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SOME INVARIANTS OF LIE ALGEBROIDS OF PRINCIPAL FIBRE BUNDLES

Jan Kubarski

O. INTRODUCTION

0.1. Introduced by J.Pradines (141,151, the lie functor for
principal fibre bundles is examined in this paper. It assigns some
Lie algebroid to a given principal fibre bundle (pfb for short) and
plays an analogous role as the Lie functor for ILie groups.

0.2. By a (transitive) Lie algebroid (on a manifold M) we shall
mean an object

(o) A= (A0, T,y)

consisting of
1. a vector bundle A over M,
2. two mappings (»,<}:SecAsSecA—> SecA and vy:A — TM such
that ' '
(a) (SecA,[+,+3) is an R-Lie algebra,
(b) y:A — TM is an epimorphism of vector bundles,
(e) K5 femd = £ QgD+ (pob)(£)en, EmeSech, teCc®M).

0.3, With each Lie algebroid (0O) we associate a short exact se-
quence

(1) 'o—-;q:(A)c;.A—LTM——»o

where ¢q(A)= Kery, called the Atiyah sequence assigned to (0)., In
"each fibre q:(A)'x, a Lie algebra structure is defined by:

tv,w):= QE,MD(x) where S'VGSeCA’ t(x)=v, rl(x)-w, V'W€¢(A)|x'

a;(A)lx is called the isotropy Lie algebra of (0) at x.
This paper is in final form and no version of it will be submitted
for publication elsewhere
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For any Lie algebroid (O) on a connected manifold M, the ve-

0.4.

ctor bundle ¢(A) is a Lie algebra bundle (71, [91, [111.

A (strong) homomorphism of algebroids

0.5
H:(A, L., ] ,T) - (A,’ L, D ’ T')
of vector bundles, such that

is a strong homomorphism H:A —» A7

(a) ‘r"’H'Y,

(b) SecH:Sec A — SecA” 1is a homomorphism of Lie algebras.
H determines a homomorphism of the associated Atiyah sequences:

0 —»q(A) C— A Lo ™ —0
H° ln "
0 —> ¢(A)C—s A"—> ™M —> O

where HC= Hig(A)..
If H is a bijection, then B! i5 also a homomorphism of Lie al-

gebroids; H is then called an isomorphism of ILie algebroids.

0,6, There are three (equivalent) natural constructions of the
Lie algebroid A(P) for a given pfb P=P(M,G) (see [1]1,[71,L[14],

[153):
1. ACP) = TP,
2. ACP) = A(PP™1),
1 n
3, A(P) = W (P)xG;(lR X

O.7. In the theory of Lie groups it is well known that two Lie
groups are locally isomorphic iff their Lie algebras are isomorphic.

The question
— What this problem looks like for pfb’s ?

is answered in this paper. A suitable notion of a local homomorphism
(and a local isomorphism) between pfb’s is found (chapter 1).
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0.8. By a local homomorphism [ isomorphism ] of pfb’s

F:P(M,G) — P’(M,G")
we shall mean (definition 2.1) each family
(2) F = ((Fyopy)s tel}

of partial homomorphisms [ isomorphisms 1] (Ft,u.t):P;)Dt — P“ pro-
vided some compatibility axioms are satisfied.

Every local homomorphism (2) defines an homomorphism of Lie alge-
broids dF:A(P) — A(E’) (proposition 2.2) and conversely every
homomorphism of the Lie algebroids comes from some local homomorphi-
sm of the pfb’s (theorem 2.4).

0.9. Two pfb’s (over the same manifold) are locally isomorphic
iff their Lie algebroids are isomorphic (‘theorem 2,5).

pfd’s.

0,10, It turns out that some invariants of pfb‘s are invariants
of local isomorphisms so they are then de facto some notions of Lie
algebroids, For example:

1, the Ad-associated Lie algebra bundle {(P):stcq, (see 1,10),
2. the flatness (see chapter 2),

‘'3, the Chern-Weil homomorphism (for some local isomorphisms, cha=
pter 3).

0,11, One of our main questions is:

————

— How much information about a given pfv P 1is carried by the
Ad-associated Lie algebra bundle ¢(F) ?

It turns out that sometimes none:

— If G is abelian, then gq(P) is trivial (see 1.10),



238 JAN KUBARSKI
and sometimes much, and most if G is éemisimple:

— Two pfb’s with semisimple structural Lie groups are locally i-
somorphic iff their Ad-associated Lie algebra bundles are isomorphic
(C orollary 509)0

0,12, All the differential manifolds considered in the present
paper are assumed to be smooth (ie Cm) and Hausdorff.

1, LIE ALGEBROID OF A PRINCIPAL FIBRE BUNDLE

In this chapter we introduce some basic definitions and facts
concerning the notion of the ILie algebroid of a pfb. For more deta-
ils, see [7)<+ (9].

