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ON REGULARIZATION OF VARIATIONAL PROBLEMS
IN FIRST-ORDER FIELD THEORY

OLGA KRUPKOVA AND DANA SMETANOVA

ABSTRACT. Standard Hamiltonian formulation of field theory is founded upon the
Poincaré-Cartan form. Accordingly, a first-order Lagrangian L is called regular if
det(a-lz;TLy;,) # 0; in this case the Hamilton equations are equivalent with the Euler-
Lagrange equations. Keeping the requirement on equivalence of the Hamilton and
Euler-Lagrange equations as a (geometric) definition of regularity, and considering
more general Lepagean equivalents of a Lagrangian than the Poincaré—Cartan equiv-
alent, we obtain a regularity condition, depending not only on a Lagrangian but also
on 2-contact parts of its Lepagean equivalents. In this way one gets a possibility to
“regularize” many Lagrangian systems which are singular in the standard sense—this
concerns e.g. all Lagrangians linear in the first derivatives of the field variables, among
others the Dirac field Lagrangian. Also, with help of the present procedure, one can
generate new regularity conditions for Lagrangians. Some examples of such regularity
conditions, differing from the standard one, are stated explicitly.

1. INTRODUCTION

It is known that in field theory to a variational problem represented by a La-
grangian one can associate different Hamilton theories corresponding to different
Lepagean equivalents of the Lagrangian (Dedecker [1], Gotay [3], Krupka [5]). Con-
sequently, Hamilton equations depend upon a Lagrangian (resp. its Poincaré-Cartan
form), and some arbitrary differential form corresponding to higher contact parts of
the Lepagean equivalent of the Lagrangian. As pointed out by Dedecker [1], this
admits a new approach to the problem of regularity in the calculus of variations, and
leads to a regularization procedure based on a choice of an appropriate Lepagean
equivalent of the given Lagrangian.

2000 Mathematics Subject Classification. 35A15, 49L10, 49N60, 58Z05.

Key words and phrases. Lagrangian, Poincaré-Cartan form, Lepage form, Hamilton extremals,
Hamilton equations, regularity.

Research supported by Grants CEZ:J10/98:192400002, VS 96003 and FRVS 392/1999, 1467/2000
of the Czech Ministry of Education, Youth and Sports, Grant 201/00/0724 of the Czech Grant
Agency, and by the Mathematical Institute of the Silesian University in Opava.

The paper is in final form and no version of it will be submitted elsewhere.



134 0. KRUPKOVA - D. SMETANOVA

Within the classical field theory, regularity of a variational problem associated with
a first-order Lagrangian L depending on the “space-time variables” zf, 1 < i < n,
“field variables” y?, 1 < o0 < m, and their “first derivatives” y?, is identified with
the requirement

(1.1) det(%) £0,
i 0Y;

ensuring the equivalence of the Euler-Lagrange and De Donder-Hamilton equations
of L. Apparently, this condition is connected with the preference of a particular
Lepagean form, the Poicaré—Cartan form of L. Unfortunately, it turns out that as
a definition of regularity this condition is inappropriate, and its “direct” general-
izations (e.g. to higher order variational problems on fibered manifolds, or to vari-
ational calculus on contact elements) can lead to confusion or even are impossible
(cf. Dedecker [1], Krupka [6], Krupkové [8], Saunders [10], and others). Moreover,
almost all physically interesting Lagrangians in field theory do not satisfy the condi-
tion (1.1). The attempts to understand properly the concept of regularity resulted in
different (non-equivalent) definitions, and, consequently, to different generalizations
of the condition (1.1) (see e.g. Dedecker [1], Krupka [5], Krupka and Stépankova [7],
Saunders [9]).

In the present paper we follow the approach to Hamiltonian field theory due to
Dedecker [1], Krupka [5] and Krupka and Stépénkovs [7]. Namely, (1) Hamiltonian
formulation is based upon the Lepagean equivalents of a Lagrangian, and (2) regu-
latity is understood to be a bijective correspondence between the set of extremals
and Hamilton extremals.

