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INTEGRATION OF A DENSITY AND THE FIBER INTEGRAL FOR
REGULAR LIE ALGEBROIDS IN A NONORIENTABLE CASE

URBANSKI TOMASZ

Abstract
This paper splits into two parts. The first drives to integral of a density.
The second part refers to Lie algebroids. I define an integration operator of
A-differential forms with values in an orientation bundle over the bundle of
isotropy Lie algebras in vertically oriented Lie algebroid A. I establish five basic
properties of this operator, its commutation with an exterior and Lie derivations.
Some of them are proved here.

1 Introduction

Basic facts and concepts with respect to Lie algebroids can be found in [2], [3], [1], [4].
Required results referring to vertically oriented Lie algebroids and the fiber integral of
R-valued forms are included in [3].

R.Bott, in the work [5], has defined an integration operation of differential forms
on manifolds with values in an orientation bundle. This operation was a tool to
cohomological researches of nonorientable manifolds. The aim of the presented work
is to introduce an analogous fiber integral of ors-valued forms on the ground of regular
Lie algebroids with usage of ideas which comes from works [3] and [5].

In perspective, this work drives to an examination of a cohomology algebra of a
regular Lie algebroid over a nonoriented base manifold.

In this paper we associate n-dimensional manifolds M and N with differential
structures A = {(Ua, Za) },¢r 2nd B = {(V3, yp)} g respectively. '

2 Differential Forms with Values in an Orientation Bundle

2.1 Pullback of Forms with Values in an Orientation Bundle

Consider an orientation bundle ory of the differential manifold N [5]. Let Q (V;ory)
be the vector space of differential forms on N with values in the orientation bundle
ory. So, k-form @ is a global section of the vector bundle

k
/\T"N ®ory.
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Pointwise we have &, : A*T,N — ory| o+ In many sources an element of the 2 (V; ory)
is also called a density.

To define a pullback operation assume that U is an open subset of M, V is an
open subset of N and T': U — V is a diffeomorphism. Then, it is easy to show, that
there exist an induced isomorphism of vector bundles T : oras|;; — ory/|, such that
the diagram

w1 [0 —L—nt ]

T 0

U

T V

commutes. Knowing that, for arbitrary ® € Q* (N;ory) we define a form T*® €
QF (U; ory|y) by a formula

(T°0), (n A...Av) =T, (Brg) (Tpt1 A ... ATpi)),  peU.
If we suppose that w € QF (N), e € Secory, it is natural to define a form w® e €
QF (N;ory) by

k
(w®e)q=wq®e,,:/\TqN — orwl,
UALLAYG — we(Bi AL AY) e

Than for any p € U holds an equality

T*"we e))p = (T'w)p ® f‘;l (er_r(,,)) . (1)
For each a € I denote by e, the map given by
ea:U, — ory ()
p. — [(ep,1)]-

It states the vector basis of a module Sec orMI;,a. Assume in addition z, = (z¢,...,22)
is a local coordinate map of the manifold M corresponding to @ and w is a form given
by dz§A...Adz%. Then we define a form |dz A ... A dz2| with values in an orientation
bundle oryy, by

|[dz§ A ... Adal| = (dzT A ... Adzl) @ €q- (3)
Now we can establish

Proposition 1 Suppose (Ua,Za), (Vs,yp) are two charts on M and N respectively,

and let T : U, — Vj be a diffeomorphism (not necessary orientation-preserving). Then

we have a relation
Tl

P A AdYE| =1 (Tpe)| - [daS A ... Adz?].
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Indeed, for each p € U,, from (1) and the abvious equality sgn J (T3 (T (p))) =
sgn J (Tsq (p)), we see that

(r .
= (r (dyfA.../\dy,,))p@T L(es (T (1))
= (T‘ (dyf Ao A dy,,))p ® (sgnJ (Tpa (p)) - €a (1))
(3 (Taa () (dag A A d3),) @ (5803 (Tsa () - €a (9))

= (5803 (Tpa (7)) - J (Tpa (7)) - ((do5 A... Ads2), @ ea (p)
(13 (Tpa)| - da A... AdaZ),

dyf/\.../\dy,,

In particular it follows, that if g € Q7 (N) is an arbitrary real function, then
T (g- ldy‘f/\...Adyg

2.2 Integral of a Density

) =(goT)- |J (Tga)| |dz$ A ... Adzl].

