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FOURTH WINTER SCHOOL (1976)

ATOMS IN UNIFORMITIES -

by
J. REITERMAN

A list of solved and open problems concerning atoms in
lattices of continuous structures is presented.

1, Let U be an ultrafilter on X, let x,€ X, Denote T,
the topology on X such tﬁat x, € M<&>MeU and such that other
points are isolated. .

Theorem (folklor). Atoms in the lattice of all topolo-
gies -on X ai-e Just t.opol'ogies of the form Ty. Each topology
is a supremum of atoms.

2, Let U, V be two distinct ultrafilters on X. Denote
PU'V the proximity on X such that two disjoint sets A, B are
proximai iff Ae U, B&V or conversely.

Theorem, Atoms in thé lattice of proximities on X are
Just proximities of th; form PUV' Each proximity is a supre-
mun of atoms. . ' )

3. Let U be an ultrafilter on X and f: X —>X & bijec-
tion such that fUU. Denote S the uniformity a base of
which consists of covers of the form {{x,fx¥| xeP3 v
vi4x}| xeXy, where FeU.

Theorem [1] . Proximally .non-discrete atoms in the lat-
tice of all uniformities on X aré juét unifomi.t.iea of the
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form Sy
The uniformity SU induces the proximity Py gy 8nd is
minimal, but not necessarily the finest one with this pro-
perty. In other words, S, need not be proﬁmlly fine, Let
us consider the following properties of an ultrafilter U eon
a countable set N, '
PF Sy is proximally fine
OPF ‘SU‘.ia proximally fine among all zero dimensional uni-
formities .
'Sel U is selective
R for each two maps £, g: N—> N such that fU = gU there is
Fe U with £/U = g/U
P for each two one-to-finite relations f, g: N—>N such
that fU = gU there is Fe U such that for each xeF we
have £xngx+ 0.
Theorem. Sel==)P =>PFa=> OPF => R
" The implication P=> Sel does not hold (A. Louveau, pri-
vate communication) while the implicatioms PFa= P, OPF —
= Pf' are open problems, . -
4. If U is an ultrafilter on X then denote 4y the uni-
formity on X consisting of all covers P with Pn U8,
Theorem [1] A is en atom iff U is selective. Each
proximally discrete atom refines some Aye
If U is an ultrafilter on X and & wniformity A, on
Y =4{x} is given for each x€X then all covers of Ix X of
the form U4P Ixer} u{£{x}| xeTxX}, where Feu
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and P, is in AL for each xé?, form a basis of a unifor-
mity which will be denoted by = P,. If each A  is an

atom 8o is % P . Thus, assuming the existence of selec-

tive ultrafilters we dan construct atoms on arbitrary car-

dinalities, .
There exists an example of a proximally discrete atom

which is not of the form Z P
The following problems remain open: Is every atom zero-

dimensional?Given U, how large can be the cardinality of the

set of atoms refining Ay 4

References: _ »
[1) Pelant J. and Reiterman J.: Atoms in uniformities, Se- .

‘minar Uniform Spaces (directed by Z. Frolik), MO &sav, .
Praha 1975. RS



		webmaster@dml.cz
	2012-10-08T12:00:15+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




