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XI rjLAC CPnCKE Î PÂ /bEBCÎ E AKA4EMJHJE 

IIPHMEßEE 0 TEOPHJH-SHIEHX HHBOJI7IIEJA. 
0 4 

JA. J A E P X A 

y npiry. 

HHBO^yiiHjOM n-or pe^a (ordre) h k-re BpcTe (rangf 

30Be c e C K y n cwcTeMa KopeHa (x,, ... xv) CBHjy OHHX 

jeAiiâ HHa, Koje ce Ao6njajy, KaA ce y je/tnaHHHH : 
k 

1) EXafa(x) = 0, h<n 
a » 0 

napaMeTpn\ia A0, A,, . . . Ak 4a4y cße Moryhe ocoÖHHe 
BpeAHocTM. k -(- 1 uêHX <i>yHKUHja jecy n-or pe4a h 
J E ß A cTpaHa je4HamiHe 1) Hume3aBa H46HTHHHO (3a 
cßany Bpe4H0CT ,r-ca) caMO aa A0 = A, = . . . = A k = 0. 
KopeHH (jclf xt, . .. xj Käme ce 4a HHHe je4HV rpyny 
je4HamiH0M 1) 04pel)eHe HHBOjyuHje, rpyny 04pefyeHy 
04roBapajyhwM CHCTCMOM napaMeTapa (A0, A, ... Ak). 4Ba 
ciicTeMa napaMeTapa (X, X[ ... AJ n (X"0, X" ... XCMU-

Tpajy ce Kao paBHOBpe4HH, ano je Â : X"0 — Xt: A, = 
X t : A/' = JacHo je, 4a 4BEMA PABHOBPE4HHM CHCTC-

MiiMa napaMeTapa o4roßapa HCTa HHBôyTopHa rpyna, 
H üßpaTHO cncTeMH napaMeTapa, Kojn o4roßapajy HCToj 
rpynw, jecy yBeK h paBHOBpe4nn. Ja hy o3HaHaßaTH ca 
J (n, h) HHBOjyuHjy oHaKBy, naKBa je oHa 004 1). 

XI MAC OPIl.-RPA.Jj. AKAARMHJK 1 



»1. J £ P X 

yonuiTo CBaKa rpyna HHBO^yuwje J (n, k) noTnyHo 

je OApel>eHa c a k Ma Kojnx e-ieMeHaxa cBojnx. I I Aa 6H 

CMO AOÓH^H je^Hy Ma nojy rpyny HHBO-iyunje J [n. I<), MO-

JKEMO ca CBHM no B O A H Y 3 E X W k Ma Kojwx e^iCMeiiaTa H>e-

HHX, H TA^a cy (n — h) ocTa^INX jeAH03HaMH0 OApebeHH. 

B i i m e HHBOjyuwje yBe^eHe cy y nayKy r . r . L e 

P a i g e -OM H Emil -OM W e y r - O M , a . m c y n p o y q a B a H e 6 u A e 

caMO ca reoMeTpHjcKor r^eAimiTa, Kowe ce n\ia H 
roAapiiTH sa H>HH npoHa^a3aK. Mel)y THM oHe ce Mory 
jaBHTH h y paAOBHMa a^ireópe, h ja hy noKasaTH jeAHy 
NPWMEHY HCTHX, Koja je y cTan>y N O A H H N HM BaJKHOCT. 

.la y3HMaM a^irečapcKy jcAHaMHHy n - o ř pe/ia ca ne-

OApet)eHHM CaMUHHOUHMa (npOMeHAHBH H He3aBHCHH) : 

4>(x) = 9 ) 0 x n - y l x " - , + 9 ) ^ x " - , — . . . + ( - l ) > B = 0 . 

