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ON SOME RATIONAL FIBRATIONS WITH NON-VANISHING
MASSEY PRODUCTS OVER HOMOGENEOUS SPACES

Alexei Tralle!

It is well known that formality or non-formality (in the sense of Sullivan) of a
manifold implies strong geometric consequences. For example, if a manifold carries
a Kéhlerian structure, it must be formal [3]. In fact it is not easy to determine
whether the given topological space is formal or not (see, e.g. [5]). It is known that
if a topological space has non-zero Massey products, it is not formal. Therefore, it
is an interesting question to describe various classes of topological spaces with non-
vanishing Massey products. The first example of that kind in the case of compact
homogeneous nilmanifold was obtained by L. Cordero, M. Fernandez and A. Gray
in [2]. In [11] the author considered the “opposite” case of homogeneous spaces of
compact simple Lie group. In geometric applications also the natural question of

constructing a fibration with the given base and fiber and with the total space of the
" fibration possessing non-vanishing Massey products arises.
In the present note we desribe a certain method of constructing such fibrations.

THEOREM. There ezists a rational fibration
S22 E-M=~CP?
with the fiber being 2-dimensional homotopy sphere and the base of the cohomology

type of 3-dimensional complez projective space such that E has non-vanishing Massey
products.

1 This paper is in final form and no version of it will be submitted for publication
elsewhere. ‘
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REMARK. In fact it is possible to obtain more general results, using our methods,
but we present here the simplest version.

Introduce appropriate notations. To keep this note reasonably short, the reader
is supposed to be familiar with the standard facts of cohomology theory of homoge-
neous spaces and rational homotopy theory. We shall use all the notations and facts
in accordance with [1, 5, 6, 7] without additional explanations.

Let M = G/H be a homogeneous space of compact simply connected Lie group
G. Choose maximal tori T and T" of Lie groups G and H respectively in such a way
that T! C T. Denote by W(G,T) and W(H,T') the Weyl groups of G and H with
respect to their maximal tori T and T'. For any vector space V, k[V] denotes the
polynomial algebra over V and k[V]' denotes the ring of I" - invariants of the discrete
group I' < GL(V). A free graded commutative algebra over a graded vector space
V is denoted by A(V') and the same notation is used for the exterior algebra over V
(but the meaning of the notation will always be clear from the context). Lie algebra
of a Lie group G is denoted by L(G). We also use the notation k[Xj,...,X,] for the
polynomial ring of variables X, ..., X, over the field k.

Proof of the theorem

Everywhere we consider the category DGA of commutative graded differential
algebras (A4,d) € DGA. We use the notions of minimal models, DGA - models,
formality etc. (see [6,7,9], for details). The symbol V'V is used for the vector space
which is dual to V. Recall Chevalley isomorphisms

QIL(TWED = Q[fy,..., fal, n=rank(G)

QILTVCGT) = Qluy,...,us], s=rank(H) *

and the definition of a Cartan algebra of a homogeneous space G/H. By definition
(C,6) € DGA, defined by the formula

(0’6) = (Q[uh- . ’ua] ®A(y1"- . ayn)’ 6)

. z 2
bu; =0 (i=1, ...,s), 6y; = fi(u1,...,us) = fj |() )

is called a Cartan algebra of M = G/H (here u;, f; are defined by (1), u; have even
and y; have odd degrees). In addition, deg(y;) = deg(f;) — 1. Here and everywhere
below the notation deg(u) is used for the degree of the element u.

It is well known that the projective space CP™ can be represented in the form
of the homogeneous space

CP™ = SU(n +1)/S(U(n) x U(1)) )
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LEMMA. A Cartan algebra of M = CP3 represented in the form (8) is determined
by the formulae

(C’ 6) = (Q[ulauZ’z] ® A(yl)yZ) y3), 6)
6u.1 =6‘U2=62=0

Syr = uy + 22, y2 = ug, yz = ud +2* (4)
deg(u1) = 4, deg(uz) =6, deg(y1) =3, deg(y2) =5,
deg(ys) =T7.

