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SPINGROUPS AND SPHERICAL MEANS III

F. Sommen (*)

Abstract. In this paper we study the mean values of functions defined on the
unit sphere Sm_1 over spheres of a given dimension inside Sm-1 . These mean
value operators satisfy certain first order systems of differential equations
with values in a Clifford algebra, which are generalizations of the Darboux
equation. We construct explicit solutions to these eguations and apply the
solution Lo the Radon transforms on the unit sphere, leading to an improvement
of the inversion formula obtained by S. Helgason in [3]. We also show that the
Radon transform over geodesie spheres of dimension p-1  may be expressed in

terms of the Radon transform over spheres of codimension p inside Sm_1 .

Introduction. This paper belongs.to a series of papers about applications of
vepresentations ol Spin(m) to problems concerning spherical means and Radon
transforms. However, this paper can be read independently [rom the previous
papars (131, [14] in this series. ‘
In the first paper [13] we considered spherical means of functions defined in
Euclidean space over spheres of codimension one. This paper was much inspired
by the work of F. John [6] and lead to a refinement of the classical Darboux
equation. The idea‘gocs as follows. Let { be defined in R" . Then its
spherical mean

PE(X,v) = ;}-I £(X + rw) dw

-1
m om

satisfies the Euler-Poisson-Darboux equation

(*) Research Associate supported by the National Fund for Scientific Research,

Belgium



296 F. SOMMEN

By introducing the oriented spherical mean

Of (%,r) = mif BE(R + rv) B ,
m sm-1

this equation may be replaced by the "Darboux system"

- 3] -1 - - d -
Dfo(x,r) = (5; + E;—) of (x,r) , Dfo(x,r) = - — Pf(x,r) ,

or
v )
where Dx - Z ej I is the Dirac operator and the function f takes values
=1 77 '

in the complex Clifford algebra tm . Hence, Clifford algebra'valued functions
show to be quite useful for the theory of spherical means and Radon transform
(see also [15]). For function theoretical properties of quaternion and Clifford
algebra valued functions we refer to [2], [4], [8], [10], (18], [19].

In our second paper [14], we generalized the Darboux system to various types

of spherical means of functions in " over spheres of higher codimension.
Especially the case of spherical means of codimension 2 seems interesting be-

cause of its links with complex analysis. Indeed, consider the spherical mean

oberator
MEGG,) = f (1 +iVd) C@ER + r@) dd, §¥=1rY ; then
m-1 : :
S
. 1 m 3
(D + iD IME(X,¥) = 0 where =(D_+iD ) = ) e, =— and z. = x, + iy, .
X y 2 7x y j=1 i azj j j J -

In the present paper we deal with spherical means of functions defined on the
unit gphere Sm_'1 in R" . We establish and solve the spherical analogue of
the Darboux equations. These equations are not merely a transformation of the
ones in Euclidean space beﬁause of the cuvature of the unit sphere. Also the
methods of solving them are quite typical for the unit sphere, because we make
extensive use of spherical monogenics (see [121, [17], [191). Spherical mono-
genics are restrictions to the unit sphere of homogeneous nullsolutions of the
Dirac operator and thus lead to a refinement of spherical harmonics.

Another motivation’ for the study of spherical means of functions on Sm-1

is the fact that the Radon transform on Sm"1 in the sence of S. Helgason
(see [3]) is includes in the spherical mean operator, since it suffices to
restrict that operator to geodesic spheres. In this way, the solutions of
the Darboux equations lead to new inversion formulae for the Radon trans-
form as well as to a relation between the Radon transform evaluated over
épheres of dimension p-1 and that over spheres of codimension p , called

the dual Radon transform.
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Our paper is organized as follows.

In a first section we recall the mains definitions and notations concerning
Clifford algebra valued functions, representations of Spin(m) and spheri-

cal monogenics, needed for this paper. We also give a brief introduction to

(2] -
B :0el0,xl,3es™ '}

spherical monogenics on the Lie sphere Ls" ! = {e1 )

which may be interpreted as "parameter set" for the set of oriented spheres

m-1 (see also [1], [7]). In our forthcoming
: -1

paper [17] we made an extensive study of spherical monogenics on Ls™

and already started the theory of spherical means on Sm-1 .

of codimension one inside S

In section 2 we recall our results on the spherical mean

i0 - 1 - . by o=
Pf(e1 4V) = — f f(cosOv + sinOp) du ,
m-1 S(V)
where S € s™' and &(¥) is the unit sphere orthogonal -to ¥ , obtained in
our paper [17]. We also generalize this spherical mean operator by considering

spaces of spherical monogenics on the spheres S§(V) .

In section 3 we consider higher codimension spherical means of the form

P[(ele.v.V) - J £(cos6y + sin6i) di ,
® _
m-p S(v)

1 s parallel to v and S(v) is the

where v is a unit p-blade, V € s™
unit sphere orthogonal to v . We derive the Darboux equations for these ope-
rators Pf(ele,v,c) , which turn out to be too complicated to solve directly.

Instead of this, we introduce the bispherical means

pr(et®,v) = 1 J [(cos0V + sinOf) dudv ,

Ypm-p S(v)xS(v)
where S(v) 1is the unit sphere parallel to v . For the bispherical means it
is possible to establish and solve the Darboux equations explicitly. The solu-

tions may be expressed in terms of Jacobi polynomials.

Finally we apply the results of section 2 to obtains an inversion formula for

the Radon transform
B,£() = PE(L,T) .