KopeHH fbenH Hena cy xt, x2, ... xm. YC^OB, KOjn Tpe6a 
Aa je HcnyH>eH, na Aa OBa jeAHâHHa HMa () BHiiie CTpyq-
HHX (multiple) Kopena ca Ka3âKaMa BHIIIG cTpyqHOc™ 
1 Tj, 1 -j- rt, . . . 1 + T>, HCKa3aH je jeAHHM CHCTeMOM 
a^reóapcKHX xoMoreHwx jeAHaqHHa H3Met)y caMHHHJiaua 
9>0, y,, ... 9on o6jiHKa: 

2 ) F , (<p0, <px ... Y J = 0 , F ^ , Y , ... Y . ) = 0 , 

TAe cy JieBe cTpaHe ueae h xoMoreHe «tyHKiuije e-ieMe-
HaTa tp0, <pt, ... <pn ca 6pojHHM camiHHou,HMa, Koje CMeMO 
iipeAiiocTaBHTu Kao uê e. 

A K O Y 3 M E M 0 (> = 1 , R, = 1 , O H A A c e CMCTCM 2 ) 

CBOAH Ha jeAHy caMO jeAHaHHHy F = 0 , HHja ce ¿ E B A 

CTpaHa 30Be AwcKpHMHHaHTa onuiTe jeAHaMHHe <t> = 0. 
CHCTeM 2) aaue-io je 3anjeTeH, âH ja hy ce unaK 

noTpyAHTH, Aa OApeAHM iteroB CTeneH. TO he pehn CTe-
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fneH iberoBe peinaBajyhe jeAHamnie. CTaB^ajyhn h = r 
-j - + • . . -+- HanoMHfbeM, 4a je CTerreH N c :cTeMa 
-2) 04pet)eH ópojeM apecena (3aje4HHMKHX pa3peuieH>a) 
CHCTGMa 2) h je4Hor npoiiSBOJbHor cncT6Ma 04 n — k 

JiHHeapHHX H xoMoreHHX jeAHamma ca Heno3HaTHMa <p0, 

<pv, ... goa. Katto ce OBaj iroc4e4H>H CHCTOM Moate npe4-
cTaBHTH y oÓJHKy: 

k 
3 ) <pß = ZAa,Aa, [ß = 0 , 1 , 2 , . . . N ) , 

a = 0 r 

T4e cy Xg, A,,... Ak Heo4pet)eHe Ko.iimnne, Kojwx 1136a-
naj 4aje iipBo6nTHH CHCTeM 04 n — k cMaTpaHHX je4Ha-
•MHHa, TO Tpeóa TpajKHTH caMo 6poj N tipeceita cwcTeMa 
2) ca CHCT6M0M 3). Oße iipeceKe 40ßnheM0 oMeBW4no, 
ano H3ÔaunMO neno3HaTe <p0, <pr...tpm, IUTO 4aje: 

r k k k n 
4 ) F J 2 Î I 4 E > 0 A « , I : A . , 1 A . L . . . S I 4 B » A A = 0 , ( V = 1 , 2 , . . . ) 

La = 0 0 = 0 a « 0 J 

h aito 3aTHM pemiriMO CHCTeM 4 ) no A0, A,,... Ak. AKO 
je X0, X , . . . Xk je4Ho paspeineite cncTe.\ia 4), Ko.inHHHe 

k 
S 

a = 0 
<p'ß = L AaßXa, (ß = 0, 1, 2 , . . . n ) 

4ahe je4HO pa3peuieibe ciiCTOMa 2) H cwcTeMa 04 (n — h) 

n o M o h i m x .HiHeapHHX je4Ha'inHa. 04aTde ce BH4H, 4a je 
TpaweHH 6poj <V je4»aK 6pojy paspeuieiba je4HaHHHa 
4), T4e pasyiwe ce paBHOBpeAHH cHCTeMH napaMeTapa A 
HMajy ce cMaTpaTH Kao je4HO pa3peuieibe. 

A j h y je4HaMHHaMa 4) HcwasaHO je, 4a je4HamiH«i : 