1,1, Take any pfb P= P(M,G) with the projection :P — M and
the action R:PxXG—> P, and define the action

RT:TPXG — TP, (v,a) +> (Ry), Vs
Ra being the right action of a on P . Denote by
A(R)

the space TI}G of all orbits of RT with the quotient topology.

Let (vl denote the orbit through v and
']tA:TP —> A(P), Vv = [v],
the natural projection. To the end, we define the projection
.p:A(P) — M, [Vv] >z, if veTzP.
For each point xeM, in the fibre p-1(x) there exists exactly
one vector space structure (over R) such that [v]+ [w]l= Cv+wl if
KP(V)-WP(W), Np:TP — P being the projection.

A
‘JC'Z.TZP - A(P)mz,

is then an isomorphism of vectdr spaces, Z€P,
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1.2. P(M,G) determines another pfb TP(TM,TG) with the projec-
tion TP —> TN and the action R*:TPxTG—r TP (3). Treating G
as a closed Lie subgroup of TG, we see [4] that the structure of a
Hausdorff Cm-manifold. such that 1\:1“ is a submersion, exists in A(P).

1.3, For eachlocal trivialization ¢:UxG — P of P +he mapping
(3) ¢h:1uxg—p" I CACR), (v,w) = Cgv,w),
is a diffeomorphism, where gq= TeG'

1.4. The systenm

(ACP),p,M)

is a vector bundle and (3) is a (strong) isomorphism of the vector
bundles (over UcM).

1.5, For a trivial pfb P= MxG, we have:

ACM,6) = H(MXG)/ & Thxq, Kv,w)] > (v,8%(w)),
where @R denotes the canonical right-invariant 1-form on G.

1.6. Let SecA(P) denote the C™M)-module of all C® global cross
-gections of A(P), and %R(p) - of a11 C® right-invariant vector
fields on P. Each vector field xa'xR(P) determines a cross-section
X €eSec ACP) in such a way that X (x)= (X(2)] for zeP, , xeM. X is
a C® cross-section. The mapping
(4) %R(P) — SecA(P), X > Xy
is a homomorphism of C%M)-modules.

1.7. For each cross-section meSecA(P), there exists exactly one
c® right-invariant vector field n’e‘!R( P) such that (n'(z)l=7(xz).
The mapping :

(5) SecA(R) — %8(2), q 1,

is an isomorphism of CGtM)-modules, inverse to (4).
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1.8. We define an R-Lie algebra structure in the R-vector space
Sec A(P) by demanding that (5) be an isomorphism of R-Lie algebras.
The bracket @+,*3 in SecA(P) must be defined by

K53 = (L8 q73),
We also take the mapping
T:A(P) = IV, ([v) — x,v.

1.9. The object

(6) A(P) = (A(P), n-'!""f)
is called the lie algebroid of a pfb P(M,G).

Here are the fundamental properties of (6):

(a) (SecA(P), @.,+D) is an R-Lie algebra,

(b) y is an epimorphism of vector bundles,

(c) Sec r:SecA(P) —> %(M), t+—> ok, 1is a homomorphism of Lie
algebras, .

(d) [Egfeqd=feLgmd+ (yo g)(f).q, for feC® M), g,y,eSecA( E),

(e) the vector bundle

q(P):= Ker YcA(P)

is a Iie algebra bundle (for definition, see for example (3,p.3771)
and for an arbitrary zeP|x,

(7) Zig—q(R),, VI ,W],

is an isomorphism of Lie algebras, where AZ:G —» P, a > za. The
mapping ’

?‘g:UX{-ﬁt(P)luv (x,w) H?A(gx'w)'

is a local trivialization of the Lie algebra bundle ¢(P) (for an
arbitrary local trivialization q:U XG —» P ), where Ox denotes the
null vector at x, and ¢ - the Lie algebra of G defined by the ri-
ght-invariant vector fields on G (q=¢1(G)°).

By properties a+d, (6) is a Lie algebroid.
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A pfb P with discrete structural Lie group has a trivial Lie al=-
gebroid, more exactly A(P)¥ TM,

1.10. q(P) 4is canonically isomorphic to the Ad-associated Lie
algebra bundle Px,¢. The mapping

T:Pxo¢ —q(P), (z,v] = &(v),
is an isomorphism of Lie algebra bundles.,

Thus, the Ad-associated Lie algebra bundle_is an_invariant_of

If G is abelian, then q(P) is trivial: {(P)G(ch)/c_ﬁ Mx¢,

1.11. By a (strong) homomorphism between pfb’s P(M,G), P(M,G7)
we shall mean a pair (F,M) consisting of the mappings F:P — P’,
M:G — G~ such that

(a) X'eF=mx,

(b) M 1is a homomorphism of Lie groups,

(e) F(zea)=TF(z)u(a).

If M 1is an isomorphism then F is a diffeomorphism and
(F ’ '1) is also a homomorphism between pfb’s. (F,u) is then cal-
led an isomorphism of pfb’s.

Each homomorphism (F,®):P(M,G) —» P(M,G”) determines a mapping
dF:A(P) — A(P7), V] [F,vl. dF is a homomorphism of Lie alge-
broids.

