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FINITE GROUP ACTIONS ON 2~-DIMENSIONAL CW-COMPLEXES.

Wojciech Dorabialat

The main purpose of this paper is an investigation of a
finite group action on 2-dimensional CW-complexes.
More exactly let

x = (s’ glv.iiiv 8Y yet

be a 2-dimensional CW-complex obtained by attaching 2-cell to
the finite bouquet of circles. We shall call a CW-complex of
this form a u—complex. For example any compact connected 2-
dimensional manifold is a u—complex.
The conditions under which such a y-complex is the Eilenberg-
MaclLane space of type K(G,1) are well known, see [4]., The’
question whether the finite covering of a pu—complex is itself
a u~complex has also been investigated, see [61.

In this work we try to answer the following questions:
(1) Does a finite group G can act freely on a y-complex,
(2) Does the orbit space aof a given action on the u—complesx
is itself a y-complex. ’

It turns out that a finite group G can act freely on the
u—complex X in the following three cases: '
(a) X is a closed.surface. )

(b) X is a surface with boundary and the boundary has
one component

(c) when the 2-cell e® is attached to one of the circles
of the bouquet more than twice.
In these cases the answer to the second question (2) is
affirmative.

1 this paper is in final  form and no version of it will be
submitted for publication elsewhere.
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l.Actions on the 2-dimensional sphere and disk

In this section we recall some known facts about
effective actions of a finite group(Son‘the sphere 5% and

the disk D%. Of course S§% and D? are u-complexes.

Definition 1 Let the group

2 1 1

G = Z® D, = {a,b,c :a?,b%",c?,acac™ beb ™t abab}

act effectively on st x pt by
1
Ta(t,y) = (1-t,y), Tb(t,y) = (t+;,y) ,Te(t,y) = (t,-y).

We quote from [S51 the

THEOREM 1.1 Any effective action of a finite group on
s* x pt is conjugated with {a subgroup of) the
transformation group 6 given above.

In the same paper [3] one can find the following.

THEOREM 1.2 Any effective action of a finite abelian group

G on 8% is an extension of some action on S' x DY.
From these theorems we infer

Corollary. The orbit space of the effective action of a

finite group G on g% is' homeomorphic to one of the fllowing
spaces:

(1) the projective space rE2
(2) the 2-dimensional disk D®

(3) the 2-dimensional sphere g2

thus the orbit space in all above cases is (up to homeomor-
phism) a u—-complex.

THEOREM 1.3 [31 Any periodic homeomorphism of the 2-
dimensional disk is (conjugated to) a rotation or a refle-
ction.

Corollary. (of theorem 1.3)

The orbit space of an effective action of a finite
abglian group on 2-dimensional disk is homeomorphic to the
g-dishk, . i
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2. The free action of a finite group

In this section we shall present some necessary
conditions under which a finite group can act freely on a u-
complex. .

Comparing the Euler characteristics of the space X and
the orbit space X,z one gets the following.

LEMMA 2.1 Let X be the complex obtained by attaching a

2-dimensional cell to the circle, X = Sﬂ#ez. Then there

does not exist the free action of a non-trivial finite group
G on the complex X.

Now we consider the case when the 2-cell of the complex
X is attached to all circles of the bouquet. Then a finite
group G can act freely on the complex X.

k
LEMMA 2.2 Let X be a u-complex of the form X = X' o \/g!
i=e 1

where X"c X is the subcomplex aof X such that the 2-cell e?

is contained in X". Then there does not exist the free
action of any finite group G on the complex X.

FProof:Let g:X——X be a homeomorphism.Considering aneigh-

Tk
borhood of points X, € X and %, € Vgt it is not difficult
‘ i=a b

k k k
to prove that g(X') =X' and g(\/g!) = \/g!. Hence \/g!
- i=a b iz b i=q L
is G-equivariant subcomplex of X for any action of group G.
: k
The free action of G on X gives us the free action on \/g!

i=1.t

x - .
Now let f: 1 —_ 1 be the homeomorphism and %_ be
] s’ s o

i=a . i=1
the vertex af the bouquet.
Thus
k K ‘
f: V 8t \ x 3 : V st \ {fix 3
i=1 L o i=a i o

is the homeomorphism and indﬁces the isomorphism on
fundamental groups. . :
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k
RV, 8N O ——F2 L n | W8t o\ cfixg)?
1li=1 1 i=4a i o
0 - = > I \/s \ (fixg)z]| = O
1] i=a
This is valid for k > 1 when f(xo) = xo.We infer that any

hnﬁeomcrphism of a bouquet of circles fixes the vertex of
this bouquet. This implies that there does not exist a free

k
action on X = X' « \/g! for k > 1. In order to finish the
i=a
proof of the lemma it is enough to consider the case
X = X' o s Using the same type of argument as above we can
show that the vertex of the bouquet X' s* is fixed by any
homeomorphism.