We also apply section 3 to the Radon type transforms
B+f(v) = PE(1,v) , §+f(v) = Pf(i,v) ,

which are dual to one another and we establish a direct relation between them.
Acknowledgement. This paper was written during the author's stay at the RWTH,

Aachen, which was sponsored by an Alexander von Humboldt fellowship.
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1. Basic tools

Let {e1,...em} be an orthonormal basis of R . Then the complex Clifford

algebra € is the set of elements a = ) a8, » M= {1,...,m} , a, €c,

ASM
where ey = 1 and e, = em1 - eah for A ={a1,...,ah} with a, < ... <a .
The product in Im is governed by the rules eiej + ejei = - 26ij . By cm,k

we denote the subspace of k-vectors, i.e. Clifford numbers of the form

a = a.e. . Hence T is imbedded in € as the set of 1-vectors C .
[a]=x 2P m m, 1

By [a]k we denote the natural projection of a € o onto Em,k

An involution in T is given by

a=)Y3ae ,8 = ...8 ,er=-e.;j=1,...,m
A AA A mh a1 3J 3j
and a Hermitian inner product in C  is given by (a,b) = (ap]l, = (bal,.
Notice that the product of two vectors is given by VW = - Vew + VA; »
m

. m .
where ve.w = --[vw]0 = X vjwj is the standard bilinear form in € .
j=1 '

By ém k e denote the set of pure k-vectors or k-blades vy = ?1 e §k )
)
- m - - Py
. €C and . = - .
YJ YJYk : kaj
The real Clifford algebra, space of real k-vectors and set of real k-blades
m, k and Rm,k . Let Sm,k be the unit

.Then 6 (R) =5 AR is the set of unit k-blades,
)k m,k m,k m,k
which we'll denote by v = 31 cee 3]< . These k-blades may be thought of as

representatives for oriented k-subspaces of Rm and so, ém k(IZ) forms a
)

are respectively denoted by Rm » R

sphere in R
m

double covering of tha Crassmann manifold Gy k(R) .
2

The spingroup is the set of Clifford members

. - - - m-1
spin(m) = {5 = Wy ees 0y wj es }.
Its Lie algebra is the space Rm 2 of bivectors, provided with the commuta-
. ’

tor product ([a,b] = ab - ba .

Let Lz(sm—1) be the space of ¢m-valued L,-functions on the unit sphere

sm-1

2
» provided with the inner product

(£,9) = [ T@g@ d& .
sm-1
-1
Then we consider the following unitary representations of Spin(m) on L2(Sm )

H(3)E(®) = [(384) , LIS)E(D) = s£(3049) .
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The representation H in fact corresponds to the standard representation of
-1 . s .

so(m) on r,z(sm ) while L corresponds to the spin 1/2 representation.

Let R be any representation of Spin(m) .Then the infinitesimal represen-

tation dR of ?Rm is given by

)2

drR(e,.) = lim l(R(1+ee..) -1)
ij c0 © ij

The Casimir operator of R is given by (see also [8], [13])

C(R) =—l— ) dR(ei.)z
i<j J
Notice that
dH(e,.) = -2L L,. =X —a——xi dL(e,.) = =2L.. + e ,
ij i3’ Tij i axj 3 ox; ’ ij ij ij

1 1m
c(n) = AS and C(L) = AS + T - 7 [s] ,

where T = - 2 e, .Lj . 1is called "spherical Dirac operator" or "momentum ope-
i<j 333
rator" and AS = I'(m-2-T') is the stanard Laplace-Beltrami operator on the

unit sphere.

.

m

Let D= ¥ e -5?(—— be the Dirac operator in R and let fecm,nc R
=1 j .

open. Then f is called left monogenic in 1 if Df = 0 . Notice that, as

D2 = - A , monogenic functions are also harmonic. Hence are may expect a re-

finement of the theory of spherical harmonics, namely the theory of spherical
monogenics, which forms the main tool used in this paper.

Spherical monogenics can be introduces as the homogeneous monogenic functions
in. T"\{0}.

Let f(X) = |3<'|lf(ﬁ°)) , B € g™ 5 @ =%/ |%] be monogenic in H'\{0} ; then
A is bound to have the values A =k and A = -(k+m-1) , kle N , in which
case f 1is called an inner (resp. outer) spherical monogenic of degree k .
Spherical monodenics are considered as being de.fined on s’"" or in R™ { 6} ,

depending on the context. By 772+ k(resp. m ) we denote the spaces of inner
’ =

k
(resp. outer) spherical monogenics of degree k .

Both spaces m, and m are linked as follows. The inversion
» =

k
- -
I£(X) = —Fxl—m £ Ijlz transforms monogenic functions into monogenic functions
X x

and intertwines the homogenous functions of degree k with those of deyree
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K K and so it suffices to con-

sider homogeneous monogenic polynomials. Let ack be the space of spherical

-(k+m-1) . Hence f(®) em iff WE(®) €m
) -

harmonics of degree k , then clearly m_+ K c ¥, . On the other hand, we have
k &

k
- 0 - - -
that D=w(—+j—I‘),x=rm,uuesm1 so that
or r o w ]

f(w) € m+,k/'=>rw f(w) = -kf(w)

(k+m-1)£ (W) .

]

f(W) em =T £(u)
-k w

As A_ =T (m-2-T' ) and C(B) €,  iff A_f(@) = -k(k+m-2)£(d) , it follows
S w w k S

" that

Ky =m, @My 4

Similarly, as C(L) = I'(m-1-T') - % [';] , the eigenspaces ﬁ?k of C(L) admits

decompositions
m,k =m+,k +-m_’k .

Moreover as H and L are unitary representations on LZ(Sm_1)- ,» we have that
‘;Cklxl and mklml for k # 2 and hence 7711,'(_1.771_,,!z for k # 2 and

; § 2.

)rl+,k_l,m__'1 for all k and

Let Pk’ Qk,- Sk' Ilk be the orthogonal projection operators onto respectively

m+,k"m-,k’%k and m then we have .that

k+m-2-T k+14T
P = k-2 ok * % = Zkem o ket

These formulae lead to explicit integral representations for Pk and Qk .
Let 6 = V-¥ and c}t(e) the Gegenbauer polynomials, then we have that (see

[13], [17D)

- 1 e S c (= 1 T S A ¢
Pkf(\:) == f Cm,k(v,w)f(m) aw , Qkf(v) = -—m—f Cm,k(\),w)f(w) aw ,
m Sm-1 m Sm-1
where
mo_ m
*(3,8) = - [(keme2) C 2 (0) + (m-2) SAB C 2 _(0)]
m,k ' m-2 N k k-1 ’
m m
e e 1 71 52 (0]
= — - 0) - -
cm’k(v,w) p— [(k+1) Chst (0) (m-2) v chk ©)J .

Notice that these functions are of the form [(V*W,VA®W) where f(z1 »7

5)
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is a homogeneous polynomial of two variables.

Spherical monogenics lead to a powerful treatment of homogeneous polynomials
(see also [15], [17]).

Let .7k be the space of homogeneous polynomials. Then every Rk E,Pk has
the "monogenic decomposition"

k
- 2 -
R((x) = lgox Pk_z(x) » Py, € nﬁ.k—l .