It is known (Krupka [4]) that to every first-order Lagrangian there exists a family
of Lepagean equivalents of the following form:

(1.2) p=0+v,

where 6 is the standard Poincaré-Cartan form, and v is an (arbitrary) n-form of
order of contactness > 2. In particular, we study the case when the form v is 2-
contact, and arizing from a differential form defined on Y’; in fibered coordinates the
latter assumption means that the components g¥, of v are independent of the y[*’s.
Applying Krupka and Stépénkové definition of regularity [7], we find the following
regularity condition

0L i
(1.3) det ( 547007 490,,) #0,
involving both the Lagrangian and the 2-contact component of its Lepagean equiva-
lent. This suggests a regularization procedure, based upon a proper choice of the g's
such that the regularity condition (1.3) be satisfied. We apply this procedure to gen-
erate new regularity conditions for Lagrangians. Also, we investigate regularization
of some interesting physical fields (the Dirac field, the electromagnetic field).
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It should be pointed out that though our regularity condition (1.3) looks formally
be the same as Dedecker’s [1], its range of applications and meaning are different.
First of all, the underlying manifold structures used are different: Dedecker develops
the theory on contact elements, while we use fibered manifolds. This enables us,
among others, to consider Hamilton theory based upon Lepagean equivalents of
order of contactness up to 2, which is the first natural step in generalizing the De
Donder-Hamilton equations. Moreover, compared to Dedecker’s, the definition of
regularity we use is different (stronger). For more information and recent results
in Hamiltonian field theory concerning the problem of regularity for higher order
Lagrangian systems we refer to [9].

2. LEPAGEAN EQUIVALENTS AND REGULARITY

Let us consider a fibered manifold 7 : ¥ = X, dimX =n,dimY = m+mn, and its
first (resp. second) jet prolongation m; : J1Y — X (resp. m : J2Y — X). A fibered
chart on Y (resp. associated chart on J'Y) is denoted by (V, %), ¥ = (z*,y°) (resp.
(Vi,¥1), ¥1 = (z%,¥%,37)). We use the following notations:

wo = dz? Adz? AL A dz™, w;= ia/aziwo, wij = ia/gzjw,; s
and
(2.1) w® =dy’ — y;?dzj.

A section § of the fibered manifold 7, is called holonomic if § = J'« for a section v
of w.

Recall that every g-form 7 on J'Y admits a unique (canonical) decomposition
into a sum of g-forms on J2Y as follows:

q
m3n=hm+>_ pe(n),
k=1

where 7 ) is the canonical projection J %y — J'Y, h(n) is a horizontal form, called
the horizontal part of 5, and px(n), 1 < k < g, is a k-contact form, called the
k-contact part of 7 (see e.g. [4] for review).

By a first order Lagrangian we shall mean a horizontal n-form X on J'Y. A form
p is called a Lepagean equivalent of a Lagrangian X if (up to a projection) h(p) = A,
and p;(dp) is a w3 g-horizontal form [4]. For a first order Lagrangian we have all its
Lepagean equivalents of order 1 characterized by the following formula

(2.2) p=0r\+v,

where 6, is the Poincaré—Cartan equivalent of A and v is an arbitrary n-form of order
of contacness > 2, i.e., such that h(v) = p1(v) = 0. With the help of Lepagean equiv-
alents of a Lagrangian one obtains an intrinsic formulation of the Euler-Lagrange
and Hamilton equations, respectively [4], [5]:
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A section v of 7 is an extremal of X if and only if
(2.3) I ipedp =0

for every m-vertical vector field £ on Y.

A section § of the fibered manifold 7, is called a Hamilton extremal of p if
(2.4) 0*iedp =0,

for every m-vertical vector field ¢ on JY.