Corollary (of lemma 2.2)

The group G can act freely on the complex X when X is
obtained by attaching 2-cell to all circles of the bouquet.

In order to formulate further results we need the
following.

Definition
Let X be the u—complex with the fundamental group
nl(X) = 4 xrxfxs,... xn : v >»wherer = f*(i). We denote by

Aﬂ(r) the sum of absolute values of exponents occurring at

Kt in the relation r.

Example .
- -G 4 -4 2 = = =
(a) r= rtxa x %, X then X, (r) a, Axir) S, hx;r) 4
(b if X is a clnsed surface then hmfr) = g for any i.

THEOREM 2.3 let X be a p—complex such that Axir) > 2 for at
least two generators x;. Then any homeomorphismfiX —— X

has a fixed point.
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FProof: Here, for convenience, we will consider the complex

X as the quotient space of a polygon where the relation is
given by r = f.(l) on the boundary of the polygon.The

assumption hxl(r) > 2 means that the side x| occurs in the

boundary of the polygon more than twice. Let f:X — X be &
homeomorphism and let x, be another side of the boundary for

which kxk(r) > 2.

Our aim is to prove that any point of the side »xp via
the homeomorphism f is mapped into the side x or x, for
which A, (r) > 2. In order to prove this we consider the

point b e x, different from the point a, the vertex of the
bouquet. Let us assume that f(b) e 2%, Then there exists an

open neighborhood U of f(b) homeomorphic to Bz_ Since

il U — f(U) is a homeomorphism we see that f(U) is the
neighborhood of the point b. This is a contradiction with

the fact that b has a neighborhood homeomorphic to 82. To
finish the proof we have to consider the vertex of the
bouquet. In this case it is enough to assume that x, occurs

at least tree times in the boundary of & polygon. Then a
neighborhood of the point a will contain the identification
of three parts of a disc with respect to the common edge.

F;'a. |

Hence the vertex a does not have a neighborhood homeomorphic

o
to D% What we have proved above ™ imply tha&at any
homeomarphism f:X —— X preserves the bouquet of the
circles obtained from . %, and . Now because any

homeomorphism f restricted to a bouquet of circles has a
fixed point (this' has been proven in lemma 2.2) one can
see that the homeomorphism f on X has a fixed point too.

THEOREM 2.4 Let X be the py-complex such that Ay (r) = 1 for
at least two generators %, whereas a, (r) = 2 for others.

Then any homeomorphism fiX —— X has a fixed point.

Proof: The proof of this theorem is similar to the previous

one.
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Carollary (of theorem 2.3 and 2.4)

The group G can act freely on the complex X only in the
following cases :

(1), if A (r) = 2 for io= 1,2,3...,n,
(2) if Axk(r) = m > 2 for exactly one k and Axi(r) = 2
otherwise,
(3) if Axk(r) = 1 for exactly one k and hxi‘(r) = 2
otherwise.

LEMMA 2.5 Let Axi(r) = 2 for i = 1,...,n. Assume that there

exists a homeomorphism f:X — X without fixed points.Then X
is a surface and '

r o= xR, .. X or r = [ x,30 x.,x1...[ x
n 1’72 a4 -

. x 1
172 3 n-4"n""

Froof: It is not.difficult to verify that for any point b

different from the vertex a of the bouquet there exists a

(-1
neighborhood of b homeomorphic to D*. This follows easily
fram the fact that Ax_‘(r) = 2 for any i = 1,2...,n.

l.et us assume that there does not exist a neighborhood
of a homeomorphic to Bz_ Let b = f(a) and b = a. We know
that there exists the neighborhood U of b homeomorphic to Bz.
Since f is a homeomorphism, f: f4U) —— U is also a

homeomorphism and f3(U) is the neighborhood of the point b.
This is a contradiction. Thus we have f{(a) = a. But this
contradicts the assumption that f does not have a fixed
point.This completes the proof of the lemma.

LEMMA 2.6 Let )..xk(r) = 1 for exactly one k and Ay lr) = 2

otherwise. Assume further that there exist a homeomorphism
ft X —— X without fixed points. Then the complex X is a
sur face with one-component boundary.

Proaof: The proof of this lemma is similar to the preceding

ane .

3.The orbit space of complex X.

In the previous chapter we gave the profound answer to
the question when a group G can act freely on the y-complex X
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We now turn our attention to the question when the orbit
space X/G of any action on the p-complex is also the -

~complex.
First we prove the following theorem.

THEOREM 3. 1 If a finite abellan group 6 acts on the complex
X = X' v \/S such that A, ( ) » 2 for i=1,2,3,...,n then

i=g b
the orbit space of this action is (up to homotopy type) a p—
-complex.