This decomposition is quite useful in the construction of spherical solutions of

) Ak(Y)th =g, Ak(z)a C-valued polynomial.

A typical examples is the "Hermite equation" (see [16])

2

(D ~-XD=-XA) £=0.

k k

Functions of the form ?lpk(?) , P
They are not determined by their restrictions to the unit sphere since 62 =-1,

€ ﬂa are called Clifford monomials.
3

o€ Sm_‘I . Hence they have to be treated on a "slightly bigger" compact mani-

fold, namely the Lie sphere. The Lie sphere Lsm—1 is the set of points
ei°EBe o where .0 € [0,x[, we Sm-1 . Hence, functions on the. Lie sphere can
be considered as functions f(eie,a) .on s« ¢! , satisfying f(—eie.ﬁ)

= f(eie,-ﬁ) . Functions which satisfy f(—eio,a) = -f(eie.~3) are quite simi-

lar to functions on the Lie sphere and will be called functions on the "anti-
Lie sphere", in spite of the fact that there is no manifold which could play
the role of "anti Lie sphere".

The Lie sphere is the Shilov boundary of the Lie ball

- 21/2

Lo(0,1) = & + 3y : |72 + [31% 2032512 -G - <1},

which is the optimal domain in ¢" to which a normally convergent series

©
z Rk(§) of homogeneous polynomials in B(0,1) may be holomorphically ex-
k=0

tended (see alse [11]).
A more geometrical interpretation of Lie balls and spheres, useful for the

theory of spherical means, is the following (see also [1], [7]). Let

Z=X+ iy and put S_(¥) = {i e R": |4 - %| = [¥] &(¥ - VLY} ; then
2 i
LB(0,1) = {Z:5_(¥) € B(0,1)} , L™t o Z:s,(¥) c sm'1}.
X

Spherical harmonics on the Lie sphere were considered by M. ‘Morimoto in [9]
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to study hyperfunctions on l’_.sm-1 . They are functions of the form

£ei%,3) - elwsk(a) v €k L rez,
where £ = k+24 , 4 € Z , in view.of the topological constraint
f(elo,-m) = f(—ele,ﬁ) . Spherical monogenics on the Lie sphere were considered

in our paper [17]. The are of the form

i0, i0.,, 2 ik
fle @) = (e @) e Pk(a) PP EM L s k€2
and correspond to the restrictions to Lsm_1 of complexified Clifford monomials

2£Pk(2) . For the orthogonal decomposition of L2(Lsm-1) in spherical monogenics
and the corresponding decompositioh of the Cauchy-Hua kernel, see our paper [17].

On the Lie sphere we also consider the operators

) o : . 8
D=Fw- 1a——e—,b=r‘w+1a—§-(m-2)
2
~ i) 9
£=DD =— + ilm-2)55 - A_ .
302 00 S

Notice that &£ is the restriction to [.Sm-1 of the complexified Laplacian,

while D and D are Dirac type operators on Lsm-‘l . In order to characterize
all hyperfunction solutions of D and D we first recall some results on
boundary value theory (see also [12], [171).

Let F be a hyperfunction on Sm—1. i. e. a functional on the space cl(sm'1)

of analytic functions on Sm_1 . Then the Cauchy transform of F is given by
A 1 1+X 0 -
F(x)=-aj——f —_——F(w) dw,

which is monogenic in Rm'\{O} and vanishes at infinity, F may then be repre-

sented as the boundary value

F(@) = H F(D) + H F) , HF(®) =+1limf((1£e)B) .
+ - £ €0

The Hilbert-Riesz transform of F is given by

HSF(w) = H+E‘(w) - H_F(W)

and satisfies Hi =1
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Global nullsolutions of D are constructed as follows. First notice that

9(;) , X € B(0,1) extends to a holomorphic function F_(;) in the Lie ball,
and so determines a hyperfunction F_(eiea) on Lsm_1 , which is nullsolution
of D . For m odd all global nullsolutions of D are of this form. For m
even, ?(;) , X € bl \B(0,1) admits thélcomplex extension

F+(E? = ;/(Zzg)m/zG(;/Zzi) » where G is complex monogenic in LB(0,1) and so,
F+(eloa) is a globally defined hyperfunction on- li.sm_1 which satisfies Df=0 .
It can easily be seen that there are no other global nullsolutions and that the
i6-

nullsolutions of D are of the form t'n'elof(e w) , where Df=0 . In the even

dimensional case we use the notation
i0 i~ i0-
Fe'%%) = £, (e'%) - p_(e'%)

and we call it the canonical complexification of the hyperfunction F(w) .

2. Spherical means of codimension one

In our papers [13], [14], we introduced a theory of spherical means of functions
defined in Euclidean space, leading to a refinement of the classical Darboux
equation. Indeed, let f be defined in some subset of Rm—1 ; then the spheri-

cal mean

PEG,r) = —— [ £Gard) db

m-1 sm--2

satisfies the classical Darboux equation (see [6])

2
3] m-1 9 -
(Ax—(a-:5-+-?--a—r)) Pf(x, r) =0 .

By introducing the oriented spherical mean

Qf (X,r) =w‘ [ ot Gere) ds

m-1 sm—z

the Darboux equation may be refined to the following system

LN T2) Qr(%,r) , DQE(R,r) = - 3 e

Dfo(x.r) = ( or

or

called Darboux system.

To incorporate the Radon transform on projective space into the theory, it is
. X . -1

better to study spherical means of functions on the unit sphere s™ . The

Radon transform on real projective space may indeed be represented by taking
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integrals of a function on s over geodesic spheres. Part of this work was

already done in our previous paper [17] of which we recall the main definitions

and results.

Definition 1. Let f(w) be a function on sm—l . Then for © <0< n the inner

and outer spherical means of f are respectively given by

0 . . i
Pf(el »V) = ;Tn:i—f 6(w-v ~ cosB) f(w) dw ,
w sin 0 m-1 ’
m~-1 s
0f(e3) « — 1o [ AT 6T - cos8) £@) dB .
w sin 0 _m-1
m-1 S
Notice that Pf(el™®) 3y - pr(el®,3) “ana that o0£(el ™) 3) - —o£(ef®,3) .

Hence it is natural to extend Pf and Qf for all values of © by putting

pe(e 10.3) - peel®, D), 0f(e7i9,3) = —or(ei?,3) .