k « a •5) 2 Aafa{x) = 0, T4e je fa(x) = S Aaßx" p  
»=•0 ß = 0 

1* 
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uMa jeAaii cwcreM 04 o BHuiecTpyqHiix KopeHa ca na-
3a-bKaMa BHUiecrpyquocTii 1 4 r,, 1 4 r î ? . . I + rp, 
14e je r, + r 2 + • • • + rp = l l a K a K 0 3e jeA»aiH-
HOM 5) 04pet)eHa jeAHa HHBOJiyiiiija J{n, k), TO je 3aAa-
raK CBeAeH Ha TO, 4a ce Hat>y rpyne je4He HHBO^yunje 
J(n, h), y K O j n x M Ma q B H U i e c r p y q H H X e,ieMeHaTa THna 
KapaKTepHcaiior öpojeBHMa 1 + r,, 1 + rt, . . . 1 -f" rp> 
H 6poj THX 3Ha4ajiiHX rpyna jecTe 6aui 6poj N, nojH 
ce Tpa>KH. A Taj 6poj MH CMO 4a^H y je4Hoj KpaTKoj 
ôcaeujuii uiTaMiianoj y qacoiiiicy Kpa^>eBCKO-^ecuor 
Vqenor 4py , irrBa'- Haiu o6pa3au 40ita3a0 je Ha Apyr» 
NAHHH B p c H H ÔEARWJCKH MATEMATH'IAP r . François De -
ruyts1. NO TOM je oôpacuv: 

6) N = ( n ~ ' t ) (1 + r,) (1 + r,) . . . |i 4. rp) = 

= ( n _ h) ( n _ k 4 1 )... ( n — k — p 4 1 ) ( i + r, ) ( 1 + r2) 

IIpHMeTHMO joui, 4a cy 4Ba ocoôeaa c.iyqaja oBor 
oôpacua npOHafyeHa npe Hac, H TO c,iyqaj P = 1, r, = k 
r. Le Paige-OM H c,iyqaj P = h, r, = r2 = . . . = rf = 1 
r . Emil -OM W e y r - O M 

2. Ca4 h e M o yqHHHTH joui HeKO,iHKO n p H M C 4 a 6 a o 

HeyrpaAiiuM cucreMUMa. 
YonuiTe CBAKH CHCTÔM ca k e.ieMeHaTa 04pel)yje 

caMo jeAHy rpyny HHBÔ yuwje J{n,k). Met)yTHM »Ma 

' Bestimmung der Anzahl merkwürdigen Gruppen ein r allgemei-
nen iDvolulion N-er Ordnung und, K-er Klasse. 

1 Sur la représentation des involulions unicursal -s (Bulletin de 
1' Académie royale be Belgique 3-éme série, t. XIV, n° 8, 18 87). 

' Über 
Involutionen n-er Ordnung u. K-er Slul le. Sitsunes be-

richte der kais. Academie in Wien, 17. Apr i l 1 879). Beiträge zur Cur-
ren lehre Wien 18 80. 
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H3y3eTHHx CHCieMa ca h ê ieMeHaTa, KojH npHnaAajy 
ňecKOHaMHO M H O I H M rpyiraMa HHBÔiyuHje J(n, k). TaKBe 
CHCTeMe 3o»e Emil Weyr neyTpâHWM rpynaMa. y OBOMe 
uiTo HAe, ja hy Aa HX o6jacHHM H Aa MM y HCTH Max 
c.MMcao npoiuMpHM. IieKa je : 

k 
£ Xa fa (.V I = 0 

a = 0 

jeAHanwHa MHBO-iyuHje J(n, k), a,, a2, ... a, Hena cy Ma 
KaKBe Ko.iM4HHtí H HeKa je v > k. yonuiTe jeAnaHHHa: 

k 
J) Z V«^) = 0, (/5 = 1, 2, ... V) 

a = 0 

Hche MOHH 3ajeAHO orrcTaTH 3a v > k, a ano je v = k, 
oné noTnyHO OApeljyjv napavieTpe X0, A.,, . . h ceM jc'A-
Hor 3ajeAHHqKor HM MHHHOiía. Y npBOM c j y i a j y ( V > Í < ) 

HeMa HHjeAHe rpyne, y Kojoj 611 ce tiaja3iMM e^eMemH 
a, , a2 , . . . a*; a y APyroM cjiynajy OBH EJIEMEHTH npHria-
Aajy caMO jeAHoj rpynw. AJH ce Ko^HmiHe a,, a 2 , . . . a r 

Mory OApeAHTH TaKO, Aa Mefyy jeAHaMHHaMa 1) HMa caMO 
p « k) jeAHaqMHa, Koje cy Mel)y C O 6 O M He3aBHcne. H A O -