Proof: To get a clearer view of the complex X, as in chapter

2 we consider the complex X as a quotient space of the
polygon. The relation on the boundary of polygon is given by
r. According to what was said in the first chapter the orbit
space of any action of a group G on a 2-disk is homeomorphic
to 2-disk. Moreover, the orbit space of any action of a

group on the bouquet of the circles \/51 is itself homoto-

i=a b
py eguivalent to the bouquet of circles. The assumption
xﬂ}r) # 2 for any i = 1,2,3,.4a4M guarantees that the

boundary of the polygon is G-invariant. Let us consider the
action of a group G on the circle. An importent action on
the circle is the reflection.

a
L x

Rs.2 Fig.3
Consider the complex X in this case . Assume that G acts on
one circle as it is shown on the picture 2, then we get the
situation depicted in picture 3.

b
Me

But the complex X|on the picture 4 is homotopy equivalent to
X¢ in which the side ab is contracted to a point. Now the
proof goes by series of contractions which reduce the
complex X, to .the complex X, with one 2-cell. In view of the
previous reduction we considered the case when the complex X
has no free circles. But when X has " free " circles then

Eﬁﬂ 'S

X/ = X'rg v \/S =0 that we may indeed take into account X
i=41
without " free " circles.
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THEOREM 3.2 If the finite abelian group G acts effectively on
the surface then the orbit space of this action is also a
surface.

This. theorem is the classical fact already known, see [71
THEOREM 3.3 If a finite abelian group G acts freely on the
complex X such that hxi(r) satisfy conditions (1) and (3)
from page & then the orbit space of this action is
homeomorphic to a pu-complex.

Proof: The proof of this theorem is a consequence of the

theorems proved in this chapter.

4.The free action which induce the trivial action on
cohomology.

In the ' previous parts of the paper all the results were
obtained by geometric methods. In what follows we shall use
algebraic methods and consider the free action of a group G
on the complex,inducing the trivial action on cochomology.

The assumption that the group 6 acts trivialédy on the
cohomology allows us to compute cohomology groups of the
orbit space X/g.

For the finite group G we have the isomorphism
H* o, @ 2 W@ seel1].
Because the action on cohomology is trivial we have

H*(x,G,m > H* (X, Q).

LEMMA 4.1 If n = 2 theﬁ there does not exist a free action of
k

a finite nontrivial group G on the complex X = X' VS’
=q

which induces a trivial action on cohomology.

Froof: Previous remarks give us the equalities for Euler

characferistics:

2(X) = x{X,g) and 2X) = 2 - n.
As far as the action on X is free and "G" <09 one obtains
x(X) = “G“ x(Xsg) = ueﬂ x(X). Dividing both .sides of the

equality by x(X) = O we obtain ﬂsl = 1 which means that G is

trivial.
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The next theorem gives the answer to the question when
the trivial. action on X induces the trivial action on
cohomology. ’

Before we formulate the theorem we will need some more
information about the cohomology of a u—complex.

Definition Let r be an element of the free group genefated by
Kyp Xozeees xn. We denote by 6&(r) the sum of exponents at
X, occurring in the element r. For the u-complex X we define
the number d = d(X) = g.c.d. (éx‘(r), ze(r),..., Sy (1))

Then we have

) 2 for i=0
H(X,2) = { 2" for i=1 ‘if &, (r)=Oforeveryi
2 for i=2
.
2 for i=0
HYX,2) = { 2"* for i=1 if &, (r)=0foreveryi
2 for i=2 - *
d
-

THEOREM 4.2 Assume that a finite group G of order m acts on

the complex X = (8 ” S‘)l#ez. Let m be an integer

‘satisfying the conditionsg.c.d(m,2)=g.c.d{(m,3)=g.c.d(m,d)=1.
Then the induced action.on cuhomology is tr1v1a1. .

Proof: We have two.possibilities for the cohomology group 6f"

the complex X.

.Z for i=20
(1) Hi'(X,Z) - 2 for i=1
4 for i=2a
d
and
. 2 . for i =20
(2) yvx,2) = 2e 2 for i =1 .
i=2

2 for
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When the cohomology group is.a cyclic group then the action
on cohomology is given by multiplication by an integer a

such that a™=1. The assumption g.c.d{m,2) = g.c.d(m,3) =
= g.c.d{m,d) = 1. implies a = 1.

In order to show the triviality of the action an the

first cohomology group in the second case it is enough to
cansider the commutative diagram.

B —2y GL(E,2)

¢ [}

GL(2,2.)
3

where @ is induced by the canonical homomorphism 2 — Za

and o represents the action of a group G on H‘(X,Z) = 2 o 2.
Now because g.c.d.( “G“ N H GL(2,24 u ) we have that any
homomorphism. #i6 —— BL(2,2) is trivial. Applying the

Minkowski theorem which says that at(G) n kerp={1} and the
fact that ¢ is trivial we obtain the triviality of a.
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