In this way, Pf and Qf are function on S1xsm"1 satisfying the relation
g(-elo,—v) = g(ele,U) and so they may be considered as functions over the Lie

~ . . . i0-+ . :
sphere Ls™ 1 , i. e. functions of the variable e ® . It is clear that on the

one hand
lim PE(e3%) = @)
6-0

while in [17] we proved that

lim si1e of (ei%) = -
g0 S0

On the other hand, for 6 = % we have that

. 1 - -
BEY) = PEUD - 5 £m_1 o(5-@ £(&) ad ,
B E(D) = of (i¥) = — J_{ShG 6(3-D) £(@) aB .

w
m-1 S

B+ vanishes on odd functions and hence may be called Radon transform on real
projective space Rlnn P B_ vanishes on even functions and is injective on
the set of odd functions. Hence we call it the Radon transform on "anti-

projective space".
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This means that the identity operator, the operator Fm and the Radon trans-
forms B+ and B_ are part of the spherical means Pf and Qf . To unify

these integral transforms, we also introduce the total spherical mean of f

ue(e1%) - pe(et®) + 1 0r(et%)

and the spherical Radon transform of f

BEE) = (B + iB ) £(9) = —— [ (14iA®)6(3-B) £(B) db .
+ - wm-1 Sm-1 ’

In [17] we proved that Pf and Qf satisfy the spherical Darboux system

9

Fva(eiOU) = - (56-+ (m-2)cot 0) Qf(eies) P

i6.. @ i6s
(Fv - (m=2)) Qf(e” V) = 3 Pf(e” V) ,

which is a system of equations on the Lie sphere. Using the differential operator

D = Fm -1 é% , this system may be rewritten as

pueel%) = (m-2)(i - coto) or(e*%) .

Conversely, when P and @ are solutions on Lsm—1 of the above system, with
0 16 .

the property P(elov) = P(e™¥) , then P and Q are the inner and outer

spherical means of the function f(w) = P(@) , & € s ‘

Next, consider the m-dimensional Legendre polynomials

5 =1
ki(m-3)1 _ 2

C (t) ,

pm,k(t) = Tk+m-3)1 k

then in [17] we proved the following

Theorem 1. Let f = Z (Pkf + Qkf) be the expansion of f in:spherical mono-

k=0
genics on sm-1 . Then Mf admits the expansion in spherical monogenics on
Lsm-1: )
io 3 ik
Mf(e” V) = kgo[(Pm‘k(cosG) + o sin® Pm+2,k_1(cos9)) Pkf(v)
i(k+m=-1) . . -
+ (Pm,k+1(coso) - —o— sin® Pm+2,k(cosey) Qkf(v)] .
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From this, it follows that for all values of © , the total spherical mean
i0-» - -
ME(el V) is injective on all function spaces on s 1 . The classical
10—
spherical mean Pf(e1 V) is non-injective as soon as cos 6 is zero of a

-1

Gegenbauer polynomial C (t) . Hence, the introduction of Clifford numbers

o & N3

is really more than just a formality; it makes the spherical means so to speak
"Ghost free" on the whole unit sphere.

The spherical means of codimension one may now be generalized as follows.

Let S € 5™'. Then we put &%) ={de s™':3.% = o} .

By ‘mhk(v) ,er_,k(V) ,mk(v) ,«kk(c) we denote respectively the spaces of
inner and outer spherical monogenics, the total space of spherical monogenics
and the space of spherical harmonics of degree k on the sphere s() . as
every function may uﬁiquely be written into the form f(cosOV + sin6j) ,

0 €[0,x] , where § varies inside 5§(V) , we may introduce

Definition 2. The inner and outer spherical means of degre~e k of f are

given by

P £, (M = P, (£(cosoT + sinGi)) (/)
+,k k

1 +
= L - cm-1,k

” (m,n)f(cosov + sinbii) ay ,
m-1 S(V)

p_ e 00 (M

n

P . (Bf(cosBY + sindi)) (M) .
+.k

Notice that Pf = P+ of and Qf =P f . Furthermore, for every value of O,
s » : -
P+ kf(ele,iv.) and P kf(elo,U) are to be interpreted as sections of the
’ )
1

vector bundle Mt k(\-;) over s .
)

0

The projections of f(cosOV + sin®H) , © and Y  fixed, on the spaces 71‘Lk(3)

and Jek(%’) are respectively given by

0 . T T 0 -
ka(e V) = P+.kf(e V) + nVP_’kf(e V),
Q0 . R I i6 o
Skf(e ,V) = P+,kf(e ,v? + nvP_’k_1f(e »V) .

We now prove a generalized version of the Darboux systems.

Theorem 2. The spherical means P+ ‘;f and P kf satisfy the Darboux system
2 =

- 9 -

P+,k(rmf) = - kP_hkC - (60 + (k+m-2)cot®) P-,kf ,

3
P F) = — - ]
-, k(T ) = (kim-2) P—,kf + (35 - k cot 0) P+,kf .
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Proof. From the definition of Pm , it easily follows that for

- e . Sl - .
W = cosOV + sinby , v fixed,

-

r = —UIT-E- (1-cot8VR) I‘u .

w %0 *

Furthermore one always has that

@ .
flcos 03 + sin0D = § L' ,
k=0

from which it follows that

Pkl =T P\ f=-kP ,f

f = (k+m-2) P_ £ .

I £f) = ' _nv
p-,k( u1.') n[‘nnv P.’ K

yk
It is now sufficient to insert the expression for Pm in the left hand side

of the Darboux equations and see what happens. O

Notice that for k = 0 we obtain the supplementary relations
I'Pf = P(I" £f) and T Qf = Q(I' f) . This also follows
v w v w
directly from the fact that the operators P and @ transforms spherical
monogenics into spherical monogenics ¢f the same type and degree.
Similar to the case of spherical means in R" (see [13]) one can show that
for © tending to zero,
i0 o i0 .