Let pair (R®,y = id) be the canonical identity chart, U an open subset of R ®, and
g € Q° (U) a measurable function on U. We define

/g-IdylA---/\dy,.I=/9dy1-.-dy,.-
U U

Suppose furthermore, that V' is an open subset of R*, T : U — V is a diffeomor-
phism and let ® € Q7 (R*;orgs) be such a form, that supp® C V. Then, by the
classical change of variable formula

[re
U

/;](QOT)|JT|-|dy1A...Adyn|

/Vy-ldyll\---/\dynl

[

On arbitrary manifold M and a form ® € QF (M; ory) we define an integral
/ 3
M

o take an atlas {(Ua, o) },¢; (not necessary maximal),

I

in the following manner

o take a subordinate partition of unity {p,} .,
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® assume
LS Lo

It can be easily shown, that above definition doesn’t depend on choice of the atlas
and the patition of unity. .

3 Fiber Integral of a Density in a Vertically Oriented Lie
Algebroid

3.1 Definition and Basic Properties

Let Q4 (M;ory) denotes a vector space of A-differential forms with values in an ori-
entation bundle orys, where A is an arbitrary Lie algebroid over the manifold M, i.e.
a space of all cross-sections of A A* @ory .

Definition 1 Suppose in addition, that A' is a second arbitrary Lie algebroid over
the manifold N, and H : Aly; = A'|lp is a homomorphism A in A' inducing a dif-

feomorphism H of open subsets U C M onV C N. Let H : ory|y — orn|, be the

isomorphism of the vector bundles induced by H. Then, for each form ® € Qk, (N;ory)
we define a form H*® € Q} (U; ory|y) by

~-1

(H'®), (b1 A Ats) =H, (D40 (HUA... A Ht,,)) ,  pel.

Definition 2 An ordered pair (A,¢€) is called vertically oriented Lie algebroid, if A is
a regular Lie algebroid of rank n over a foliated manifold (M, F),

02g—ABF 0

is its Atiyah sequence, and € is nowhere vanishing cross-section of the bundle \" g.

Definition 3 Let (A',€') be one more vertically oriented Lie algebroid over a foli-
ated manifold (A", F'), and suppose that rankg = rankg’. A homomorphism of Lie
algebroids H : A — A’, which induces H : M — M’ and fulfils condition

(AH"‘) (Ep)=6’ilp’ pGM

is called homomorphism of vertically oriented Lie algebroids (4, ) into (4',€').
Since for any @ € Q%™ (M;ory), k > 0, the form 1.® € Q¥ (M; ory) defined by
(1®), (LA .. At) =By (e Ati AL ALk), PEMLE A

is horizontal (i.e. 2; (2c®) = 0 for € Secg), there exists uniquely determined tan-
gential differential form Y€ Q% (M;ory) such that 1,® = 4*¥. Assume furthermore,
that if deg® < n, then 1.® = 0.
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Definition 4 By an integration operator of A-differential forms on M with values in
an orientation bundle orps over the bundle of isotropy Lie algebras g in the vertically
oriented Lie algebroid (A,€) we mean the operator

J : O (M;0rp) — QF™ (M; 0rp)
A

such that for each ® € Q4 (M;ory) the value f, ® € ®% (M;ory) is the uniquely
determined form defined by the formula :

7 (f2) = e

Proposition 2 Integration operator defined above has the following properties

(@) If H : (A,e) = (A',€') is a homomorphism of vertically oriented Lie algebroids
inducing the diffeomorphism H of open subsetsU C M onV C N, then there is

an equality
Ho J = J oH*
A A

onU.
(b) fyor* =0,
(c) £r7"YAD=TA f, ¢ for arbitrary forms ¥ € Qx (M;0rp) and ¢ € Qs (M),

(d) fLoATY = (-1)™* (£48) A ¥ for arbitrary forms ¥ € Q% (M;ory), ¢ €
Q3" (M),

(€) 4, is an epimorphism.