Proof. Taking into consideration (3) one can use the explicit expressions for f; and
u; in Chavalley isomorphisms (1) (see, for example, [4]). One easily obtains

up=a3+2;+23, =2} +a3+23, 1 +22+23=0

=22+ 42, fa=2d+... +13,

fs =:c§+...+zt, z1+...+24=0,
where u; are W(A2) - invariants and f; are W(As) - invariants (A, is a standard
notation for the type of a simple Lie group). Now, the expressions for fi, fa, facan
be easily found and (2) implies (4). Lemma is proved.

Following [11] we shall consider topological fibrations (= fibrations) with the
fiber F, that is maps F — E-2+M with p satisfying the homotopy lifting property
and with p~1(x) = F.

It is known [9], [10] that for any fibration

F-E-M (5)
" there exists a corresponding DG A-model |
(Mr,dF) = (MF ®; A*(M),d) — (A*(M),dm) (6)
where A*(M) is & DGA - model of M and d is determined by formulae

d(1®b) = 1®du(b), be A*(M),
dz®1) =dp(z) @1+ Y (-1)+DE@ Y o¥(2) @ By, se Mp. (1)

i>0 v>1

Here the following notations are used: ®; is a derivation of Mr decreasing degree
by i, that is ‘
8} (zy) = B (2)y + (-1)' 4Dz} (y)
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and {0’i41, v = 1,2,...} constitute a basis of A*t}(M). One can see that the
“twisted” tensor product (Mr ®, A*(M), d) is determined by (7), that is, by the
choice of ®¥;. To stress the latter observation, let us use the notation 7¢.

Let D;(F) be a set of @ - derivations of M, decrea.smg degree by i for ¢ >
0, Do(F) = {dr® — ®dF, ® € Dy(F)}. Then

D(F) = @i Di(F)

forms a graded differential Lie algebra by the rule
1) [®1, 2] = 818, — (—1)18,®,,®; € Di(F), &, € Dj(F)
2) A® = dp® — (—1)15®

A denotes the appropriate derivation. Let
(A(sD(F)"),0)

be the Koszul cochain complex of graded differential Lie algebra D, (F), that is, the
free graded differential algebra on the dual vector space D,(F)V with the degree
being shifted up by one, with the differential defined as the dual of A + the dual of
the bracket. We have the following family of linear maps

a: A (M) - Di(F), a(8¥) =) (1)) ¥ < biyr, b¥ > (8)
i>0 »>1
Consider now the dual a¥ of a. Observe that « is determined by ®¥. To stress this
observation denote a by as.
To continue the proof we need the following result of Stasheff-Schlessinger [8],
which we formulate in the form [10], which is a bit more convenient in our calculations.

STASHEFF - SCHLESSINGER THEOREM. If o : A(sDy(F)V) — A*(M) is a
DGA-morphism, then the "twisting” 7¢ determines for any DGA-model A*(M) a
DGA-model (6) corresponding to a certain fibration (5).

REMARK. Not any DGA-model (6) corresponds to a topological fibration (5), the
corresponding condition is given by the latter theorem. Now, apply the procedure,
described above, to F = §2, M = CP? and take

(4*(M),dm) = (C,6)

where (C, 6) is determined by lemma. Evidently

(MF1 dF) = (Q[E] ® A(y)’ dF)
dp(z) =0, dr(y) = 2%, deg(z) =2, deg(y) =
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Now,take ®¥.= 0 for all i, v except ®3 € D3(S5?),
83(z) =0, ¥3(y) =1.
Thus the twisted tensor product (MF,dr) ®r, (C, 6) takes the form

(MF,dF) ®r, (C,6) = (Qu1,u2,2,2] ® A(y1,¥2,3,),d)
duy =duz =dz=dzr =0,
dy; = uy + 2%, dy2 = ug, dys = u? + 2%, dy = uy + 22 9)
deg(uy) =4, deg(uz) =6, deg(z) = deg(z) = 2, deg(y1) = deg(y) =3,
deg(yz) =5, deg(ys) =T.