P £e®,3) = 000" , p  £(ei0%) = 0co

k+1)
+,k -,k

Hence it is natural to extend P+ kf and P kf for all values of 6 by
) =

means of the relations

-i0 o k 0 o
P+,kf(e ,V) = (=1) P+'kf(e V)
Pt 0% - () b £ei%9) .
-,k . -k

On the other hand, one still has the relations

L i(x-0) 10 o L i(n-8) a 10 o
P+’kf(e ) V) = P+’kf(e V) P_'kf(e V) = —P_’ f(e”7,v) .

llence Pt kf satisfy the relation
3
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£(-e%, 9 = c1%e!®,-D)

which means that for k even P, kf are defined on the Lie sphere while for
-2

k odd, f are defined on the "anti-Lie sphere". To obtain quantities

P
t,k
which are always defined over the.Lie sphere, it is natural to introduce the

modified spherical means

-~ i0 1 - . -
Phkf(e- V) = - Pk(f(cos9v+ sinoy)) ,

sin ©
~ i0- 1 - - - . -
P  f(e V) = VP, (Wf(cosBv+sinBu)) ,
-,k .k k

sin 0 .

which are global sections of the bundle ", k(3) over the Lie sphere. There
)

are no problems about the values for ©" = 0 in view of the homogenity of
p £ f 0 i .
P+,kf and _k for tending to zero
As to the explicit solution of the Darboux equations, we have the following

Theorem 3. Let wa =Af , A ==-2o0or A =4+4m-2 , £ € N . Then the modified

spherical means of f are of the form

m
io k+§—1_
P fle"v) =C (cos0)a(V) , k < &,
+k <
: 2 -k
m
A k + 3
~ . 2k+m-~
P orelf) - Zm2_ inoc 2 (cosO)a(®) , k<2,
-,k k+m-2-A
R -k -1
where a«(V) is some section of the bundle m, k(3) over s .
)

Proof. When wa =Af , A == or X =2+m-2 , then ceftainly f is spherical
harmonic of degree £ on sm—1 . So, [ is polynomial of degree £ with respect

to § € 5(¥) and thercfore ﬁ+,kf =0 for k>4 and ﬁ_’kf
To find the solution of the Darboux system, we put §+ = A(cos@) ,

=0 for k > g.

£
- yk

P kf = sin@® B(cos0) , t = cos® . Then A and B satisfy the system
-, .

(1-t2)B' - (2k4m=1)tB - (k+M)A = 0 , A' = (kem-2-A)B ,
so that
A-t?)A" = (keme1)EtA" + (A+k) (A= (k4me2))D = 0 ,

which is a Gegenbauer equation (see e. g. [5]).

As for both values of A .
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(A+k) (A= (k+m-2)) = (2-k) (2+k+m-2) ,
the solution follows from the theory of Gegenbauer polynomials. OO

We still have to give an interpretation for the section «(¥) . To that end

we introduce for (V,7) € sy 5(%) , the following operators

D, (B, = lin B %@ ,

+, 00 +,k
o ey ey . 10y
D_,k(v,n)f(v) = éig Sino P_,kf(e v)m) .

Then these operators are homogeneous differential operators of degrees k and
k+1 (see also [13]) for each local section T(V) of §S(3) . Furthermore we

have that

m
k + 3 -1 .
D, k(’\’,ﬁ')f(%’) =cC ’ Ma(® ,
' £ -k
m
k + 5
= vy 2k+m-2 2 -
D_'k(v,n)f(v) = Gmoo o . 1(1)0:(\:)_ .

3. Spherical means of higher codimension

Let {“1,...,3p} be . an orthonormal p-frame in R" . Then the p-vector

Vo= 31...Vp represents an oriented p-dimensional subspace V(V) of " .
Let V(v) be the orthogonal complement of V(v) , then by S(v) and 5(v)
we denote the unit spheres in V(V) and V(V) respectively. A point

1

o C,Sm- may in a unique way be written as

@ = cosoY + sinoii , Y€ s(v) , Hesm ,0el0,5].

Of course one must be careful with the values 6 =0 and 0 = % , which
correspond to the épheres Ss(v) and S(v) . A geheral sphere of codimension

p inside Sm_1 may be given by

0

S(v,V,e™") ={d = cos 6V + sinbli: i€ S(W} ,

and carries the orientation induced by V(v) . So the totality of oriented

spheres of codimension p is parametrized by (v,v;elo) € amhp(R)XS(V)xs1 .
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By ry, k(\’) ,m k(v) ,mk(v) and ‘Xk(v) we denote the vector bundles over
) =
Gm p(:R) of spaces of inner and outer spherical monogenics, spherical monoge-
’
nics and spherical harmonics of degree k on the sphere S(V) . This leads to

the following generalization of the spherical mean transform.
Definition 3. Let f(W be a function on sm—1 . Then the inner and outer

spherical means of codimension p are given by

P f(elo,v,U) = ct (M,7)£(cosOY + sindN) ad ,
+,k w s m-p,k
» m-p S(v)

P f(ele,v,\';) = VP . (fif(cos6Y + sinbii))
-,k . +,k

Notice that Pi kf(ele,v,v)(ﬁ) are ihner spherical monogenic of degree k with
) . .
respect to NH€ 5(v) . So Py kf(ele,v,v) are to be interpreted as sections of
) °

the bundle 77L+,k(V) .

Furthermore the projections II kf of f(cosOV + sinOl) on the spaces 77Lk(V)

‘are given by
1 rei®u,d @ =, e ) £
k7 +,k -k

v while depends still trivially on vo.

T .
For 0 = 5 P+,kf only depends on
0

For k = we use the notations Pf and Qf as before, i. e.

] E(cos®v + sinéi) ai ,
w <
m-p S(v)

Pf(elox\))c)

Qf(elo,v,\')') Y f  Wr(cosOY + sinBi) g .
“m-p §(V)
m-p S

As to the Darboux equations we now have

and P_  f satisfy the Darboux system

Theorem 4. The spherical means P+’kf kT

: 3
£) = - Y g -p-1)cot® O (' -p-1 £
P+’k(I‘wf) = (I‘v k)P+,kf (ae + (k+m-p co + tand ( vP ))P-,k s

1

[¢]
§ 4= 2 — -kcot 0 - tanOr' F .
P__'k(f'wf) = (k+m-2 I‘v)P_,kf +(3g -keo an v)P+,kf

Proof. We start from the identity

- 0 o ovp)r
I'w = - Vil 55 +(1+tan0vu)l‘v +(1-cotOvH) .
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where ©® = cosOV + sinOi , V¥ € S(V) , B € S(v) and PV and Fu are the

spherical Dirac operators on S(v) and 5(v) respectively.

Similar to the proof of Theorem 2 we again have that

P, (T E) = =kP (£, P ([ ) = (kim-p-1) P_

while is easy to see that

P+‘k(r‘vf) =T, Phkf , P—,k(rvf) =(p-1-1‘v) P_,kf .