Notice that while the Euler-Lagrange equations (2.3) are uniquelly determined by
the Lagrangian, Hamilton equations (2.4) depend on the choice of v. Consequently,
one has many different Hamilton theories associated to a given variational problem.

Clearly, if 7 is an extremal then J'v is a Hamilton extremal; conversely, however,
a Hamilton extremal need not be holonomic, and thus a jet prolongation of some
extremal. This suggests a definition of regularity as follows:

Definition [7]. A Lepagean form is called regular if every its Hamilton extremal is
holonomic.

In the sequel we shall consider Lepagean forms (2.2) where v is 2-contact, and

v=py(B),

where 3 is defined on Y and such that p;(8) = 0 for all i > 3. In a fiber chart, where
the Lagrangian A is expressed by A = Lwyp, we can write

oL
(2.5) p = Lwg + ay;

(4 tj ,,C v
w? Awj + g7, w’ Aw” Awij,

(summation over all sequences of indices) where the functions g%/, do not depend on
the y*'s and satisfy the conditions

29) =gt dh=dh, o=l
Theorem. Let A be a first order Lagrangian, let A = Lwq be its expression in a

fiber chart (V, 1), ¥ = (2*,3°) onY. Let p be a Lepagean equivalent of A of the form
(2.5), (2.6). Assume that the matriz

.. 0% .
2.7 Al = _ — 493,
@7 (6.1/;’ 0y} )

with rows (resp. columns) labelled by the pair (0,1) (resp. (v,j)), is regular.
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Then p is regular, i.e., every Hamilton extremal § of p is of the form § = J'y,
where 7y is an extremal of A.

Proof. Expressing the Hamilton equations (2.4) in fiber coordinates we get along §
the following system of m + mn first-order equations:

oL oL ( 0*L %L +4dkgf;'f,) (% —y}’)

oy Toyy T \oyodyy 0y dy? da’
%L 0y
- va e\ A Ykj
(28) 8yk3y_, (3.73] . J) .
dglk  Oghy  09lg\ (0¥ N[0y L\ _
+2(8y9 + ay° + By”)(@_ 7‘)(5?‘“) =0,

A:,{,(g%; —y;’) =0.

The matrix A%, is regular, hence the second set of the Hamilton equations gives

9y od) _ .
(2.9) o Vi od,

i.e., 6§ = Jlvy. Now the first set of Hamilton equations means that « is an extremal. O

Taking into account the above theorem we can generalize the concept of a regular
Lagrangian as follows:

Definition. Let W C Y be open, W C V, where (V,) is a fiber chart on Y, and
let A = Lwy be a Lagrangian on w;(l,(V). We say that L is regular over W if there
exist functions g%/, on W satisfying (2.6) and the condition

L g
- 1)
(2.10) det ( 577 4g,,) #0.

v
J

If A does not satisfy the standard regularity condition (1.1) but is regular in the
sense of the above definition, we also say that A is regularizable over W.

Corollary. Let m > 2. Then every Lagrangian linear (affine) in the first derivatives
1s reqularizable.

3. EXAMPLES OF REGULARITY CONDITIONS FOR LAGRANGIANS

If, in particular, in the condition (2.10) the functions g%, are expressed by means of
the Lagrangian L, one obtains regularity conditions involving only the Lagrangian.
We list some of these possibilities below; obviously many other conditions can be
generated in a similar way.
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(1) Suppose that 8¢, /dy[" = 0, where

ij_i( ’L 9L )
v 2\oyfoyy  dyjoyr/

Then the regularity condition for L is of the form

8%L 2L
3.1 det | 2 - 0
31) <ay;ay,-" 3y£’3y;~’) ?

(2) Suppose that dg¥, /0y = 0, where

1 ( 3L 8L 8L L ) ‘

T S - :
Jov =} 0r*dy°dy;  0zI0y°Oy;  Oz'dydyf +8x’8y"8yf’

Then the regularity condition for L is of the form

2 3 3 3 3
det(@aL AL AL AL RL )7&

v{ 0yy "~ 9zdy° ayy + Oz 0y dyY + 9z 0yvoy? - 0z 9y dy?