The covariant functor P(M,G) l—’A(P), (Fyp) —>dF, 1is called
the Lie functor for pfb’s.

1.12, As we have said in the Introduction, the Lie algebroid of
a pfb P can .also be defined as the Lie algebroid A(PP™ ) of the
Ehresmann Lie groupoid PP~ , via the construction of J.Pradines
141, (15)., We recall these constructions.

(a) Let @ be any Lie groupoid (121. We put A(®)=u*T™$ where
7%= Ker«, (% - the source, u:M — &, X +>u,, u, - the unit over
X)e The bracket gx,m! of t,neSec A(®) is defined in such a way
that the right-invariant vector field corresponding to 0§m1 equals
the Lie bracket of the corresponding right-invariant vector fields.
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The mapping ¢ :A(§) — TM is defined by 7 (V)=Byv (B - the tar-
get). The system obtained (A(E), @.,-3,y) is a Lie algebroid (for
details see for example (51).

(b) The Ehresmann Lie groupoid PP'1 [2) is defined as follows:
its space equals the space of orbits of the action (PxP)XG —» PxP,
((21,22),a) > (z1a,z2a), the source and the target are defined by
a( [z1,zzJ)=ﬁz1, B( [z1,22])-:n:22 ([21,22] being the orbit through
(z.l,zz)), the partial multiplication by [22,2330[21,22]= [z1,z3J.

1,13, @:A(P) — A(PP™), ) +—>w,,,v, vel,P, zeP, , where
©, P — (PP'1)'X, z” > [z,2°], establish an isomorphism of the
Lie algebroids,

1.14, There exists a Lie algebroid which cannot be realized as
the Lie algebroid of any pfb [10).

2. THE NOTION OF A LOCAL HOMOMORPHISM BETWEEN PFB’S

In the theory of Lie groups the following theorems hold:

THEOREM A, If G1 and G2v are two Lie groups with Lie algebras
q, and ¢o respectively, then, for each homomorphism h:q(1 -,
od Lie algebras, there exists a local homomorphism H:G1:>.Q, — G2
(£2 is open in G, and contains the unit of G1) of Lie groups such
that dH=h,

THEOREM B. Two Lie groups G1 and G2 are locally isomorphic iff
1, and g, are isomorphic.

~— What does this look like for pfb’s?

First of all, we know (61, [13], that the theorems similar to the
above ones hold for ILie groupoids and algebroids, as well. Thus, we
have only to discover how to define a suitable notion of a local ho-
momorphism between pfb’s in order that it correspond to the notion
of a local homomorphism between Lie groupoids.,

Here is an answer to this problem.

2.1. DEFINITION. By a local homomorphism from a pfb P(M,G) in-
to a second one P’(M,G’) we shall mean a family
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F = (Fyouy)s ter

such that

Fy:PDDy — B, D_E open in P,
K4:GDOUy — G, U, open in G, eel,;
provided the following properties hold:
1. My is a local homomorphism of Lie groups,
2. Ut'lr.[DtJ =M,
3. qeFy=qIDy (T and . x° denote the projections),
4. Ft(z-a)aFt(z)-pt(a) for zeD, and ae‘Ut such that z+a2€D,.
5. If t,t%eT, zeD,, 2€G, z+a€D,., a’eG’, z%eP’ and
Ft(z)=z’, Ft,(z.a)-z’.a’, then
(a) Ft’= Ra,thoRa,i in some nbh of zea,

(b) Hys = Tgr-1°Me T, in some nbh of eeG ("l:’a(g)= aga'1, geG )

If Ft and My are diffeomorphisms, then
g-1.. {(Ft-1,p._t-1); ter §

is a local homomorphism, and &F is then called a local isomorphism.

2.2. FROPOSITION. Let &= [(Ft,p.t); teTY:P(M,G) — P(M,G”) be
a local homomorphism between pfb’s. Then

dF:A(P) —> A(PT), ([v] +—> tFt*vl, veT P, zeDy, teTl,
is a correctly defined homomorphism of Lie algebroids.

FTROOF. The correctness of the definition of d¥ is easy to see.
dF is a Cm-homomorphism of vector bundles. Indeed, for a point
xeM, take an arbitrary teT such that xen[Dtl. The smoothness of dF

in some nbh of x follows from the fact that d‘?-xAIIP-1 [Dt] =
=rho(F ), 1p T (D, .

v’°edF=1 is evident.

Sec(d¥ :Sec A(P) —» SecA(F”) is a homomorphism of Lie algebras.
Indeed, for XG%R(P), the cross-section d'.’r"Xo of .A(P”) induces
the right-invariant vector field Y::(d‘?roxo)' on P7, The field XIDt
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is Ft—related to Y, which yields (by a standard calculation) that
(dFelLy;,5 D) 1D, J = WdFo§, ,dFe 53 ITLD, ).
The free choice of tel ends the proof. 0O

2.3, REMARK," (1) It is easily seen that d4F is an isomorphism
if & is a local isomorphism. )
(2) We have d¥[g(P)ICcq¢(P”) and we get the commuting diagram
g —Et— ¢(P),y
(“t)*el E(2) l(d..g:)lxlqr(P)lx
g ——— (),

for teT, zeDy (see (7)).