Hence it is again sufficient to insert the expression for T  in the left

hand side of the Darboux equations. O

It is rather hard to solve these equations directly, even when f is eigen-

function of Fm with eigenvalue A . In that case we obtain the system of
equations

o ,
(T, - k -MA = (56-+ (k+m-p-1) cotd + tano (Pv -p-1)) B

(I - (k+m=2) +A)B = (jl ~ k cot0 - tanOl’ ) A ,
v a0 v

A= P+ kf y B=P kf , in which the oparator Pv- still occurs. To solve these
3 =

equations, we need a refinement of the concept of spherical means, which will
be the concept of bispherical means.

To that end, we'll introduce some new bundles over the Grassmannian ém p(R) .
)

Let k, £ € N and let (%,n) € S(v)x§(v) . Then the spherical Dirac operators

Pn and Fn on S(v) and S(v) may be naturally extended to bl by the for-
mulae ’

- - - - - m
' = - XxAD ' = -yAD t € R € R
” x <’ - y y at ueEXx+y

where X € V(v) , ¥ € V(v) and where D, and D are the Dirac operator

paralled to V(v) and V(V) . Hence it is clear that Fx and Pn commute,
so that we can look for simultaneous eigenfunctions, which are called bispheri-
cal monogenics. The eigenvalues can be pairs of the form (-k,-2), (k+p-1,-2),
(-k,2+m-p-1) and (k+p-1,2+m-p-1)

20,0, 0 1,0, 0 00,1 1,1 :
noted by Tuk,l(v), lk,k(v), lk’z(v) and‘hlk,l(v) respectively. The total

space of bispherical monogenics of "degree" (k,%) is given by

and the corresponding eigenspaces are de-

0,0 1,0 TS IR TN ;
’Ynk'z(V) = "‘k,l(v) + n‘k,l(\’) + mk,z(V) + mk,R(V) »
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and every element of this space may be written as

- - —

A(%, 1) + % B(A,M) + 7 C(X,0) + 7 % D(X,7) ,

where A, B, C and D belong to )/L
This leads to the follow1ng

Definition 4. The bispherical mean of degree (k,2) of a function

£(8), ® = cosOV + sindB] € s s given by

a0 oo 00,0 = 1,0 o 0,1 s 1,1 i0 e
Hk'.zf(e ,V)(3%,70) = (Ilk,l —nﬂk 2 nnk’l +nnllk’2)f(e »V) (#,7M) ,

where 0 € [0, %] , Gun) € s(v)x 5(v) and where

i . 1 - o .
Hg'f f(ele,v)(n.n) = —7;———f _ ct 0D C;_ 2('n.u)f(m) Aqiw® ,
’ p’m-p S(v)xSv) P’ P
1,0 . 0,0, 0,1 . _ 0,0, 1,1 . 0,00,
o’ [ Ilk'z(vf) , Hk,z f = nk,z(“f) and‘ nk,ll f = nk,zm £) .

Notice that the bispherical means of f are again interpreted as sections of

the bundle 77, (V) over ém (R) .
? ’

For k=£=0 and 0 = X , we have that I 1,0 £ and 111'1 f vanish while
2 0,0 0,0

129 £Giv) = B f) = —— [ fGh & ,

0,0 + w <

m-p S(v)

0,1 . = 1 - -

o’y £(iv) = B F(v) = J Wf@) an
, -

“m-p §(v)

are Radon type transforms of f over all geodesic of codimension p inside

s
0, )

Similarly, for '@ = 0 we have that HO f and H ,0 f vanish, while

1,0

o0 V) = B_f(v) = —f VER)AY

0,0 . 1 o
n.’" f(v) = B f(v) = — [~ f(v)dv , I
0,0 + w S (v p S(v)

are Radon type transforms of f over geodesic spheres of dimension p-1 in-
side Sm_1 . Hence the bispherical means link together the Radon transforms
of dimension p-1 with those of codimension p , which we call "dual Radon

transform".
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As to the Darboux equations we now have
Theorem 5. The bispherical means satisfy the Darboux equations

1

0,0 0,0 ) 1,
n" = ~(k+2) I’ - —p— - -
k,l(rw“ (k+4) k,!f (’cﬁ +'cot0(£+m p-1) tanO(k+p=-1))1II k,lf R
1,1 _ 1,1, 0 0,0
Hk'z([‘wf) = (k+2+m=-2) Hk,lf +(ao -2 cot® + k tanB) Hk,llf ,
0,1 _ 0,1, 3 0 1,0
Hk’n(r‘wf) = (&-k+m-p-1) Hk’zf -(ao ~(k+p-1) tan0 -2 cot0) Hk,lf ,
1,0 B 1,0, .8 ' 0,1
nk,z(rwf) = (k-2+p-1) Hk,lf +(ae + k tan0® +(L+m-p-1) cotO)IIk,Et' .
The proof is again bases on the decomposition of I‘w corresponding to
® = cosOV + sinOi and the fact that f£(3) = Y I, lf(ﬁ) . It is hence
k=0 "’ ’

left as exercise to the reader.
We'll now solve the Darboux equations explicitly in the case where

I‘wf=lf,)\=—é or A =4%4+m-2 , 5 € N .

et _ 0,0, _qo1,0 0,1 _ a1
Putting A = Hk,lf y B = Hk'z k,ﬂf and D —llk’g

equations lead to the following two separate systems:

L, C=1I £ , the Darboux

((—a- - (k+p-1)tan0 + (L+m-p-1)cot0)D = -(k+LZ+A)A

a0
I.?
|
'\(5% + K tan0 -2 cot OA = (A=(k+2+m-2))D
and
( 5% + k tan® + (&m-p-1)cotO)C = (A+2-k-p+1)B

(% - & cot® - (k+p-1)tan0)B = (-A+L-k+m-p-1)C .

Next, we'll put t = cos20 and

k

A(0) = cos®0sink0a(cos20) , D(0) = cos®*'0sin**1e a(cos20)

k+1

B(0) cos Gsinkeb(cosze) , C(8) = coskGJsinkHe c(cos20) ,

then systems I and II transform into the systems

) L=
a-tha - (292 e-1) + ZHMP(1)]a = (keled) a,
1. )
4a' = (k+£-A4m-2) 4 ,
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, §2(e-1)er + (224m-p) c = (A+L-k-p+1) b ,
“(2(t+1)b' + (2k+p) b = (A +k-2-mip+1) c .

