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SOME PROBLEMS CONCERNING
THE EQUIVALENCES OF TWO SYSTEMS
OF DIFFERENTIAL EQUATIONS

M. SVEC
Faculty of Mathematics and Physics, Comenius University
Mlynskad dolina, 842 15 Bratislava, Czechoslovakia

Consider two systems

@) x(t) = f(t,xt)
(2) y(t) € f(t,yt) + g(t,yt)
where t € J = (0,9, x : R ~ Rn, y : R~ Rn, Xe = x(t + s), Y= y(t + s),

s € (-»,0), Denote by C = C(—w,O;Rn) the space of all functions

? (=2,0) - R® which are bounded @and continuous with sup norml . I,
Then £ : JxC -~ Rn, g : JxC = {the set of all nonempty subsets of Rn}.
Further properties of f and g will be given later. However, we will still
assume that f and g are such that the existence of the solutions of (1)
and (2) is guaranteed on J. |.! is the vector norm in R". 1f A C Rn,
then IAl 2 sup{lal : a € A}.

Our aim is to estabilish the conditions which give the possibility
of pairing of the solutions x(t) of (1) and y(t) of (2) in such a way
that we will be able to say something about the asymptotic behaviour

of the difference y(t) - x(t) = z(t). Assume that x(t) is given. Then,

proceeding formally, substituting y(t) by z(t) + x(t) in (2), we get
€ -
(3) 2(t) f(t,xt) + f(t,zt+ xt) ‘+ g(t,zt+ xt)

We have to prove the existence of such solution z(t) to the functio-
nal differential inclusion ( 3) that lim z(t) = 0 as t - « (the case
of asymptotic equivalence) or that z(t) € Lp(J), p 2 1 (the case of
p-integral equivalence). There are many methods how to do it, e.g. use
the viability theory, method of fixed point, method of Liapunov function.

First we will use the viability theory.

Theorem 1. a) Let be f : JxC - R™ continuous and let it satisfy the
Lipschitz condition
- - [} €
(%) [£Ct,0,) - £(t,0,)1 < L()lo - o I, L(t) €L (7)
for each (t,@l), (t,¢2) € JxC.
b) Let g be an upper semicontinuous map from JxC to the nonempty

compact convex subsets of R" and let
lgt,0)l < Go(t,lel) a.e. on g
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where Go(t,u) : JxJ - J is monotone nondecreasing in u for each fixed
t € J and is integrable on J for each fixed u € J.
c) Let x : R =~ R be a bounded solution of (1).

d) Let there exist a solution u : J - J to the differential

equation
(5) alt) = -L(t)u - Go(t,u + "xtﬂ) £ -G(t,u), ul0) >0
e) Let be
K(t) ¢ {x € R": Ix] < ult)}, t€J
f) Let be

vt € J, K(t) 2 {9 €EC : ¢(0) € RK(£)}
g) Let be the image of the graph (K) by the map
F(t,9) 2 -f(t,x) + £(t,0 + x) + glt,o + %)
relatively compact.
h) Let for
vt € J,ve such that ¢(0) € K(t),vx € K(t)
F(t,p) N DK(t,e(0))1) * ¢
where DK(t,9(0)) is the contingent derivative of K at (t,¢(0)). Then
for each ¢ € K(0) there exists a solution z(t) to the functional
inclusion such that

(6) for almost all t € J, 2(t) € F(t,zt)
(z)0 =9

which is viable in the sense that

(7) vt € J, z(t) € K(t) (lz(t) ] < u(e))

Remark 1. Evidently, if 1lim u(t) = 0 as t = *, then also lim z(t)=

= 0 as t - *© and if u(t) € LP(J)’ p 2 1, then also the restriction
z(t)l € L_(J) holds.
J P

Remark 2. It follows from the properties of £ and g that F is an
upper semicontinuous map from JxXC to the nonempty compact convex sub-
n
sets of R and
(8) IF(t,9) < L(t)lol + Go(t,“@" + thﬂ) 2 g(t,lel)
Evidently, G : JxJ - J is nondecreasing in u for each fixed t € J and
integrable in t for each fixed u € J.