2,4, THEOREM., Let h:A(P) —s A(P”) be any homomorphism of Lie
algebroids., Then there exists a local homomdrphism
%:P(M,G) — P(M,G”) such that d¥=h.

PROOF, (For details see [81). Take the Ehresmann Lie groupoids
$:xpp”' and & := P'P’m1 corresponding to the pfb’s P(M,G) and
P(M,G"), respectively. Let h:A(3) — A(®") be the homomorphism
of Lie algebroids for which the diagram

ACP) 2 A(R")
el . ¢}
A() 1 4@

commutes, where p and @~ are natural isomorphisms described in
1.13. By theoremA, for Lie groupoids, there exists some local ho-
momorphism F: ®>D0 — &°, £ bveing open in @ and covering all
units, of ILie groupoids such that dF= h. Now, we are able to con-
struct some local homomorphism of pfb’s.

It will be the family

F = ((F .) 3 (2,2°)eP®P7 }

zz- V22
(POP” ={(2,2”)ePXP ;5xz="z")} where

-1 o, =1
Fypr=w,s °Fow 1D, D,=w ~'LONE I and
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sy -1 -0
Mgz = Byr °F°“zmz' Uz' K, L nttz]

and w,:P — &, z° > [z,2°], G is the isotropy Lie group at x,

pz:G —_ C‘n‘z’ a > [2,2al, (wz,, By are defined in a similar
manner), see the figure:

/

me‘m

p—_ [/

2.5. THEOREM, Two pfb’s (over the same manifold) are locally
isomorphic iff their Lie algebroids are isomorphic., O

3. CONNECTIONS IN LIE ALGEBROIDS

3.1, DEFINITION, By a connection in Lie algebroid (0) we mean a
splitting of Atiyah sequence (1), ie a mapping

(8) ATM — A

such that sqeA= idTM, see (11, or, equivalently, a subbundle BcA
such that A=q(A)®B.
We define its connection form w  :A — q:(A) as a unique form
A

such that w?1q(a)=1d and Kerw'= ImA.

A

Let (8) be an arbitrary but fixed connection in (0) and let
A = A(P)
for some pfb P(M,G). For each point zeP, we define a subspace

2 A =1 '
Hj := Im (% m) °Ag,lc T P,
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3,2, PROPOSITION. Z > H:\Z, zeP, 1is a connection in P(M,G). O

3.3. PROPOSITION. The correspondence

(9) A~ HY

sets up a bijection between connections in (6) and in F(M,G),

PRCOF. Let H be any connection in P(M,G), Put B"xnﬁ‘:ztﬂ'z]
where zePlx, xeM, Evidently, A(P)'x- B|x®q',(JE’)|x and le is inde=~
pendent of the choice of =z eP|x. The vector subbundle B:= UxBIx of
A(P) defines a connection

AHa (r1B)~ 1M — aCP).
The correspondence H r—);\H is inverse to (9). O

Fix a connection H in a pfb P(M,G). It determines the connection
form 069.1(1’,-0;) and the curvature form .Q.e‘Q.Z(P;q,). £ is Ad-equ-
ivariant and horizontal at the same time (31, ie is a basic ¢-valu-
ed form on P. Via the classical manner (see for example ([3,p.4061)
the space .QB(P,-O;) of all basic ¢-valued forms on P(M,G) is natu-
rally isomorphic to the space of all forms on M with values in the
associated Lie algebra bundle Pqu;:

Qp(P;Q B Q(MPx,7), 68,
‘6(x,'v1'.‘oc’vq) = [2,0(2;7?,Q00,v:)], ViiTxM,

where zePlx, while vZ denotes the horizontal lifting of v to TzP
for veTxM.

Considering the canonical isomorphism Pqu: £ q(P) (see 1.10),
we obtain an isomorphism

QB(P‘O _’Q(M9¢(P))r ] HOMv

(10) R z z
OM(x;v1,...,vq)= z(@(z;v1,...,vq)), Z€P o

Via isomorphism (10) we define the so-called curvature base form
(or the curvature tensor) .QMG.Q2(M,-q_(P)) of H,

Now, let A :TM —= A(P) be the connection in (6) corresponding to
H with connection form w®. Of course

A A -
Wy x°Tyy = 209

2



SOME INVARIANTS OF LIE ALGEBROIDS 247

3.4. PROPOSITION,.

(1) Q5 Y) = o' (DeX,2e1),  X,YeR(M).