We will omit proofs of properties (a) and (b) because they are based on simple
calculations. Now we will set to proving the formula (c).

Let k, g be arbitrary integer numbers and ¥ € Q% (M;ory), ¢ € Qf (M). Locally
we can write

V=19 Q eq,
where 1 € Q% (M), and e, is defined in (2). Consider two cases
e if k + ¢ < n, then both sides of the proved formula are equal to zero,

e if k + ¢ > n, then there are two possible situations

1. g <n. Then f, ¢ =0, so it should be proved, that

fruns=o,

but it is easy to see by a simple calculation.
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2. ¢ 2 n. To prove considered formula it is enough to show, that

7 (vaf ¢) = (1P (e A g).

To see it, let p € M be an arbitrary point and t; € A|,i=1,...,k+gbe
such that e, =%, A...At,. Then

(7' (\Il Aj;qb))’ (tat1 A ... Atiig)

= (7*\1:/\7'{4«;5) (a1 A e Atiyg)
P

= (7*\11 A (~1)™e™) z5¢)p (a1 A en Atesg)

= (~1)"OHHE) (LG AYT), (Enr A - Alig)
= (“1)"OHEE) (G AT) [t A Aberg)

= (-1)MEHHEE A ) (B AL Atesg)
= ()", (P U AG), (Enpr Ao Atig).

Property (d) is a simple corollary of the formula (c), which we have just proved.

To show the property (e), let consider a section o € Sec A" g* such that 1,0 = 1
and a form of the connection x : A — g (than x|, = id). Than for arbitrary ¥ €
Qx (M;ory) there holds an equality

J'y‘\ll/\n'a =V,
A

J'y'\IlAn‘a=‘IlAJn'a,
A A

7 (f #0) =0 wo) =o(roe) =0 (0) = 1.

Indeed,

but

4 Commutation of the Integration Operator with Derivatives

4.1 Construction of exterior derivatives and Lie derivatives

Let X € X(M) be an arbitrary vector field, @ € I be any index, f € C* (U,) and
€q : Uy = ory. Then the formula

Vx (fea) = X (f) - €as
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and
(@F) (0) (Xo A ... AXy) =

i(_n‘aﬂlrm (\P (Xo A AXiA... AX;,))

=0
k

+Z(—l)i+j\11 ([X",Xj]/\Xo/\...AX;/\.../\X}/\.../\X]:),
i<j

(@) (@) (o A...An) =

k
D (1) Lpon, (@ (oA ... A A ... ADy))

i=0
k
+Y )M ([ Ang A ABA AR AL AD,).
i<j
Remark 1 Incidentally, there is an exterior derivation operator d : Q* (M;ory) —
Q*+1 (M;orpy) locally defined, over U, by
dw®ep) = (dw) @ e,

in the R. Bott’s book [5, p. 80]. See, that operator d¥ states its interpretation in the
names of algebroids.

Proposition 3 There holds an equality
Y odE=djor’, @)

where v: A = F is an anchor.

4.2 Theorems of a Destination

Theorem 4 The integration operator f, of A-differential forms on M with values
in an orientation bundle orps over the bundle of isotropy algebras g in the vertically
oriented Lie algebroid (A,€) commutes with ezterior derivatives

tof = f o (5)

(al) the isotropy Lie algebras g|, are unimodular, and

if and only if

(a2) the cross-section € is invariant with respect to the adjoint representation of A on

N's.
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defines in a proper way the covariant derivative
V : X (M) x Secorpyr — Secory,.
Hence, the map
AV :TM — A(ory)
defined by
Ww)=V,(), veTM

is a connection in the regular Lie algebroid A (ory). Since V is a flat connection, AV
is a homomorphism of the Lie algebroids, whence the map

L:A— A(ory)
defined by the formula
L=)oy
states a representation of the Lie algebroid A in the orientation bundle orys (for the
definition of a representation see [4]).

