 2. Consider
the subspace 2 of 2 such that |#| — |2| is the union of {Xj | B € #}. We shall prove
that the domain-restriction g of f to £ is continuous. It is sufficient to show that
g '[B] is open in £ for each B in %, and this follows from the following equality:
g7 '[B] = Uy n|2).

22 C.15. Remark. Each lower or upper semi-continuous function is a Borel
measurable mapping. Therefore 22 C.14 applies to semi-continuous functions on
a topological space £.

Notice that we have proved in 22 B.5 somewhat more for semi-continuous functions,
namely that £ can be so chosen that fis continuous at each point of £ relative to 2;
this is essentially more than the continuity of g. A similar result for Borel measur-
able mappings is not true: e.g. consider the characteristic function f of Q in R;
clearly the function f is continuous at no point but f is Baire measurable and R is
non-meager.

We proceed to the examination of some properties of Baire sets in topological groups
and modules. We shall need an important property of Baire sets in any topological
space. If X is a Baire set in a topological space P, then X°n(P — X)° =0 =
=(X n(P - X)) and hence X°n Y° = (X n Y)° for Y = P — X. Now we shall
prove that the last equality holds for any Baire sets X and Y.

22C.16. If X and Y are Baire sets in a topological space, then (X nY)° =
=X°nY°

Proof. Evidently (X n Y)° = X° n Y° without any assumption on X, Y. To prove
the converse inclusion it will suffice to show that the set X n Yis locally non-meager
at each point of X° N Y°. Indeed, this implies that X° N Y° = (X n Y)*, and X° 1 Y°
being open, we obtain X° N Y° cint(X n Y)* = (X n Y)°. Let U be any open
neighborhood of any point x of X° n Y°; the set ¥ = U n X° n Y° is a neighborhood
of x, and we shall prove that Vn X n Y is non-meager. We have Vn X nY =
=V—-((V—-X)u(V~-Y)), where the set V is non-meager because V is a non-
void open subset of a relatively locally non-meager set, namely X° n Y°, and the
sets ¥V — X and V — Y are meager because V- X c X* — X, V- Yc Y*-7,
and the sets X* — X, Y* — Y are meager since the sets X and Y are Baire sets (see
22 C.5). The proof is complete.
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Remark. It follows from 22 C.16 that the intersection of two locally non-meager
Baire sets is a locally non-meager set, in particular, a dense set. If fact, if X* = P,
Y* = P, then X° = P, Y° = P, and hence (by 22 C.16) (X n Y)° = P. It is easily
seen that the intersection of any countable collection of locally non-meager Baire
sets is a locally non-meager set. It is sufficient to notice that any locally non-meager
Baire set of a space P is of the form P — X where X is meager, and in a locally non-
meager space any set of this form is a locally non-meager Baire 'set. Thus the conclu-
sion of 22 C.16 is rather weak for locally non-meager sets. On the other hand, 22 C.16
is not true for countable intersections; e.g.if X, = | — 1/n, 1/n [, then X = X, and
hence NX; = (0); however NX, = (0) and (0)° = 0.

22 C.17. Theorem. If X is a non-meager Baire set of a topological group
(G, .,u) then the set X .X '(=E{x.y '|xeX,yeX}) is a neighborhood
of the unit element.

The main result needed.is 22 C.16. For convenience the proof will be preceded by
the following proposition with a self-evident proof.

22 C.18. If f is a homeomorphism of a space P onto itself, then for each subset X
of @ we have f[X*] = (f[X])*, f[X°] = (f/[X])°; in particular, X is meager or
relatively locally non-meager if and only if f[X] has the corresponding property.

Proof of 22 C17. 1t is sufficient to show that X°.(X°)™' = X . X~!. In fact, X°
is non-void because X is non-meager and hence X°.(X°)™' contains the unit (if
x€X° then x.x"'eX®.(X°)™"); on the other hand X° is open and so certainly
X°.(X°)~! is open. The inclusion X°.(X°)™! = X . X! follows from 22 C.16 and
22 C.18 by a simple calculation. First notice that x e Y. Y !ifandonlyifx . YN Y =+
+ 0 (xeY.Y 'isequivalent to x = y; . y; ! for some y, and y, in Y, and x. Y n
NY #+ Qs equivalent to x . y, = y, for some y, and y, in Y). Now suppose x € X° .
+(X°)71, hence x . X° " X° + (. By 22C.18 x. X° = (x . X)° because {y — x . y}
is a homeomorphism. Thus @ + x . X° n X° = (x . X)° n X°; by 22 C.16 the latter
set is (x . X n X)°, and therefore x . X N X =% @ which means that xe X . X~ 1.

22 C.19. Corollary. If X is a subgroup of a topological group 4 and if X is
a non-meager Baire set of 4, then X is open in 4, and by 19B.11, X being an open
subgroup, X is also closed. It follows that a connected topological group contains
no proper non-meager subgroup which is a Baire set. — Notice that X is an open
subgroup if any only if X is a neighborhood of the neutral element and apply 22 C.17.

It is to be noted that theorem 22 C.17 applies to topological linear spaces. Since
every topological linear space over R or C is connected, we obtain from 22 C.19:

22 C.20. Corollary. If X is a subspace of a topological linear space & over R
or C, and if X is a non-meager Baire set in &, then X = &.

The following example shows that there exists a subgroup of the additive group R
of reals which is not a Baire subset of R.
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22 C.21. Example. Let us consider the space R of reals as a linear space over Q
and let B be a base of R over Q, that is, each real number is a linear combination
Xr;b; of elements b; of B with rational coefficients r;, and B is a linearly independent
collection over Q, that is Zr;b;, = 0 with r; in Q and different b, in B implies r; = 0
for each i. Let us choose a sequence {b,} in B such that b, + b, if n + m, and for
each neN let us consider the linear space %, which spans B, U (bg) U ... U (b,),
where B, is the set of all b e B with b + b, for n € N. Clearly {#,} is an increasing
sequence of linear subspaces of R (over Q) and U{%,} = R.Since R is non-meager
(by 22B.2), some &, is non-meager. If this non-meager %, were a Baire set, thew
by 22 C.19 necessarily %, = R because R is connected by 20 B.2. But .#, + R by
construction.
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