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UNIFORM ATOMS ON co. 

P. SIMON. 

Praha 

Consider the lattice of all uniformities on the given set X0 

A uniformity is called a uniform atom on X, if it is non-discrete 

and if the discrete uniformity is the only uniformity finer than 

ito The aim of the present paper is to give some examples of uni

form atoms. The proofs are shortened as much as possible; for the 

details, see [s]. 

0. Let us call a uniformity to be proximally discrete, if the in

duced proximity is. discrete. Let 7 be a non-principal ultrafilter on 

an infinite set X, denote by ^ C J ) the uniformity consisting of all co

vers ^ such that £ rs T * 0 . 

The following facts can be found in [PRI (for 0.4, see also [V]): 

0.1. Any proximally discrete atom on an infinite set X is uniform

ly finer than some ILtf) for a suitable non-principal ultrafilter f 

on X. 

C.2. If the set X is countable, then U(S) ^s a uniform atom if 

and only if ¥ is selective. 

Co3. (Ultrasum of atoms). Let X be an infinite set, let / be a 

non-principal ultrafilter on X. For each x e X let U^ be a uniform 

atom on a set Ix with 1 IJ(,\ > 2. 

Define a uniformity J'-ZIU^ o n the set Z u ^ : x€ X } ( = 

= {<x,y> : x€X, y e ^ ' l by the following: A cover € belongs 

to &-T. IL^ iff the set of all xcX such that the trace of £ on i^ 

belongs to 1LX is a member of & . 

Then tf-lL 11^ is a uniform atom on 21 { 1^: x €X } . Moreover, 

any proximally non-discrete atom is uniformly isomorphic to some J-2121 

with 9^ non-principal and I Y4t\ = 2 - for each x*X . 

C4o Every uniform atom on u) has a basis consisting of point-fi

nite covers. 

1. For the rest of the paper, let us restrict our attention to the 

case X = to . Theorems C 2 . and C j . give some examples of uniform a-

toms; according to C.I., if we want to obtain an essentially new example, 

we need to search it below some ILO^) with & non-selective and of 

minimal type in Rudin-Frclfk's order. The main tool will be Lemma 1.3. 

1.1. Definition. Let -ft = {Rn : n < <*>} be a partition of <o . .Ve 
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shall call & to be an admissible partition if e^ch h is finite and 

sup { I .a | : n <co}-- u). 

ii 

1.20 Definition. .Let {.TP(k) : k < u)} be a family of properties 

of finite subsets of to . Call a family {P(k) : k < co } to be nice, 

if the following hold3: 

(i) There exists a k < u) such that the empty set has net P(k), 

(ii) if M £ PfcrS-^ satisfies TP(k), then M satisfies TP(k-4). 

(iii) for every k <co, if M, * e ^("-0 and M c Qf then «2 has 

1P(k) whenever M has ~P(k), 

(iv) there exists a mapping f:tO-^co such that for each k < u) 

the following is true: If M< o Mz e ^ G o ) has TP(f(k)), 

then either M4 or Uz has P ( k ) . 

1.3. Lemma. Let 42 be an admissible partition of to , -^ = {rt : 

: n < co}, let {TP(k) : k < co } be a nice family of properties of fi

nite subsets of co . Let IP be the property of subsets of U) defined 

by 
(v) M c co has IP iff for every k < cO and for every ne< co 

there is some n>n 0 such that MaR has TP(k). 

Then the following holds: 

A0 If if is a filter on u) with a countable basis, if every 

F € f has IP and if M is a subset of co , then there exists a filter 

with a countable basis such that Q 3 If , each member of Q has 

and either M 6 Q or ( co - M) € G . 

Bo If J is a filter on co with a countable basis and if every 

F € & has IP , then there exists a subset M C u) such that |M - F\< 

< co and MnF has P for each F € If. 

C Let { S^: oi < 2*°} be a family of properties of subsets of 

^ . Suppose that for every filter & with a countable basis whose 

members satisfy IP there exists a subset M^c co such that M^ has 

S<K and M^ n F has IP for every F € $ . 

Then,assuming (CH), there exists a P-ultrafilter q such that 

every U€q has IP and for every oc < 210 there is a set IJ^eq satis

fying Soc . 

The proof of C goes by transfinite induction using A. on the suc

cessor steps and 3. on the limit ones. The statements A. and B. are sim

ple consequences of the definitions. 