We first solve I' explicitly. Eliminating "a" from system I' leads to the

equation
(-than - (2 () ¢ PR ()] g

- [(k+)2+%) + 1—(k+£—5)(k+2+o+m-2)] a=0,

where A = <4 or A = a+m-2 .

Now we put

u = 22+m-p+2 v = 2k+p+2 n < 3-k-£-2
R e

then the previous equation becomes the standard differential equation for

the Jacobi polynomials (see e. g. [20])
(1-t2)a" + (2(v-u) - 2(v+u)t)d’ + n(n+2(v+u)-1)a = 0 ,

the solution of which is given by

n . .
P2u-1,2v~1(t) Pl Z [n+%u—1][n+29-1](t_1)n-3(t+1)3 .
n j=° J n-j

Hence we can say that d is of the form

d = K(v) P Akef-2 (t) ,
2

where for fixed v, K(v) belongs to 771g’2(v) .
’

As to "a", we make use of the derivation rule for Jacobi polynomials:

d a,B _ nto4B+1 a+1,B41

FEP N (t)_————2 P (t)
Putting a = 2 + E%E -1 ,B=k+2 1, pn=ockt

T2 2
we have that 2(n+o+B+1) = 4+k+2+m-2
so that
e+ R, ke 2oy
K+ 2-A4+m-2 2 2
a=K(v)mP ‘O—k—l (t) .

2
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It is clear from the solutions "a" and "d", that A and D can only be nonzero
in the case where 4-k-¢ is even. This can also be shown directly by applying
themap @~ - or H-—= -H and ¥ - -3 in Definition 4.

Next, let us attack system II'. Deriving the first equation and eliminating

"b" yields

L 4m-p 2 '
%(tﬂ)]c'

(1-t?)em 2R (1) +

+ r2-k-4-p+1 k-L-4-m+p+1 22+m-p 2k-+p
[ Pl 2 - 7 2]C—On

where A = =5 or A = 5+m-2 .
Putting
28 +m-p+2 2k -k-£-1
u = ———Z—B__ , Vv = _Z_E , n= é——i——— ,
this equation aéain leads us to the Jacobi differentisl equation, so that we

get solutions of the form

t) ,

for some section K(v) of 7r;3’2(v) and Y€ R_ .
. Ky N
Comparing this solution with the ones obtained for "a" and "d", it does not

take a big guess to see that "b" should be of the form

£+¥-1, k+I2’~
b=6KM) P, L, (t) , 6€Rr,

and we only have to determine the proporionality constants ¥ and 6

, - —k-2-1
Putting a = £ + miﬂ , B =k + % , n o= é—“f—‘_ »
we have that

c-=‘YKPu'B-1 ) b=06kp* P
n n

n+o.+03 ﬁm+1,8

n+a+03 Pa,G+1
2 n-1

V-6
» b K= n-1

Plugging these expression into the system II' leads to the equation
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u+1 u,ﬂ 1 a- 1 B _

(n+a4B) (1-t)P ’B -(224m-p)P (A+l k-p+1)P =0,

Ot:s NJB -1

(n+a+B) (14+t)P +(2k+p)P n’B Y(A+k-g-m+p+1)P

-1
Now we have the identity

o, B41 a,B
n-1 = 2Py

(1 t)P + (1+t)P
so that by adding the previous two equations, we obtain that

2(n+m+B)P = [28+m-p- —(A+k R-m+p+1)]P ’B 1

- [2k+p+ g—(A+2-k—p+1)]Pu‘;’B ,

which is to coincide with the classical identity

pu,B o, B-1 _ pu—1,B.
-1 n n

Now, 2(n+a+B) = k+2+4+m-1 and so we must have

_ A-k=pt+1-5
A+k-L-m+p+1

’

o=

to make the first term in the right hand side correct. As to the second term,

notice that in the expression
(A+k-2-m+p+1) (A+L-k-p+1) ,

we may replace A by -4 in both cases A = -3 or XA = o+m-2 . Hence the

complete solution is obtained for
Y = 3+k=2+p-1 , 6 = A+k-L-m+p+1 .
We summarize all these results in the following
Theorem 6. Let f£(@) be an eigenfunction of Pw with eigenvalue A ,

A=-=A Or A =2%4m-2 , 5 € N .

(i) If & = k+&+2n for some n € N ; then Uk of is given by
’

(1) + (kesm-2)3% PV P (6)] K(OV) (X,5)

[ (k+£-A4m-2)p"" 1281
n n-1
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(ii) If 4 = k+2+42m+1 , for some n € N ; then I[k,lf is given by
o - - 0,B-1 -
[ (A+k-2-m+p+1) X o ;’B(t)+ (4+4k-L4+p-1) ¥ P ‘i ()] k) (%,y) .
tiereby o= 4 + E%E , B =k + % , X =cosO0v , ¥ = sinfji , vV € s(v) ,

[}

T ESMW , t =cos20 =7 -%° and KW) G, coskOSinleK(v)(U,ﬁ)e ﬁﬁ:g(v) .
Remarks. (1) Notice that if wa =Af with X = -5 or A =94+m-2 , 4 € N ;
then Hk lf = 0 for all values of k+£ for which k+2>% . '
)
(2) K(v)(V,H) can be regarded as "canonical sections" of the vector bundle
0 .
77Lk’3(v) . In view of the Darboux equations, K(v) can be determined by
’

evaluating II f for any fixed value of 0 € ]0, % [ . Another way to see

. k,2 a-1,8-1 o ,B .
this is by noticing that the curves (P n (t) , P o (t)) and
(Pa-l’ﬂ(t) » Pu':‘1(t)) are not going through the origin when t varies in

[-1,1] . To determine K(V) explicitly we can introduce boundary value opera-

tors, similar to D, x o8 follows
-3

g, ,o g, ,o
1’ . 1 1’72, i0
Dk,ﬂ Z(V)f = lim —-—m—— Hk,l f(e ,v) ,
0-0 . 2
sin 0
g, ,u ¢,,9 :
1772 . 1272 i®
Ek,ﬂ (V)E = lim ‘T‘ ,2 [ (e ,V)
x 1
0-= cos 0
2
2 ° ’02
where (01,02) e {0,1}“ . In contrast with the codimension one case,D k.2
3
01,0
and E k.2 are no longer differential operators. The functions K(V) occur
»

in the formulae

DO'O(V)f = (k+£—k+m—2)Pa—1'8_1(1)K(V) , & = k+2+2n ,

k2 M

Dl'g(v)f = (A+k_l-m+p+1)Pu—l's(1)3K(v) , & = k+£+2n+1 .
’

(3) Notice that K(v)(X,¥) is homogeneous of degree k in ¥ and of degree £
in ¥ . Furthermore, using the idenfity §2+§2 = - 1 , the factors occuring

in the decomposition of I in Theorem 6 are homogeneous in X+y of

k2"

degrees 2n and 2n+1 respectively, so that Hk £f is homogeneous in
)

® = X+Y of degree 4 .