Remark 3. In our case the basic space is R™. The set valued map K
defined by e) is upper semicontinuous and therefore its graph is clo-
sed.

The proof of the Theorem 1. follows immediatly from the time depen-
dent Viability Theorem. (See e.g. [1].)

Remark 4. The most important condition is the condition h) which
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is necessary in our case because R™ has a finite dimension. This fol-
lows from the viability theory. If t > 0 and |¢(0)] < u(t) then (t,o(0)

€ i i =
int (graph (K)) and therefore the contingent cone Tgraph(K)(t’W(O))

+ . : :
= r" 1. Evidently, in this case the condition h) is satisfied.

As to what concerns the existence of the solution u(t) from the

condition d) we have the following lemma.

Lemma 1. Let be satisfied a) from thi Theorem 1., Let i) Go(t,c)
€ Ll(J) for each ¢ > 0; ii) lém*igf(c-lof Go(s,c)ds) = 0. Then there ex-
ists a solution u J - J of the equation (5) such that 1lim u(t) = 0 as
t - o, If, moreover, iii) tGo(t,c) € Ll(J) for each ¢ 2 0, then this
solution u(t) € Lp(J), p 2 1.

The proof of this Lemma 1 can be made via Schauder fixed point

theorem,

Theorem 2. Let be satisfied a) and b) from the Theorem 1. c’) Let

y R - R" be a bounded solution to the functional differential inclus-

ion (2).
d’) Let u : J - J be a solution of the equation
(9) alt) = -L(t)u - Go(t,llytll) t -G, (t,w), u(0) >0
e’) Let be
K, = {x €ER": Ix] <u(t)}, t€J
f’) Let be
vt € J, Kl 2 {9 €EC : 9(0) € Kl(t)}
g’) Let be the image of the graph (Kl) by the map
Fl(t,¢) 2 f(t,9 + yt) - f(;,yt) - g(t,yt)
relatively compact.
h’) Let for
vt € J,ve such that ¢(0) € Kl(t),vx € Kl(t)
Fl(t,w) n DKl(t,w(O))(i) ¢
where DK,(t,0(0)) is the contingent derivative of K, at (%,9(0)). Then
for each ¢ € Kl(O) there exists a solution z(t) to the functional
differential inclusion such that
(10) for almost all t € J, z(t) € Fl(t,zt)
(z)0 =9
which is viable in the sense that
t €73, z(t) € K, (%) (lz(t) ] < u(t))
The similar remarks as Remark 1 - 4 hold also in this case. The proof
of the Theorem 2 follows also immediatly from the time dependent Via-

bility Theorem.
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Lemma 2. Let be satisfied a) from the Theorem 1 and i) from

Lemma 1. Then
t o0 s
u(t) = exp(- J L(s)ds) [ exp( [ L(v)dv)GO(s,”y Iyds
0 t 0 s

is a solution of (9) such that lim u(t) = 0 as t - o, If, moreover,
iii) from Lemma 1 holds, then also u(t) € Lp(J), p > 1 holds true.

The proof can be made immediately.

From Theorem 1, Theorem 2, Lemma 1 and Lemma 2 we get

Theorem 3. Let be satisfied all conditions of Theorem 1 and 2.
Then the conditions i) and ii) from Lemma 1 guarantee the asymptotic
equivalence between the set of all bounded solutions of (1) and the set

of all bounded solutions of (2). If, moreover, the condition iii) from

Lemma 1 is satisfied, then there exists also the p- integral eqguiva-
p 2 1, between the above mentioned sets of solutions.

lence,

Now, we will consider the same problem of asvmptotic and integral
equivalences for the svstems (1) and (2) by use of fixed point method.
Henceforth we will assume that the following assumptions are satisfied:

() LECE,00) - £(£,0,)1 < L(Ow(le, - o,0)

where L(t) € Ll(J), w : J - J is a continuous function, f“l(t)dt = s,
sup w(r) < s lau, o < 1; 0