PROOF, By the equality m),(v®)=a(v), vel M, we see that, for
Xe%(M), the right-invariant vector field (2eX)’ on P is equal to
the horizontal lifting X of X. By the classical equality Q2 (X,¥)
= -w( (X,¥)), we obtain our proposition. O

3.5. COROLLARY. Qo (X,Y)= [2eX,2°Y3 +.Q,M(X,Y). D

3.6+ COROLLARY. The following properties are equivalent to one
another: .

(1) H is flat (ie £=0),

(2) QM’ 0,

(3) Sec):X(M) — Sec A(P) is a homomorphism of Lie algebras. O

Any connection (8) in Iie algebroid (0) is called flat iff Sec A
is a homomorphism of Lie algebras or, equivalently, if its curvature
tensor ‘Q'M defined by (11) vanishes.

Lie algebroid (0) is called flat iff it possesses a flat cannec-
tion. A pfb P(M,G) is flat iff its Lie algebroid (6) is flat.

By theorem 2.5, we obtain

3.7. COROLLARY., If both pfb’s P(M,G) and P’(M,G”) are locally
isomorphic and one of them is flat, then the second one is flat, teo.

3.8, EXAMPLE, Every trivial Lie algebroid is flat. The canonical
flat connection in the trivial Lie algebroid TMsis defined by

2:TM — TMxq¢, Vv — (v,0).

3.9. COROLIARY. If Lie algebroid (6) of a pfb P(M,G) is tri-
vial, then P(M,G) 1is flat.

4., THE CHERN=-WEIL HOMOMORPHISM

The main purpose of this chapter is to calculate the Chern-weil
homomorphism of a pfb via its Lie algebroid.
We prove that the Chern-Weil homomorphisms of pfb’s (over an arbi-
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trary but fixed connected manifold M) are invariants of some local
isomorphisms between them and, in the case of pfb’s with connected
structural Lie groups, these homomorphisms are invariants of all lo-
cal isomorphisms,. )

Let P(M,G) be any pfb with a Lie algebroid A(P). ILet

k k
Vq:* and \/a;(P)*

be the k-symmetric power of the vector space a;* and the vector bun-
dle q;(P)*, respectively;

kK &k
Ve*= & ( Vg*).

|3 . k
In the sequel any element of \/C[* (analogously of V(([(P)m)*)
is treated as a symmetric k-linear homomorphism ¢Xx...Xg-—R via
the isomorphism

k
Vi*zLkqm)
£qVe e Wty 5 (Vg eeeym ) 0 g L taen(va)s - o)+
Define the mapping
k k
@:(Vcr*')I — @ (sec Vg (2)*)
K, ao1ix
o(F), =V (z7)(F)

for fe( \k/q;*)I, where zeP'x, xeM, From the Ad-invariance of [ and
the fact that (za)” = ZeAd a, zeP, aeG, we see the correctness of
this definition, ie the independence of e(f) of the choice of zeP.r
Denote the image Im 6¥ (@ =®l(\/q_")1) by (Sec \/o;(P) )1
0f course,

k k
8%:( V") — (sec Va(»)*);
is an isomorphism of vector spaces.

k k
4.1, PROPOSITION. Let [reSec Vq‘,(P)*, then rle(Sec \/q(P)*)I
iff, for any 21,2251’, we have

k K, .
Vi () = V), ). O

4.2, THEOREM. The mapping
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k k ‘
nA(P): @ (see Vig(2)*); — H(M)

for which the diagram
k k _ A(P)
® (sec Vg(2)"); A Hm)
z]@
hp.
*
(Ve™)y
commutes is defined by

k *
I [R(Qyse--182y)] for le(Sec Vg (P) )1

-times

where ..Q,M is the curvature base form of any connection in P and

’;'(QM"”’QM)(X’.V1’“"v.?k)

1 . \
= ;E; sgno’-rx(.Q. M(X3 Ve eayrVeca))e e .,.Q,M(x,v“u_ 1) 7> Vecan)

VieTxM, x€M,

PROOF. We must only prove that
(12) L CC NI W o DT A {9 TN )

where £y and £ are the curvature base form and the curvature form
of the same connection in P. Both sides of (12) are horizontal forms,
so, to show the theorem, we must n_otice the equality on the horizon-

tal vectors only. (o]

Now, we describe the relationship between the Chern-wWeil homomorp-

hisms for local isomorphic pfb’s.
Let F = {(Ft’“t)' teT}:P(M,G) — P(M,G”) Dbe a local homomorphism

between pfb’s P(M, G) and P (M,6G”) and let w €.Q, (P’ '¢ ‘) be a
connection form on P~ where --«[I(G’) .