318 F. SOMMEN

4. Applications to the Radon transform

Theorem 3 and 6 may be applied to the Radon transform in the cases k== 0 .
We'll treat both theorems separately. Furthermore we'll only consider even
functions on Sm_1 in detail since the case of odd functions is essentially
similar. This means that we are studying Radon. and X-ray transforms on real

projective space.

Let f(&¥) = £f(-&) . Then f admits the expansion in spherical monogenics
© @
() = Y (p, f+0 0@ = § s, (£)(@)
YTt 2 24+1 40 28
Hence, in view of Theorem 3 (or Theorem 1) we have that

PE(T) = B L() = ] ]

) [P, 5, (0P, + P

o MIPTLLLL YL

Now (see[5])

s TL (s 43)

(0) = (-1)

P =
"2 VLI YO

so that the Radon transform is given by

m-1 1
gy B (s [Ty
B E(YV) = m—1

45=0 Vi r'es +—-2--)

S,,f0) .

In the even dimensional case m = 2p we put
© - @
£@) = HE@) + H L@, vhore H @) - cgogz“‘“m' H_E@) = o{_opzof(m) .

Furthermore, notice that the extensions of H+f and H f as nullsolutions of

D to the Lie sphere lead to the formulae

©
(

£(D) , H_£(id) = -7, £@) .

2

sy _13)8+P
H L(i) = zo( D70,

5 3=0

Hence we have that
Mp-1y » (1) .t
2 2%
= 3 1
Jr 5=0 (34p=3)...(s+3)

B+(H_E) =
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so that, in view of Pwpzo = —2sP2°.E ,

1, .
B, (H_£) = o (P -2p+3)... (T ~1)H_£(id) ,

Yr-nP!
where c = —————
2P-1

1
(p-f)
Similarly one has that

-1 .
B+ (H+J.‘) = cp(I‘w—1)...(I‘w-2p+3)H+f(1w) .

This leads to the following

Theorem 7. In the even dimensional case m = 2p , the inverse Radon transform

for even functions on the unit sphere is given by
-1, = Lrant
B, £(0) = cp(l“w-‘l)...(Fw—2p+3)f(1w) .

Notice that, in view of the identity A:) =I‘w(m-2—I‘w) , this theorem refines

the inversion formula by S. Helgason in [3], which says that
1., 2 o,
B f(w) = 1(2p-3)-4 )(3(2p-5)-8 )...((2p=-3)1-4 )B f(w) .
+() cp((p s (p)ﬁ ((2p-3) ’3)+()

Next, let us consider Theorem 6. For k=f= 0 and f(®) = f(-B) it says

that I (p, . f) is of the form

0,0 24
m-p . P m-p p
2 bz -1 2 2
[p (cos2 0) + cosBsin® jivP (cos 200]K (v)
) i -1 )
while 110,0(92'_\-1{) is of the form
m-p P m-p p
7 -~ 13- a2 12
(p s (cosZG)-&cosGsmecAuvP o1 (cos 20) Ko(v) B

where K}\(v) and K/')(v) are multivector functions and

254m=2 _
CX —.m_—z y A = 24+m-2 .,

Hence, for 0 = 0 we obtain that, putting L,)(v) = KO(V) + Kf')(v) ,
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1

w 0P _ 4, B
B E(V) = _u-:#f £(Mavs= Yp? 4 2 (1)1, (V)
+ p S(V) 4=0 :
while for O = ; we obtain that
1 " e TP, B
B (V) == [ tabai= I 5 (-1)[;5(\’) .
+ m-p S(V) 4=0

Hence we do not obtain from this an inversion formula for the "X-ray" trans-
forms B+f(v) and §+f(v) but we do obtain a connection between these trans-
forms, which are dual to one another.

Now we have that (see [20])

m-p _ j, b _ s + P4 mp_q,B_ s+B_1
p 2 2 = 2 p 2 2 (n=(n?| 2 .
) s ’ S ) %

This leads to the following theorem which describes the relation between the

Radon transform of codimension p and of dimension p-1 .

. «©
Theorem 8. Let f be an even function on sm—1. and let f = z 524f be the
4=0

expansion of f in spherical harmonics. Then the Radon transforms of dimension
p-1 and of codimension p are linked by the formula

m-p

5+ =

P
445 =1 -
2 S
[ A ] B+(52$f) = (=1) [

Notice that in the case where m = 2q is even and p < q , we have that

1
] B_'_(S?Af) .

. rd . o -
B+(520f) = (-1) ——n-‘-_—p—' (6+5‘+q-p-1)...(‘$+5) D+(82’bf)
and so
B+(P23f) = cpﬁ+((Fw—m+p+2)...(Pw-p) P25f(im)) )

where cp = (-1)q-pr(%)/P(E%B)2q-p . In a similar way are shows that

p-1_. = .
B+(Q20_1f) = (~1) CpB+((Pm—p)...(Fm—m+p+2)Q26_1f(1m))

Now, let us recall that the Hilbert-Riesz transform on the unit sphere is

given by
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HE@) = (1, - H)ED) = 320(92$_1-P26)f(w)

Then it is clear that Hz = 1 . Hence Theorem 8 leads to the following

refinement of Theorem 7.

Theorem 9. Let m = 2q be éven and p < q be odd. Then the Radon transform
of dimension p-1 of an even function f may be expressed in terms of the

Radon transform of codimension p of f by the formula

B,EMV) = ¢ B ((F-mpi2) ... (F-p)£(iB)) (V) .

When p 1is even and p < q we have the expression

B L(V) = -cpﬁ;((rw—m+p+2)...(qﬂ—p)nsf(ia))(v) .
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