(3) Suppose that 8¢, /0yF = 0 and 8g%, /9y = 0, where

1 0%L %L 0’L %L
~(a; —d; —d; 4
4( dyedyy 7 Ay dyy dy»dy? tds ay"ayf’)

iy _
Gov =

Then the regularity condition for L is of the form

%L 8°L 9°L 8’L 8°L
—d; d ; —d;
det (6?/5’ oy, “oyowy T “Yayouy + dy oy7 % ay”ay:’) 7

4. REGULARIZABLE LAGRANGIANS IN CLASSICAL FIELD THEORY

The following examples show that the Dirac field and the electromagnetic field,
which are singular in the standard sense (i.e., not satisfying the regularity condition
(1.1)), are regularizable. Hence, one obtains Hamilton equations which are equiv-
alent with the Euler-Lagrange equations, without the need of using the theory of

constraints (compare with Giachetta et al. [2]).

Dirac field in two dimensions. In this case the fiber dimension m = 2, and
dim X = 2. The Dirac Lagrangian is linear in the variables 3, hence regularizable.
The conditions (2.6) on the functions g¥, mean that we have only one independent
free function gi%. Denote u = u(z?,y") = 4g}%. Then for Lepagean equivalents of

the Dirac Lagrangian of the form

oL .
p= Ldz* Adz? + @w"/\wi+u(w’,y")w1/\w2,
1
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the regularity condition (2.10) reads

0 0 0 -—-u
0 0 u 0

det 0 w 0 0 #0.
- 0 0 O

Consequently, for every function u(z7,y") (on an open subset W of Y) such that
u(z?,y*) # 0 on W, the corresponding Hamilton equations are equivalent with the
Euler-Lagrange equations.

Dirac field in four dimensions. Now m = 2, dim X = 4, and we get 6 inde-
pendent functions g,. Denote

12 413 414 . 4.23 424 434
uy = 4913, w2 =4¢13, uz =493, us=4913, us=4973, us =491,

(% ")

0 Uy Uz U3
—Uux 0 Ugq Us
—uy —ug 0 g
—Uu3 —Us —Ug 0

The matrix (2.7) takes the form

where M is the 4 x 4 matrix

We can see that for any choice of functions ux(z*,y%), 1 < k < 6, such that det M # 0
we obtain a regular Hamilton theory for the Dirac field, based upon the Lepagean
form

oL
p = Ldz! Adz?® Adx® Adzt + 75w Aw;
9y
+u1w1 /\u)z/\culg-i-ugwl/\44)2/\w13-i-u:;w1 /\wzl\wm
+ugw Aw? Awaz + uswh Aw? Awag + ugw! Aw? Awag.
A simple admissible choice is e.g.

oL
p=Lda:lAdszdx3Adx4+a—ww"/\wi-f—fwlAw?/\w14+gw1/\w2/\w23

1

with f,g # 0.

Electromagnetic field. For the electromagnetic field Lagrangian

1
(4.1) L=—3FuF* = S (U0ys — 07 0uo v5vL)

DO =
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(where (g4y) is the Lorentz metric, and yJ = dA47/8z"), the condition (1.1) gives

2
det (———6;;}; ) =

However, this Lagrangian is regularizable, and admits many regularizations.
If, in particular, dim X = 2, we have m = 2, and one independent parameter
u = u(z?,y”) = 4g}2. Hence, the matrix (2.7) is of the form

0 0 0 —u
0 1 u+1 0
0 u+l1 1 0|’
—-u 0 0 0

i.e., it is regular for every function u # 0, —2 (cf. Dedecker [1]).