(0,w
(Hl) g(t,¢) is nonempty compact convex subset of R for each (t,¢)€

€IxC;
(HZ) for every fixed t € J g(t,9) is upper semicontinuous in ¢;
(Hy) for each measurable function z : R - R™ such that Z|( =00, 0) €c
there exists a measurable selector v : J - R” such that
v(t) € g(t,zt) a.e. on J

We set M(z(t)) * {all measurable selectors belonging to z(t)}.
(H4) there exists a function Gyt JxJ - J such that o) Go(t,u) is mo-
notone nondecreasing in u for each fixed t € J and Go(t,u) € Lj(J) for
any fixed u € J; B8)lg(t,e)l < Go(t,ﬂwﬂ) a.e. on J;
y) lim inf (u™! /°G_{t,u)dt) = 0 uniformly for t € J.

u - > 0 0

Lemma 3. Let z : R - Rn be a measurable and bounded function. Then
for each v(t) € M(z(t)) we have v(t) € Ll(J)'

Proof. It follows from (H4).

Lemma 4. Let be satisfied (F), (Hl) - (H4). Let be B = {z:R+-R":

continuous and bounded} and Bu = {z€B : Izl <u}, Let x : R~ R" be a

bounded solution of (1) and let be ¢ € C given. Then the operator T
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defined on B by the relation : for z € B it is

(Tz)(£) = {- ff(s,z + x ) - £(s,x)1ds - [w(s)ds : v(t) €
t S S S £

€ M(z(t) + x(t))} for t €7

(Tz) ) = (o(£) - 9(0) - Ofm[f(s,zs+ x) - £(s,x)]ds -

- fmb(s)ds} , for t <0
0

maps B - 2B, is compact and upper semicontinuous in B and there exists
such u € J that T maps B, into cf(Bu). (cf(Bu) is the set of all
closed and convex subsets of Bu.)

Proof, Let be z(t) € B, Then lzl B < © and py (F) we have

(=] (=]
Of [£(s,z  + xs) - f(s,xs)lds < Of L(s)w(“zsﬂ)ds <

< max w(rt) fw L(s)ds < o ,
0<t<B 0
By Lemma 3 v(t) € M(z(t) + x(t)) is from L (J) Thus the operator T is
well defined. hv1dently, for z(t) € B (Tz)(t) is a subset of B.
Let be lIx(t)!l = p. Consider the set B . Let be z(t) € B, and let

be g£(t) € (Tz)(t). Then there exists such v(t) € M(z(t) + x(t)) that

E(t) = - JM[f(s,z_ + x_) - £(s,x )lds = [v(s)ds, t € J
t S S S t
E(t) = o(t) = ¢(0) -~ of [f(s,zs+ xs) - f(s,xs)]ds -
- M(s)ds, t € (-,0
0
and
(%) le(t)l < max w(r) S~ L(s)ds + S~ G (s,p + u)ds = K < %,
0<r<u 0 0 0

t €J

Thus the functions g(t) € (Tz)(t) are uniformly bounded by the constant
K and because for each z(t) € Bu we get the same constant K, we may
conclude that TBu is the set of continuous and uniformly bounded

functions.
Let be 0 < t, < t,. Then for g(t) € (Tz)(t), z(t) € B, we have
t t
1E(Ey) = ECe )1 € J21E(s, 25+ %) - £(s,xg)1ds + T%|v(s)Ias <
t t
1 1
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t2 t2
< max w(x) J[© L(s)ds + [ Go(s,p +.ulds

xsu t t
Osrs 1 N

From this we conclude that all functions from TBu are equicontinuous
on J. Mloreover, to each ¢ > 0 there exists to(e) > 0 such that for

<
to(s) < t1 < t, we have

lE(ty) = g1 < max w(r) [~ L(s)as + J7 Gy(s,p + uds <e
0<r<u t0 tO
Then from this, from the uniform boundedness and from the equiconti-
nuity of all functions of TBu it follows that TBu is compact in the
topology of uniform convergence.