Now we have operators

(0‘}5)x : Q}'(M;OI‘M)—)Q}'(M;OI‘M),
(07{),' : QA(M;OI‘M)—)QA(M;OI‘M),

and

dz : Q;F(M;OI'M)—)QJ:(M;OI‘M),
d% : Qa(M;ory) — Qu(M;ory)

9

called Lie derivatives (with respect to the F-tangent field X, and the cross-section
n € Sec A respectively), and exterior derivatives respectively, described by the formulae

0F)x (P)(X1A...AX) = LAV|r°X(\I:(X1A...AXk))+

. .
=Y VXA LAXIA AKX,
=1

Lion(@(mA...AD))+

k
—Z‘I’(Ul/\---/\[7),72.']/\---/\711:),

i=1

(0)y (@) (A - Amg)
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It is easy to see that 4* is a monomorphism. So, we can express proved equality in

a form
7 (d}fi ‘I’) =9 (4; (dfa"l’)), P € Q4 (M;0rn).

Next, from (4) we obtain the following appearance of the proved formula

a(r(f o)) =7 (f@®). ecntsom).

Finally, from the definition of an operator ,ffq we see, that we can focus below on the
equality

dy o1 (®) = (-1)"1,0d} (®), @ €4(M;ory). (6)

It ensue from the definition of the operator z, that if deg® < n — 1, then both
sides of (6) are permanent equal to zero. The same argument proves, that when
deg ® = n — 1, then equality (6) refines to formula

1.ody () =0, ® € Q3! (M;or).
Further, we have to give two technical lemmas.

Lemma 5 Eguality (6) takes place for each form ® € Q% (M;orp) (k > 0 is fized,
and n + k < rank A) if and only if for arbitrary sections §,,... &4, € SecA and for
arbitrary chosen neighbourhood U C M on whiche=o1A... Aoy, for someo; € Secg
(each point p € M has a neighbourhood U, for which € is in such a form), holds the
following equality

0= (E("l)iﬁ[ag,a,-]/\01A...A&.-/\...A&,-/\...Aa,.) A
i<j
NN ANE

+) (-1 (Zam.../\ [&ro:]] A...Aa,.) A
] i
Ny A AEGA Ay
Lemma 6 Eguality (6) takes place for each form & € Q4! (M;ory) if and only if

=0
U

Y ()M (loi o] A1 AL NG N...AG;A ... AOy)
i<j

(when U and o; are such, as in the above lemma) or equivalently, when g|,,p € M is
unimodular.
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Now, suppose that holds the equality (5). Considering forms of degree n — 1, we
obtain from the first lemma, unimodularity of glp ,P € M. Taking it under considera-
tion, for arbitrary form of degree n (i.e. k = 0), in view of the second lemma, we get
the equality

=0, 7 € Sec A,

Zall\.../\[n,a;]A.../\a',.
i ]

which implies, that

/\ ady (n) (e)

=0,
U

i.e. the invariance of the section £ with respect to adjoint representation A in A" g.

Assume now, that there hold conditions (al) and (a2). The unimodularity of
9l,,p € M gives, according to the second lemma, equality (6) for forms of degree
n — 1. For forms of degree > n, the equality (6) follows from the first lemma.

Corollary 7 The integration operator ,j; in unimodular invariantly oriented Lie al-
gebroid (A,€) of A-differential forms on M with values in an orientation bundle orp,
over the bundle of isotropy algebras g induces morphism

#
4’ : Hy (M;ory) — HE ™ (Mjory),
A

where Ha (M;ory), Hr (M;o0rp) are cohomology algebras in the algebra Q4 (M; orp)
with respect to the operator d¥, and the algebra Qr (M;orp) with respect to the oper-
ator dF respectively.

Theorem 8 The integration operator ,_& in unimodular invariantly oriented Lie al-
gebroid (A,€) of A-differential forms on M with values in an orientation bundle orp
over the bundle of isotropy algebras g commutes with Lie derivatives

@Dxof = f oD,

where ) € Sec A and X € X (M) are ~y-related.
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