Now, make the following observation:
D.(F) = Span(D,, Dy, Ds)

where D; are the derivations of Mpr whose values on the generators z and y are
determined by the equalities

Dl(z) =0, Dl(y) =z, DZ(z) =1, DZ(y) =0, D3(.’B) =0, D3(y) =1 (10)
The equalities (10) imply
[D1, D;] = D3, [Dy,D3] =0, [D2,D3] =0, Dy = &3 (11)

Formulae (10) and (11) follow from the compairing of the degrees deg(z) and deg(y)
and the condition that D; decreases the degree by i. First of all, we shall show that

aV : (A(sD.(F)Y),0) — (C,é)
is a morphism of DGA. In our case
a(bY) = bY(u1)®} = bV(u1)Ds (12)

Evidently, a is a homomorphism by definition, therefore the same is valid for aV.
Therefore it is enough to verify the condition of v being the DGA-morphism on
generators DY. Evidently

avV(DY)=0, i=1,2, V(DY) =u; (13)

The latter equality implies
6aV(DY)=0 (14)
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On the other hand (p denotes the multiplication operator)

a¥O(DY) = a¥(AVDY + ) u(DY)O(Dr)(DY))
k=1

(see [5]). Obviously,
AVDY = 2DY, AVDY = AVDY =0
and therefore, using (13)
a¥(AVD,Y) = a¥(AVD,") = a¥(AVD;¥) = 0
Further

3 3 .
¥ (Y W(DY)O(D)(DY)) = V(Y- DY - [Ds, Di]Y) =
k=1 k=1
=a"(Dy - DY) = o¥(DY) - a"(D5) =0.
Thus
§a¥(DY) = ave(DyY), i =1,2,3,
which shows that oV is a DG A-morphism.

Now, applying the cited above Schlessinger-Stasheff theorem, one obtains the
topological fibration E — M with a fiber being 2-dimensional homotopy sphere and
for which E has a model (A(E), d) = (Mr ®; A*(M),d) determined by (9). Now we
shall calculate the minimal model of E. Use the following general result (lemma V.
8 in [7]). ‘

Let (A,d) € DGA and C = A(W' @ W) be a contractible DG A-subalgebra.
Suppose that there ezists a subalgebra B C A (not necessarily d-invariant) for which
A= BQ®C in a graded sense. Denote by (C*) the homogeneous ideal generated by
the elements of degrees. > 0 from C. Then the natural projection A — A/(C*) is a
quasitsomorphism.

Consider (A(E),d) and put C = A(uy+2%, u2,u1+22%,y1,y2,y). Then, obviously,
C is a contractible algebra with respect to d. Evidently, A(E) = Q[2,z] @ A(y3)®C
and we can apply the above statement. One obtains

(A(B)/ < C* >,d) = ((Qlz,2)/(2* — 2%)) ® A(ys),d)
dz =dz =0, dys = z%.

(Mg, D) = (@lz, =] @ Alys) ® As), D)

15
Dz =Dz =0, Dy =2%-2%, Dy=2z* (15)
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Observe, that (15) implies the minimality of (Mg, D).
As far as (22 —z?) is not a zero divisor in Q[z, z], we can apply M. Vigué-Poirrier
theorem [12] about the quasiisomorphism of DGA