Evidently, to each oounded set A C B there exists such u € J that
A C Bu and TA C TBu' From this it follows that T is compact in B.

Let be zn(t), z(t) € B and let {zn(t)) converge to z(t) in B, i.e.
uniformly en R, Therefore, the set {zn(t), z(t), n = 1,2,..} is
bounded in B. Thus there exists u > 0 such that zn(t) € Bu' z(t) € Bu
and TB, is a compact set. Let hn(t) € (Tz)(t), n = 1,2,... Evidently
hn(t) € TBu, n = 1,2... The set TBu being compact there exists a
subsequrence {hni(t)} of {hn(t)}, which converges uniformly to a
function h(t) € TBu. Then to each hn(t) there exists vn(t) € M(zn(t) +
+ x(t)), n = 1,2,... such that

h (%)

"

- T EG G x) - £(sx1ds - [T v (s)ds,
t€J, n=1,2,...

h (£) = o(t) = 9(0) - 0f°° [£(s,(z )  + x;) - £(s,x)]ds -

- [T vy(s)ds,  t € (==,0
0

By Lemma 3 we have
lv.(e)l, < =g (s,u + p)ds < o
n 1 0 0

It means that the sequence {vn(t)} is bounded in Ll(J)‘ Furthermore, if
oo

(Ek}, Ek C J, is a nonincreasing sequence of sets such that N Ek = ¢,

. k=1

then

lim | S vn(s)dsl < lim [ lvn(s)lds < lim / GO(s,u + p)ds = 0
k-»o0 Ek k-0 Ek k-0 Ek

Then (see [2], Th., IV, 8.9) it is possible to choose from {vn(t)} a
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subsequence {vn (t)} which weakly converges to some v(t) € Li(J)'
dow, because {zp) (t)} converges to z(t) in B and vnk(t) €
g(t,zn, (£)), k = 1,2,..., using (Hz), to given ¢ > 0 and t € J there

exists ¥ = N(t,e) such that for any n > N we have

g(t,z,

(£)) €0 _(g(t,z(t)))

where Os(g(t,z%t)))is e-neighbourhood of the set g(t,z(t)). It means
that for all n, 2z N vp () € 0_(g(t,z(£)N

Consider the sequence {vnk(t)}, n 2 N. Then (see [2], Corollary
V.3.14) it is possible to construct such convex combinations from vpy/
n 2 N, denote them gm(t), m=1,2,... that the sequence (gm(t)}
converges to v(t) in Ll(J). Then by Riesz theorem there exists a
subsequence {gmi(t)} of {gn(t)} which converges to v(t) a.e. on J.
From the convexity of Oe(g(t,z(t)))and from the fact that vnk(t) €
€ Oe(g(t,z(t)))it follows that gmi(t) € Oe(g(t,z(t))), i=1,2,... and,
therefore, v(t) € Ue(g(t,z(t))). For e~ 0 we get that v(t) € g(t,z(t)),

Recall that t was a fixed point and that g(t,z(t)) was a compact
convex subset of Rn.

Thus
+ x5) = £(s,xg)lds - tfw v(s)ds
is well defined and h(t) € (Tz)(t) for t € J. It follows from the weak
convergence of {vnk(t)} to v(t) in Ll(J) that the subsequence {hnk(tﬂ
of the sequence {hn(t)}, i,e. for t €43

hit) = - ST [£(s,z
e s

hy (&) = - tf‘” (23, 2y 0 + 30 - £(s,x)1ds - tf°° vy, ()48
converges to h(t) a.e. on J, However, the functions hnk(t) belong to
the compact set TBu' Therefore, there exists a subsequence of the
sequence {hnk(t)} which converges to a function h(t) uniformly on J.
It means that R(t) = h(t) € (Tz)(t) a.e. on J. With this we end the
proof of the upper semicontinuity of the operator T.