1.4. Theorem. Assume (CH), let L be a natural number. Then there 

exists a P-ultrafilter q on co such that there are precisely L distinct 

uniform atoms below cX'(q). 
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We shall give a brief sketch of the proof. The special case L = C 

is stated in 0.2. In order to prove the theorem fcr L>0 we want to use 

Lemma 1.3 .C, thus we need to define an admissible partition J\, , a nice 

family of properties {P(k)j and a family of properties {i^: oc<2uyj, 

and to verify all the assumptions. 

Call a set Q = A, x A^x ... XAL to be an (L-dimensional) n-cube, 

if I A,. I =lAzl = lA3\ = ...
 r\ALl= n. »Ve may embed co into CO onto a union 

KJ i Q : n < co} , where each •« is an n-cube and the family ^L ~ 

- {2 : n < co} is pairwi3e disjoint. ^ is obviously an admissible par

tition of CO . 

Let M € i^(coL), let k < CO . Define: The set M has 1P(k) iff 

M contains some k-cube. In order tc verify that llP(k) : k < co} is ni

ce, we need the following combinatorial statement due to Erdos ( £ES] ): 

(•X-) For each L,n <<o there exists an N < co such that if A. X A « X ... 

...XAL = CuD, where|A4|=U2\= ... =- |AL1 = N, then there are S.CA^ 

13. I = n (i - 1,2, .. ., L) with BA x 3^ x .. . x B L contained either 

in C or in D . 

Of) implies 1.2.(iv), the other items from 1.2. are easy. 

If Q is an L-dimensional cube, ̂  = Â  x A^ x mm. XA L , define 

% U) = {pr-(x) : xcA^} , where piy denotes the i'th projection. 

Next, define a partition ^ of co by the rule % = O l «SfUn) : Q € 

Let u be a cover of CO . The set M is called £-discrete iff 

for each xeM, s t ( x , € ) r x M = |x}. Denote by st2(x,<6) the set 

st(st(x, € ) , € ) . 

Let ^ be a cover of <-0 . Then, by definition, the set M c co has 

a property «u><£ iff either M is ^-discrete or there exist3 an i€ £i, 

2, ..., L} and a sequence {x... : Te 3^ } , where x €T, such that 

st*(xT,T) 3 M A T for each T € 5̂  

The family i S^: cis a point-finite cover of co J is a family 

of cardinality at most 2 W . This family satisfies the assumptions of 

1.3.Co To see this, we need another combinatorial statement: 

(* *) Fcr each L,n < co there exists an N < co such that the following 

is true: 

If 3 S - A ^ X A ^ X ,,, xA L is an N-cube and if € is a cover of 

5, then there exist 3 . C Â  , 18 .1 ~ n (i= 1,2, ..«, L) such that 

the cube i'= B4 x Bz x ... X B L is either ^-discrete cr contained 

in U ist^x-r,^) n T : T € 3£U), Tr.Q + 0 } for some j € ^1,2, 

..., L} and some suitable choice x ^T . 
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Using Lemma 1.3oC, we obtain some P-ultrafilter q, whose members 

contain arbitrarily large cubes. Therefore each uniformity Jb^ with a ba

sis { 3? A V: Ve UCq) } (where S£A V = { T ~ V : T e S£ , V € ZT} ) is not 

uniformly discrete and it remains to check that each Jhc ( i = 1,2,..., 

L) is an atom and that no other atom below U/{q) exi3ts<> But this is a 

consequence of the fact that for each point-finite cover ^ of to there 

is a member U of q 'satisfying S«g. 

Cne may ask whether each proximally discrete atom on co can be ob

tained simply by adding a suitable partition to Z6(q), as it was the ca

se in the theorem. This is not true in general, not even in the case of 

C-dimensional atoms (i.e. atoms with a basis consisting of partitions), 

as may be seen from the following two theorems. The proofs are omitted, 

since both of them are the corollaries of Lemma 1.3. and the technique 

is again combinatorial and similar to the proof of 1.4. 

1.5* Theorem. Assume (CH). Then there exists an ultrafilter q on 

CO such that there are 2 distinct C-dimensional uniform atoms on CO 

below u>(q). 

1.6. Theorem. Assume (CH). Then there exists a P-ultrafilter q on 

CO and a C-dimensional uniformity tu on co such that: 

(a) U/ has a countable basis -AJ , 

(b) for an arbitrary partition -? of u) , a uniformity with a ba

sis (.̂ A V : Ve tC{q)} is never a uniform atom on U) , 

(c) there exists precisely one uniform atom below Zu{q) and its 

basis equals to {t\V: t € £ , V £ U{q)} . 
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