4,3, PROPOSITION, There exists exactly one connection form

we.Q,1(P;q;)

on P such that for each teT
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oS 1= (1) (B
P 't t/xe >t °
PROOF., Straightforward, for details see (81. (m]
The connection form w obtained in proposition 4.3 is called in-
duced by F from w’. wand w?’ induce some connections A and A

in A(P) and A(P”), respectively, which next determine connection
forms OA and w’A in them. The following diagram commutes

¢(P) wh A(P) «2— M

l(d$)° ld‘? T
oA 2

q(P’7) «—— A(P7) -= TN,

4.4. PROPOSITION., The relationship between the curvature base
form £, eand erl of wh and w™® is described by the equality

(AN Ry = ‘Q‘;a
PROOF, For X,YeX(M), we have
(A9°Q(X, Y1) = (4N~ DX, 20 1) = ~wh(aT02eX, 207T)
= -t WFOeX),dF 2 1)) = —whgaeX, Ve 1
= - Q%Y. O
4.5. PROPOSITION. If M is connected, then, for any t,t’eT,

there exist aeG and a%€G” such that My =T, 1epget, in some
nbh of ee€G, a

4,6, DEFINITION, A local isomorphism & is said to have a pro-
perty Ch-W if for all teT

(13) Vi), . KV ")ac (Ve ™y,

or, equivalently, if there exists teT such that (13) holds (by pro-
position 4.,5) provided M is connected.

4.7. EXAMPIE., & has a property Ch-W if it satisfies one of the
following properties:
(a) G is connected,
. (b) there exists te€T such that My can be extended to some glo-
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bally defined homomorphism G —» G’ (provided M is connected),
(c) there exists tel such that for each aeG, there exists a’e€G”
such that yt*et’Ada- Ad a"“t*e (provided M is connected).

First, we easily show that each local isomorphism fulfilling pro-
perty (c) has a property Ch-W. Now, we trivially notice that
(a) # (c) and (b) 3 (e).
4.,8. THEOREM. If ¥ has a property Ch-W, then
N o% X * X +*
(14) V (a9)°*t(sec V(2 )*)p1c (sec Vg (2)*);

and the following diagram commutes:

k -k k
( Vg #); 22— (sec Vg(2")*);

\A(I’:)

\k/F:*e 1 l\k/(dq)o
X K K %
(Vig*), 22— (sec Ve()*); (P

PROOF. To prove the commutativity of the left-hand side of the
above diagram, and inclusion (14), we need to notice that

.H(M).

k k
o%, ok = k, ¥ =
(V(@®% 8™(F)), = (850 V ugo(M)y »
k
for l"¢=.(\/q:"’*)I and xeM. To end the proof, we assert that (by 4.4)

AL\ (a9)° (1)

nAC _P)(r»(d<;°x. ..xd%%))
Ure(d% .. .xds°)x(.QM, e sy

[’;(Q’M, eo oy Q’M)l
= hA(P’). D

tion of a Lie algebroid of such a pfb,.

5. A CLASSIFICATION OF LIE ALGEBROIDS WITH SEMISIMPLE ISOTROPY
LIE ALGEBRAS




252 JAN KUBARSKI

Let (A,0.,°d,y) be any Lie algebroid on a manifold M with the
Lie algebra bundle q. ILet A :TM — A be any connection in this
Lie algebroid,

(15) 0 —> S>> A Lo — 0

o/

with the curvature base form -QMG-Q?(M,-M). Corollary 3.5 states
that

(1) E2eX,2eYD = Ae[X, Y1 - Q0 (X,¥),  X,Ye¥(M).

A determines a covariant derivative V in q by the formula
(11) V46= [2X,60, X€%(M), Sesecq,

V 1is called corresponding to A. We notice that the bracket
f.,+] in the Lie algebra SecA is uniquely determined by 2, V,
‘Q'M and the Lie algebra structure in Secq, namely
(111)  ERX+6AT+MD = Ae [X, Y1 =52 (X, ¥) + Vg M=V 6 + 6,71,
X,YeX(M), 6,7m€Secq (see also (91).

V determines the so-called exterior covariant derivative in
.Q.(M,'q) by the classical formula.

5.1, PROPOSITION. The elements V and QM fulfil the following
assertions:

(1°) Ry y& == (SQ(X,¥),61, X,YeX(M), €eSecq, where R deno-
tes the curvature tensor of V , ie

V26 =~ 1£),,61, SeSecq, (the Ricci identity),

(2°) Vyls,Mi= [Vy6,m3 + (6, Vym), XeX(M), 6,meSecq, ie V
is a Z-connection in (g, {L+,+1}), called in the sequel a Z -connec-
tion in q(, where (.,+1 denotes here a cross-section of ¢ 2y 1 such
that ([.,+);, 1is the Lie algebra structure of ¢ (for the defini-
tion of Z-connection see (31),

(3°) V=0 (the Bianchi identity).

5.2. THEOREM, (see also (8], 1(91).
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(a) Let a system (%V,.QM) be given, consisting of
(1) a Lie algebra bundle ¢ on a manifold N,
(2) a covariant derivative V in g,
(3) a 2-form .Q.Me-Q?(M;q;),
fulfilling conditions (1°)¢ (3°) (from proposition 5.1). Then, for
arbitrary vector bundle ADq and mappings T, A, such that

(#) in the diagram (15) the row is exact and qeA = 1dTM’

there exists in the vector space SecA exactly one Lie algebra stru-
cture [@+,e1 such that the equalities (i) and (ii) hold. The bra-
cket ([+,+) is defined by formula (iii).