Consider now B ., Let be z(t) € Bu, g(t) € (Tz)(t). Then from (%),
(F) and y) from (H,) we get for 0 < ¢ < l_%_ﬁ the existence of such
u > 0 that

lE(t)] < au + (p + u)e < (a + 2c)u < u

Thus g(t) € By and TB, C B . We have already proved that TB, and also
(Tz)(t), z(t) € B,s are compact and, therefore, also closed. From the
hypotheses (Hl)' <H3) it follows that M(z(t)) is nonempty and convex,
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therefore, (Tz)(t) is also nonempty and convex. Thus T maps Bu in
cf (B ).
u

Lemma 5. Let be satisfied (F), (Hl) - (H4). Let B, B, be as in
Lemma 4. Let y : R -~ R” be a bounded solution of (2) on J, Let ¢ € C
be given. Then the operator T, defined on B by the relations: for
z(t) € B it is

(T, 2)(t) = [_tf“[f(s,zs+ y) - £(s,y)]ds +

+ [Tv(s)as, v(t) € M(y(£))}, t €J
t

(Ty2)y = {9(t) = 9(0) = of”[f<s,zs+ y,) - £(s,y)lds +
+ fxb(s)ds}, t<o0
0

maps B - 2B, is compact and upper semicontinuous jin B and there exists
such u € J that T maps B, in cf(Bu).

The proof of this Lemma can be made in the same way as the proof

of Lemma 4.

From Lemma 4 and Lemma 5 follows

Theorem 4. Let be satisfied (F),(El)—(H4). Then between the set of
all bounded solutions of (1) and the set of all bounded solutions of
(2) there is the asymptotic equivalence. Moreoyer, if
1) tL(t) € Ll(J), tGO(t,c) € L (J) for each c 2 0
then there is p-integral equivalence, p = 1, between the above mentio-

ned sets of bounded solutions of (1) and of (2).

Proof. Let be x(t) a bounded solution of (1) on J and let ¢ € C be
given.Then by Lemma 4 there exists a ball BuC B such that T maps Bu
into cf(Bu),T is upper semicontinuous and TB, compact. Thus by Fan
fixed point theorem T has a fixed point z(t) € Bu, i.e. there exists
v(t) € M(z(t) + x(t)) such that

oo oo
z(t) = - [ [£(s,z5+ xg) - f(s,xs)]ds - [ v(s)ds, t €J
t t
oo . oo
(z2)g(t) = o(t) = 0(0) - [ [£(s,z24+ x )-f(s,x)]ds- [ v(s)ds,t<0
0

0
Evidently, lim z(t) = lim(y(t) - x(£)) = 0 as t = © and y(t) = x(t) +
+ z(t) is a bounded solution of (2). Moreover, if (11) is satisfied, we

get
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lz(t) | < sup w(r) ITL(s)as + f“bo(s,"x“ + lzlhas
0,121 t t

Thus by Lemma 2 from [3] z(t) € Lp(J), p > 1.

Let now y(t) be a bounded solution of (2) and let ¢ € C be given.
Then by Lemma 5 there exists a ball BuC B such that the operator T;
maps B into cf(Bu), Tl is upper semicontinuous and TlBu is compact.
Thus Fan fixed point theorem gives the existence of a fixed point of
T, in Bu’ i.e. there exists v(t) € M(y(t)) such that

z(t) = - fqu(s,z + vy ) - f(s,y )]ds + fub(s)ds, t €3
N s “*s s N
(2),(t) = 9(t) - ¢(0)- [TT£(s,z_+ y )~ £(s,y)]as + Mvisas,
0 s s s 0
t <0

Evidently, lim z(t) = lim(x(t) - y(t)) = 0 as t -~ ® and x(t) = y(t) +
+ z(t) is a bounded solution of (1). Moreover, if (11) is satisfied,
then

lz(t)] < sup w(r) f“i(s)ds + beo(s,ﬂyﬂ)ds
(0,1z1) t t

which by Lemma 2 from [ 3] means that z(t) € Lp(J), p > 1.
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