(A® L,d) ~ (A® L/(v,dv),d),

for any DGA of the form k[V] ® A(W) with k[V] being graded by even degrees
and A(W) by odd in the case when 4 is not a zero divisor in k[V]. In our case it
means that (15) is quasiisomorphic to A(E)/(C*) and is minimal. Thus (Mg, D)
is a minimal model for F, because quasiisomorphic algebras have the same minimal
models. Now, we shall show that (Mg, D) has non-vanishing Massey products. To
show this, consider the elements

a=z% b=22% c= 22
It is easy to calculate that
ab = D(zy), be= Dys

and therefore one obtains Massey product (g, b,¢) which is represented by a cocycle
v = z2y3 + z22%y. The latter element cannot be a coboundary, because the equality
v = Dw would imply w = ays A y (otherwise it is impossible to obtain y3 or y- after
the derivation). Thus Dw = az'y + a(z? — z?)y; and therefore deg(a) = 0, but
then the equality is impossible. The same argument shows that ¢ ¢ aH*(Mg,D) +
¢H*(MEg, D), because otherwise v = z%a; + 22a32? with a@; € H*(Mg, D) would
imply deg(a1) = 5, deg(az) = 3 and a; = £ys3, az =0y, £, € Q but y and y3 are
- not cocycles. Thus Mg has non-vanishing Massey products. Theorem is proved.
COROLLARY. The total space E of the fibration

S2 L E—-M=~CP?

is not formal in the sense of Sullivan.

REMARK. In fact, the possibility of taking (C,§) as (A*(M),d) follows from Sulli-
van’s theorem [9] about the spatial realization (that is, about the possibilities of a
realization of a graded differential algebra as a model of a CW-complex). Isomor-
phism H*(M) ~ H*(CP?) follows from the lemma.

ACKNOWLEDGEMENT. Prepairing this note, the author had a pleasure to discuss
some points with Professors D. Lehmann, S. Salamon and Th. Friedrich. The author
is grateful to them for valuable advices. He is also indebted to Professor J. Stasheff
for the opportunity of reading the paper [8] before the publication.



250 ALEXEI TRALLE

REFERENCES

. Borel A. “Sur la cohomologie des espaces fibrés principaux et des espaces ho-

mogeénes de groupes Lie compacts”, Ann.Math. 57 (1953), 115-207.

. Cordero L., Fernandez M., Gray A. “Symplectic manifolds with no Kéhler struc-

ture”, Topology 25 (1986), 375-380.

. Deligne P.,Griffiths P., Morgan J., Sullivan D. “The real homotopy theory of

Kéhler manifolds”, Invent.Math. 29 (1975), 245-254.

. Flatto L. “Invana.nts of finite reflection groups”, L’Ensexgn Math. 24 (1978),

237-293.

. Greub V.,Halperin S., Vanstone R. “Connections, Curvature and Cohomology”,

V.3. Academic Press, New York, 1976.

. Halperin S~“Lectures on minimal models”. Hermann, Paris, 1982.
. Lehmann D. “Théorie homotopique des formes diffférentielles” (d’aprés D. Sul-

livan), Astérisque 45 (1977).

. Schlessinger M., Stasheff J. “Deformation theory and rational homotopy type”,

- Publ.Math.IHES, to appear.

10.

11.

12,

. Sullivan D. “Infinitesimal computations in topology”, Publ. Math. IHES 47

(1978), 269-331.
Tezuka M., Shiga T. “Rational fibrations, homogeneous spaces and jacobians”,

Annales Inst.Fourier (Grenoble), 31 (1987), 81-106.

Tralle A. “On compact homogeneous spaces with non-vanishing Massey prod-
ucts”, Diff.Geometry and Appl. Proc. 5th. Intern.Conf. in Opava (Czechoslo-
vakia), to appear.

Vigué-Poirrier M., Sullivan D. “The homology theory of the closed geodesm
problem”, J.Differential Geometry, 11 (1976), 633-644.

Alexei Tralle,

Institute of Mathematics,
University of Szczecin,
Wielkopolska 15, 70-451 Szczecin,
Poland

e-mail: TRALLEMT@plszusl1



		webmaster@dml.cz
	2012-09-18T11:19:38+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