The system (A, 0@.,*B,y) is a Lie algebroid with the Lie algebra
bundle equal to .

(b) For another vector bundle A“>q (on M) and mappings 75 A/,
fulfilling the analogous properties, there exists exactly one isomor-
phism F:A” —>» A of Lie algebroids such that the diagram

qL»A’ X5 m
" | 0
ge— A XM

commutes., F is defined by the formula F(Q'v+ w)a?‘vv*- w, VeTM, weq.
(c) If ‘Q'M" 0, then the Lie algebroid constructed in (a) isflat.

PROOF, Straightforward calculations (see (81). O

Let A, A;:TM — A be two connections in (A, 0+,3,7). Then
c:-=_')\1 -A has its values in the bundlegq.

5.3. PROPOSITION., If V¥V, V1 are two covariant derivatives in
q corresponding to a, 7\1, respectively, thenV=V1 iff c:TM — g
is a central homomorphism, ie such that c(v) Dbelongs to the centre
of the Lie algebra ¥x for veTxM, xeM. 0O

5.4. COROLLARY, If the isotropy Lie algebras are without the cen-
tre, then to different connections there correspond different cova-
riant derivatives. 0

Let Gl be any bundle of semisimple Lie algebras-on a manifold M,
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5.5. PROPOSITION. For any Z-connection V in g, there exists
exactly one 2-form ._Q,Me.Q?(M;q() fulfilling condition (1°) from
proposition 5.1. 'Q'M fulfils the Bianchi identity (30).

PROOF. It is easy to check that Rv,w‘%x - qx for v,weTxM
is a differentiation of the Lie algebra g x? R being the curvature
tensor of V. From the assumption that ¥ is semisimple we have
the existence and the uniqueness of an element £ \(x;V,w)eq,, such
that

Ry w(®) == [Qu(x;v,w),ul, ueqy.

Of course, we have thus defined a 2-form .Q,MG-Q.Z(M,-q;).
By standard calculations we obtain the equalities:

(VLK Y,2),6) = V(0 ,(1,2)),61= [V(Q)(X,2)),6)
+LV5 (2 (X, ¥)),61 - LQ)( [X,Y1,2),6]
+ T 14, 21,1),61 = [ [Y,21,X),6]
== Vy(Ry 76)+ Ry ,(Vy6)+ Vy(Ry ,6)
=Ry, 2(Vy6) = Vy(Ry ¢+ Ry y(V36)

- (-3
*Rex, 13,25 R, 23,v° Rey, 21,
a 0,

which implies the Bianchi identity V&= o0.

5.6+ PROPOSITION., If q is the Lie algebra bundle assigned to a
Lie algebroid (A, [f+,D,y), and a covariant derivative ¥ 1in 9
corresponds to a connection A, then the 2-form S},ME.Q,Z(M;Q[) defined
by (1°) is exactly the curvature base form of A.

PROOF, We need to notice that RX ¥ 6= = [NeX,Y] = Q2cX,peYD,s)
’
knowing that on' = [2X,60; ©but this is a standard calculation.' 0O

5.7. THEOREM, For a given Lie algebra bundle q whose fibres are
semisimple, there exists exactly one (up to an isomorphism) Lie al-
gebroid A for which CE(A)“{('

PROOF. The existence: According to (3,p.380], there exists in qQ
a ) -connection. Let A4, Y» A be elements as before (see (15) and
(%) in theorem 5.2). Give any ) -connection J in q and the 2-form
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.QMG.QZ(M;q) fulfilling (1°). For this homomorphism A, we define in
A some structure of a Lie algebroid (4, 0+,+N,T) according to theo-
rem 5.2 and proposition 5.5.

The uniqueness: Let (A, D+, +D,y) bYe any Lie algebroid for which
Q;(A)=¢u. Let V? denote the covariant derivative in q corresponding
to a connection A :TM — A.

LEMMA. The correspondence 2 v-»Vz establishes a bijection be-
tween the set of all connections in (4, O+,°3 ,'r) and the set of all
J -connections in q.

PROOF. By corollary 5.4, this correspondence is an injection.
Let ¥V be an arbitrary 2 -connection in ¢. Cf course, T= V- Vo is
a tensor
T :TMxg— g

where Vojs the 2 =-connection corresponding to an arbitrary but fixed
connection }\O. Besgides,

V6= Vo6 +v,6(x)), veT M, €eSecq, xeM,
We want to find a homomorphism. c¢:TM —» ¢ such that
VVG = I(?‘o +¢)v,sD,
which will mean that

V =V}°+C .

First, we notice that T(v,-):%x = §,x» VELM, is a differen-.
tiation of the Lie algebra Pxe Because of the fact that ¢, are
semisimple, we see that the differentiation T(v,.) is adjoint,
which means that there exists exactly one element c(v) such
that

T(vye)= Cc(V),-1.

