WSGP 12

Bohumil Cenkl; Micheline Vigué-Poirrier
The cyclic homology of P(G)

In: Jarolim Bure$ and Vladimir Soucek (eds.): Proceedings of the Winter School "Geometry and
Topology". Circolo Matematico di Palermo, Palermo, 1993. Rendiconti del Circolo Matematico di
Palermo, Serie II, Supplemento No. 32. pp. [195]--199.

Persistent URL: http://dml.cz/dmlcz/701536

Terms of use:

© Circolo Matematico di Palermo, 1993

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/701536
http://project.dml.cz

THE CYCLIC HOMOLOGY OF P(G)

BoOHUMIL CENKL AND MICHELINE VIGUE-POIRRIER

Let P(G) = ®n>0P"(G) be the free associative differential graded algebra, over
a commutative ring K, associated with the data of a finitely generated torsion free
nilpotent group G as in [1]. More precisely P(G) = (T(V),d*), where V is a free
Z - module, graded in degree one, i.e. V = V=1, and d* : T(V)* — T(V)*1,
To such a cochain algebra corresponds a negatively graded chain algebra P_, =
P_.(G) = T(V.) with the differential d, = d* and V_; = V!. Recell that the
total Hochschild complex C, of (P-.(G),d.) is negatively graded. By definition
HH,(P(G),d*) = HH,(P-.(G),ds) = H.(C.,d +}) and C, = ®n>0C-n. The
definition of the Connes boundary B : C_p, — C_p41 can be found in [2] and [3].
Thus we have a bicomplex:

02 _ ¢ & . B ¢, B c., B .
J' b+¢l b+dl b+dl
0 Co B C—l ¢ B .. € B C—n ‘L‘ c—n—l ‘L"

for n>0.

The total complex
(Tot C)x =®n>o(Tot C)_n is negatively graded. We have (Tot C)—p = C_,, ®
Cont2 ®C_n4s @ ---.This complex will be denoted by K|[u]®pC., where K[u] is
the polynomial algebrs on the generator u of degree —2. The differential is the
operator b+ d + uB.

Definition. The homology HC.(P*,d*) of the complex (K[u]|®pC4,b + d + uB),
is called the cyclic homology of (P(G), d*).

The homology HC.(P*,d*) is negatively graded. Using the terminology intro-
duced by Jones, it is called the negative cyclic homology. Then it is denoted by
HC;(P-.(G),d.). -

Let V = V_; = P}(G). Then according to the Theorem 1.5 in [2}

HH,(P-.,d.,) = H(P-.®P-.®V,$§),
where 6 = d+6'+6",d =d, on P, §'(a ® ¥) = (=1)"l(av — (=1)1%lva),6"(a @ 7) =
da ® v — S(a,dv) for a € P,v € V. §' and §" are both zero maps on P,(see [1],
page 6). When the complex (T(V),d) is negatively graded, we get similar results
as thouse stated in [2], Theorem 2.4. Let

Ki=(K[u]®(P-« ®P-. ® V), D),
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where |u| = —2,D = 0 on K[u], and
. D(u"™ ® (a + bv)) = u" ® 6(a + b7) + u"*?B(a)
whena€ P_,,be P_,, 5 €V, and
B(v1...vp) =v1...05-1 @ Vpt+

r—1
Z(—l)“”‘“ Fetloplllvaltivilly, o vpoy .. vic) @ ;.
i=1
Using the norm || - || on P (see [1], page 3), we define a filtration on the complex

K. by setting

Fi = {c=u" ®(a + bv)|max(|a]|, |[b]| + [lv]]) <1}
It is obvious that the filtration is an ascending filtration F; C F;4;. Then from the
construction of the differential D on K it follows that

DF; C F;

Let {ET",d"} be the spectral sequence corresponding to the filtration {F;}.
Let F; = F,’ [43) F,-”, where

F ={w®a€Ku®P||lvead <1},
F' ={v@(®®7) e Kt (PoV) ve(®ev) i},
and let p : F' — E? P F" — E p=p +p : Fi—> E? be the prOJectwns
Next consider the maps d,6 and 6" (page 5 of [1])
d=1Q®d: K[u]® P — K(u]® P,
§ =106 :Ku®PeV)— K[ueP,
=168 : Ku]®@(PRV) — K[u]®(P®V),
: K[ul®@ P — K[u]® (P®V),
where ’
§ (U@ (v1vp)) = U™ @ (v1- - vp-1 ®TF

+ Z(—l)“‘vi-’-l cre VUV © ),
=1
& = ([via| + - + |vp )(Jva] + - + [vil)-
Then from ( pages 6 and 7 of [1] ) it follows that on the elements 4" ®(a ® (b ® T) €
"K[u]® (P! @ (P! @ V)) of norm equal to 1,

d(u"®a)=—u"®2a'-t+-~-,
él(u" Rb7)=u" @ (bv + vb),
(W @b®T) =-u"® ) b t®T+u"®S(bv'- t)+

s ‘(" @a) =u"t' @a.
Here - - stands for the terms of filtration < ¢ — 1. This proves
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Lemma 1. Let u" ® (a ® (b ® 7)) be an element of P* @ (P' ® V) of norm i then
P’ ® (a® (b® D)) = p {u* ® (v +vb— ot 1))

+pn{u’ ® (S(b, vt . t) - E bt .t ®5) + un+1 ® a}.

" Suppose that the group .G, which is the fundamental group of a k- dimensional
nilmanifold, is a free abelian group. Then a simple verification of the computation
preceeding Lemma 1 gives

Lemma 2. The E'-term of the spectral sequence {ET,d"} is isomorphic to the
cyclic homology
HC.(P(H)),

where H is a free abelian group on k generators.