HCTa OBAe Tpeóa caMo CTaBMTH jeAHaue Hy^w cBe AeTep-
MHHaHTe (p l ) -or peAa a KojHX cy BpcTe H cTyĎOBH 
«acTojtíH npaBoyraoHor CHCTeMa : 

f.(a,), r,(a,), Ma,), ... Ma,) 

fM, Ma,), fi (a2). • • • Maj) 
/".(a,), f, (a»-), Ma,), • • • fk (a,)-

Tauo Ao6wjaMO n3Becan 6poj jeAHamiHa ca HenoaHaiHMa 
•a,, a2, ... a,, h ¿ano je yBHAe™, Aa ce CBO Te jeAHa-
MHHe CBOAe Ha {v — p) (k — p -f jeAHamiHa, Koje cy 
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yonuiTe Met)y CO6OM He3aBiiCHe. 4 A T e je4HaHHHe 
Mor̂ e 3aje,4HO oncTara, Tpe6a caMo iipe4iiocTaBHTn, 
4 a j e : 

3) — p ) (h — p + 1). 

A K O NPE^CTABHMO, 4 A j e v < k, J E 4 H A M I H E 1) H H K A 4 

c e HeKoce H e^eMeHTM a , , a 2 , . . . a.v npiina4ahe yBeK 

6ecKOHa»iHO MHornM rpynaMa iiHBO.iyanje J(n,k). A^ih 
ce MOH<e 4ecnTH, 4 a CBe je4HamiHe 1) HHcy Mel) y c o -

6OM HE3ABHCHE, 4 a 4 A « ^ e H3Becan 6 p o j v — p HCTHX 

c j i e 4 y j e H3 p OCTA^HX. C o e urro CMO PEN^IH 0 THM j c 4 -

HaMHHaMa y 4Ba MaJio npe npoMaTpana oayqaja, CTojn 

H CA4A, M y OBOM 4 a i u e cjiyqajy i p e ó a npe4nocTaBHTn, 

4 a je ycjOB 3) wcuyibeH. MefyyraM MMa nay3eTHHX c.iy-
MajeBa, l'Ae (V—p) ( k — p + 1) rope iioMeHyTHX j c 4 -

naqiiHa H3Mel)y KOJHHmia a , , a „ ... av HHcy Mel)y COÔOM 

He3aBiicne, xaKO 4a yc.ioB 3 ) nwje noxpeôaH. M H narry-
uiTaMO OBaj c ^ y i a j , a Ha Kpajy he\io 4 0 4 a ™ je4aH 

npHMep 3a-ib. 
Kano ce y3HMa, 4a je yBCK p < k, TO cTaBHMo y 

Heje4namiHH 3) h — p = â, na he ce Heje4HaHHHa npe-
TBOpHTH y 

v. (h-ď) (ď+1) 
«j ) v<¡ ^ , p = k — a, v > p. 

TaKaB je4aH CHCTOM e^eMOHaTa. Kojn je Ha noKasaïui 
HaHHH KapaKTepucaH ópojeBHMa p, v, 30BeM ja HeyTpa.4-
HMM cHCTeMoM, ™ n a (p, v), HHBOJiyimje J[n, h). Bpoj p 

Mopa 6 H T H MaifcH 0 4 k, 6poj v necMe 6 H T H Behw 0 4 n, 
h Mopa HcnvHHTH yc .ioBe 31). 

4 A 6poj HeyTpajHHx CHCTCMa Tuna (p, v) 6Y4C KO-
HaMaH, Tpeôa caMo 4a je y oniuTeM c^ynajy : 
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P < V = ^—L—, â = h— 
O 4 A K ^ E C ^ E 4 Y J E , 4a â(<.k) Mopa 6HTH 4e.flM.1au 6poja 
h. CTojn TeopeMa : 

O m i i T a HHBO^yuHja J(n, k) HMa OHO^HKO THNOBA H e -

yrpajHnx cH'CTeMa, Kojn c e jaB^ajy y KOHâ HOM opojy, 
K O M I K O npaBiix 4E.iH^aua (Maitiix 04 K) «Ma 6poj K. A K O 

03HaMHM0 ca â TaKBor je4Hor 4e^Houa, 04roBapajyhn 
j e THII 

(ft —rf) (<ř+i) 
((>, V) MwlH Q = Il O, V = 

HeyTpa^HH CHCTCMH cBnjy ocTajHx THnoBa jaB.t>ajy 
ce y 6ecKonaHHo BC.IHKOM 6pojy. 