It remains to show that the mapping c:IM —»¢q, v +—>c(v), 1is a
Cc®vector bundle homomorphism. Of course, it is a vector bundle homo-
morphism, so we must prove the smoothness of c¢ only. Since ¢ 1is a
locally trivial Lie algebra bundle, the smoothness of ¢ is obtained
locally by the following ascertions:



256 JAN KUBARSKI

— For a Lie algebra h without the centre, a manifold N and a
c®-linear representation T:Nx% —s %, such that T(v,«)= lc(v),-],
veN, for some c:N -—%, we have: c¢ is c®,

This assertion is easy to show, see the diagram:

N -S> hy2d 000, b
iy

in which T(v)(w)= T(VyW)e

(A2, ll’.‘,'llz,-r ) Dbe two Lie algebroids for which
g(a') = ga®) = q.

Take an arbitrary 2. -connection V in ¢, and denote by 7\1, 7\2,
the corresponding connections in A1,A2, respecticely (according to
the lemma above). Then '

F:Al --Az, 9\1v+wr—->7«2v+ w, VeIM, weq,

is an isomorphism of Lie algebroids,., Indeed

F( e X+ 6, A2 Y +MD) = F(A, o [X, Y3 - (X, Y1) + V1 = V6 4+ 16,17)
fd kz' [X’Y] 'Qm(xyy)*' VXY," st +[69"l]
= Do X+6,0,°7+73. QO

5.8, COROLLARY, Two pfb’s with semisimple structural lie groups
are locally isomorphic iff their associated Lie algebra bundles are
isomorphic.

5.9. QUESTION. Are two pfb’s globally isomorphic provided (a)
their structural Lie groups are connected, semisimple and isomorphic,
(b) their Ad-associated Lie algebra bundles are isomorphic ?

REFERENCES

[11 ATIYAH M.F. "Complex anylytic connections in fibre bundles"



21

31

41

51

61

(Va1

8]

91

101

11

€12]

131

141

€151

‘SOME INVARIANTS OF LIE ALGEBROIDS 257

Trans. A.M.S. Vo0l.85, No 1, 181-207, 1957,

EHRESMANN C. "Les connexions infinitesimales dans un espace
fibre differentiable”, Colloq. Topologie (Bruxelles 1950),
Liege 1951.

GREUB W., HALPERIN S., VANSTONE R. "Connections, Curvature,
and Cohomology", Vol.II, Academic Press, New York and London,
1973. .

KOBAYASHI S., NOMIZU K. "Foundations of differential geomet-
ry", Vol.I, Interscience Publishers, New York, Iondon, 1963.
KUBARSKI J. "Exponential mapping for ILie groupoids", Coll.
Math. Vol.XLVII, 1982, 267-282.

KUBARSKI J. "Exponential mapping for Lie groupoids. Applica-
tions", Coll.Math., Vol.lLIV, 39-48, 1988.

KUBARSKI J. "Lie algebroid of a principal fibre bundle -
three equivalent definitions", Ogdélnopolska Konferencja Nau-
kowa z Geometrii Rézniczkowej i Jej Zastosowari w Naukach Tech-
nicznych", Szczecin, 31.08,87-5.09.87, Zeszyty Naukowe Poli-
techniki Szczeciniskiej (in printing). .
KUBARSKI J. "Lie algebroid of a principal fibre bundle", Pre-
print Nr?7, January 1988, Institute of Mathematics, Technical
University of Zédz.

MACKENZIE K. "Lie Groupoids and Lie Algebroids in Differen-
tial Geometry", Cambridge University Press, 1987, london
Mathematical Society,lecture Note Series, 124.

MOLINO P,, ALMEIDA R. "Suites d’Atiyah et feuilletages tran-
sversalement", C.R.A.S. Paris, t.300, 13-15, 1985,

MOLINO P., AIMEIDA R. "Suites d’Atiyah, feuilletages et quan-
tification geometrique", Esctrait du Seminaire du Geometrie
Differentielle, Montpellier.

NGO-VAN-QUE, "Du prolongement des espaces fibres et des stru-
ctures infinitesimales", Ann. Inst. Fourier, Grenoble, 17, 1,
1967, 157=-223,

NGO-VAN-QUE, "Sur 1’espace de prolongement differentiable",
J. of Diff. Geom._Vol.Z, No 1, 1968, 33-40.

PRADINES J. "Theorie de Lie pour les groupoides differentia-
bles,Calcul differential dans la categorie des groupoides
infinitesimaux", C.R.A.S. Paris, t.264, 245-248, 1967.
PRADINES J. "Theorie de Lie pour les groupoides differentia-
bles", Atti Conv. Intern. Geom. Diff, Bologna, 1967, Bologna
- Amsterdam.



258 JAN KUBARSKI

INSTITUTE OF MATHEMATICS,
TECHNICAL UNIVERSITY OF z®DZ
AL, POLITECHNIKI 11
P1-90-924, D%

POLAND



		webmaster@dml.cz
	2012-09-18T09:49:26+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