Lemma 3. If H is a free abelian group on k generators,then the cochain algebra
(P* = P(H),d*) is quasi-isomorphic to the exterior algebra on the free Z-module
generated by k elements of degree one, with zero differential.

Proof. See [1].
Lemma 4. Let K be a commutative ring containing Q, let A(f1,--- , fx) be the ex-

terior algebra on the K-free module ®%_, K f;, with |f;| = —1, and let K[e;,- - ,ex]
be the polynomial algebra on the K -free module ®5_, Ke; with |e;| = 0. Then ,

HCZ,(A(f1, " f&)yd =0) = HCZ,(K) ® B(A"* (f1,--- fx)) - Kle1, - ex]

for n > 0; B is the algebra derivation defined by B(fi) = ei, B(ei) = 0, and
A*(f1,-+* fr) denotes the K-vector space generated by words of length i in the
variables f1,-:- , fx. :

Remark. Since HCZ,(X) = K for n even and HCZ,, = 0 for n odd, it follows that
for n > k, HC_,(A(f1,:-* , fx)) = 0 for n odd and HC_.(A(f1,--- , fk)) = K for

n even.

Proof of Lemma 4. A modification of the proof of the Theorem 2.4 in [3] shows
that the map )
6: (C‘! b7B) - (A(f') ® K[eilaorﬂ)a

. ', (=1)%@
(a0 ®a1 Q- Qap) = T“Oﬂ(al)' -+ B(ap)

if ag € A(fi),ai € A*(fi),1 <1 < p satisfies

1.600b=0,00B=p06,

2 . H,(C,,b) = A(fi) ® K[ei),

3 . HC,(Cu,b,B) = HC.(A(fi) ® K[ei],0, 8). Here HC.(A(fi) ® K[e:],0,8) is the
homology of the complex Ly, = ®n>0L-n,

Ln = (A(f) ® Klei))—n © (A(f:) ® Kled])-ns2 @ -
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with differential 8%,

ﬂL(a—'n Gn42,° " ) = (0, ﬂ(a-")) ﬂ(a—n+2b)’ cet )

Since H.(A(fi) ® K|ei],B) is equal to zero in non-zero degrees, and is equal to
K in degree zero, it follows that

K@ B(A"(£:)) - Kl[e;)  if nis even,

H—n(L-)={ BA™(f:) - Klei]  ifnis odd

Summarizing our results we get

Theorem. Let G be a finitely generated torsion free nilpotent group, and let

k = dimK(G,1). Let P(G) be the polynomial cochain algebra of G endowed with

the norm || - | as defined in [1]. Let K be a commutative ring containing the

rationals. Then the norm || - || induces filtrations on the Hochschild and Connes

complexes such that '

1 . There is a spectral sequence E; _ converging to HH_,(P-.(G)) with the
E!-term isomorphic to HH_,(P-.(H)), where H is the free abelian group on k
generators. In fact

57) E‘l;,—q = HH—n(P—t(H)) ~ An(fl)"' )fk)@I{[ely"'ek])

p—g=n

where Kley,---ex] is the polynomial algebra on k generators in degree 0, and
A™(f1,++ , fx) is the vector space spanned by words of length n in the exterior
algebra on the K-free module generated by k generators in degree one.

2 . There is a spectral sequence Ej _, converging to HCZ,(P-.(G)) with .E*-
term isomorphic to HCZ, (P-,(H)). We have

‘

_ L o
18 s ocBrimg = HOZy(P-u(H)) = HCZ,(K) & Va

with
a )HCZ,(K)=0ifnis odd, and HCZ,(K) = K if n is even,
b)V,=0ifn2>k,
¢ )if n < k, then.V, is the K|ey,--- ,ex]-module generated by elements of the
form - :

n+1
(—l)l-le,',. dei, A+ A de.“'._l A de.'H_1 Ao A de'.n“
1

=

for all {i; <i3 <--- < ipt1} € [1,---,k]. de; stands for the differential form of
the i-th variable e; of the polynomial algebra Kley,- - - ek).
3 . If K is of characteristic zero, then the Connes long exact sequence

..—DHC:”.,,Z —'HC_,. —D.HH_" —-’HC:n-i-l [
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induces the short exact sequences:

0 —— HC=, (P_.(H))/HCZ,(K)) —— HH_n(P_.(H)).

| |

0 —  KerN(AMf)-Klel)  —— A™fi,o-, fe) @ Kler, -]

I HC—n+1(P—"(H))/HC—n+l(K) — 0

—2 BIA(f1ye SN Kles, o+ yee] —— 0
forn>1.

Corollary. Let G be a finitely generated torsion free nilpotent group and let k =
dimK(G,1). Let P(G) be the cochain algebra of G with coefficients in a field of

zero characteristic. Then

. HH_(P-(G)) =0ifn >k,

2. HC’_n(P_.(G)) 0 if n > k, and where HC is the quotient of the cyclic
homology of P_, over the cyclic homology of the ground field.

REFERENCES

1. B.Cenkl, Hochschild homology for a polynomial cochain algebra of a nilmanifold, Topol-
ogy-Hawaii (1991), 1-11.
2. M.Vigué-Poirrier, Homologie de Hochschild et homologie cyclique des algébres d:ﬂérenttelles
' graduées, Asterisque 191 (1991), 255-267. .
3. D.Burghelea, and M.Vigué-Poirrier, Cyclic homology of commutative algebras, Lecture Notes
in Math., vol. 1318, Springer-Verlag, Berlin and New York, 1988, pp. 51-72.



		webmaster@dml.cz
	2012-09-18T11:06:06+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