HpHMepH. Y3MHMO JC4H\ paBHV H pau.HOHa.iHy 
KpHBy ^HHHjy Co n-ra pe4a h nocMaTpajMO cHCTeMe 
04 n Tanana 3axBaheHnx Ha Cn np0H3B0AH0M npaBOM. 
Cnya THX rpyna a^reôapcKM ce TyMann jeAHOM HHBO-

•lyunjoM J(n, 2) n oôpaTHO CBaKa HHBO.iyuHja. J{n, 2) 
reoueTpHjcKH ce TyMaiH CKynoM upaeux zpyaa (grou-
pes droits) je4HC .îHHHje Cm. Y OBOM c^yMaiy hmu cawo 
HeyTpâ iHHX cHCTeMa THna (1, 2) H 6poj HM je orpaHH-
neH. EjeMeHTH CBane 04 OBHX rpyna 04rcBapajy 4BeMa 
TannaMa, Koje cy ôecKOHanHO ÔJiHCKe je4HOj 04 4B0]HHX 

TaqaKa »iHHHje C . Ca CBHM oniuMpHO 0 OBOMe Mowe ce 
Hahw y pa40BHMa r. r. Le Paige-a H Emil-a Weyr-a. 

Joui hy y3e™ aayiaj k = 3. TaAa je4HHii HeyTpa.iHn 
CHCTeMM, KojH c e y KOHaHHOM 6pojy jaBAajy, jecy THna 
(2, 4) H cBaKH ce 04 H>hx cacTojH H 3 4 e îeMeiiTa. C B A N A 

J{n, h) Moate 6HTH npe4CTaB^>CHa citynoM paenux rpyna 
(groupes plans) Ha je4Hoj paunoHajHoj BHTonepoj (ga-
uche) ./îHHHjH Cn n-ra pe4a. Mena cy ca4a a,, aJt as, a4 

HeTiipH T A M T O .iHHHje C , Koje o4roBapajy J E ^ H O M H C -
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YTPA^HOM CHCTGMJ' raná (2, 4). I I OIUTO cBaua paBaH, noja 
npoja3H Kpo3 4BE 04 THX TaqaKa, Mopa npôia3HTH H 
npo3 ocTa^ie 4Be, TO je OH4a jacno, 4a Te 4 Tamté MO-
pajy .leHtaiH Ha je4Hoj rrpaBoj, OA&KAe ce BH4H, 4a He-
yTpâHH CHCTeMH oAroBapajy KBaApnceKaHTaMa JHHMje 
Ca y r i p o c T o p y . 

Haj3a4 4a 6HX HaBeo H je4aH 04 MHorwx H3y3ei-
HHX C.iyMajeBa, r4e ce oniUTa Teopwja He4a npwMeHHTH, 
npoMaTpajMo HHBOJiyuHjy .7(2 n, 9) cacTaBAeHy H3 rpyna, 
noje cy HA^HIBEHE Ha je4H0j Co y npocTopy CBRNIA M O -

ryhHM KBa4pH^HHM uoBpuiHHaMa. AKO cy a,, as , as , a4 

TaMKe Ha Co, noje npwna4ajy je4Hoj KBa4pHceKanTH, 0H4a 
CBaKa KBa4pMMHa noBpmHHa, noja npo.ia3H npo3 3 04 
THX TAMAICA, UPOJIASH H N P O 3 NETBPTY, 0 4 A K . I E CJIE4YJE, 

4a OBa 4 E^EMEHTA HWHe je4aH HEYTPA^HH CHCTCM Tnna 
(3, 4). H o Káno je y OBOM C îyMajy [v — p) (k — p 1) 
je4HaK ópojy 7, TO yc^OB 3) Huje Hcnyn>eH. CMaTpaHa 
HHBO^yuHja J(2n, 9) cna4a 4aKJie y pe4 OHHX, Koje CMO 

HCKAyHIUH H KOje C6 04-flHKyjy HapOHHTHM CBOjCTBHMa. 
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