If dimX = m = 4, the computations are more complicated (since we have 36
independent functions g%,), but completely analogous to the preceeding case. Again,
one obtains many possibilities for regularization of the problem.
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ON RECURRENCES ON THE STREAMS

A. K. KWASNIEWSKI

ABSTRACT. New kind of recurrences implicit in constructions of [2] and [3] “for se-
quences on streams” is defined. A peculiar set of solutions of such recurrences are
Tchebyshev-like special functions introduced in [2] and [3] which are polynomials in
coordinates of a certain curve on hypersurface in R™ determined by quasi-numbers of
determinant one [4]. These Tchebyshev-like special functions are shown [5] to satisfy
an ordinary m-th order recurrence with parameter dependent coefficients. If m = 2
then one gets classical Tchebyshev polynomials of both kinds.

I. INTRODUCTION

Let m € N and m > 1. Let Z,, = {0,1,...,m — 1} denotes the cyclic group. Let
{hj(a)}jez,, be the family of hyperbolic functions of the m-th order [1]

1 . 2w
1 S hila)== Y wM ka); | €2y w= i— | .
(1) Rd>a i(a) pa w™ exp(w®a); jE€ W = exp (z )

It is not difficult to establish that

2) = 3 hywra+f) = hol@hs(B) € Zm,
k€Z,,

due to “hyperbolic-trigonometric” properties [4] of the set {h;(a)};ez,, of these
fundamental solutions of Ed:—mya = ya.

It was observed in [2], (3] that Tchebyshev-like special functions T,.s.j )(z); JE Ly

(3) T (z) = hj(7iQ); j € Zm; T = hola)
where i € Ay, = {n,n+w!,n+w?,...,n+w™ in € Z} do satisfy the equation
1
(4) m Z Thwr () = 2Ta(z); nez.
SEZm

2000 Mathematics Subject Classification. 11B39, 11A39.
The paper is in final form and no version of it will be submitted elsewhere.
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For m = 2 equations (3) and (4) lead to classical Tchebyshev polynomials of the first
and second type respectively: T(O)( ) %5;)1_3’-]2

The case of T,flo) ; T € A was considered in quite a detail in [2], [3], [1] where rela-
tion (4) was treated implicitly as supplemented by the de Moivre group [4] property
of its solutions i.e. the following convolution formula was used throughout:

(5) hila+B) = Y hi(@he-;(B);  k€Zm

J€Zm

In view of (3) and with 8 € A(Zn) we may write the requirement of de Moivre
property of the set TY )(z); J € Zy, of solutions of (4) in extended form as follows:

(6) 9@ =Y TH@DTE PE);  je€Zn MAcA(Zm)

where

(1) A(Zm)={ B =S kw';k, eZsez}

S€EZm

with k = (ko, k1, ..., km-1) (see Figure 1).

{l
. . . . . -
\\
AY
\
\\ -
. . ¢ g . 2w~-aside stream
220 120 20, 20 220 R0
Ay
\
\
- . o . . w—aside stream
2+w I+w P I+ 2+ o
. 0 :
- - - + o -main stream
3 2 \ / 2 3
.
. . . o’—aside stream
2+t 4o} 6;-‘\‘ —T+ot 2+t 3+ot
/
’
4 .
. - é . - 2w’-aside stream
M6 1200 Lo? o' 22 3020
’I
’
U
N o - - . .

Figure 1
Neighbour streams for m = 3

Then in particular

(8) Tn@) = Y IP@I¢ P @);  jeZn mnez
k€Zm
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for the “main stream” (i.e. 7 =n € Z) solution of (4).

Observation 1 ]

Equation (4) solutions of the form {T,(.J )(az)}jezm are not the only one solutions
unless the requirement (8) is added to (4). This observation is implicit in construc-
tions of 2] and [3). O

It is not difficult to recognize that

Observation 2 )
The solutions {T,(,’)(x)}jezm of equation (4) result from pseudo-characteristic
equation of equation (4)

1 e
(9) z=— > A (=)
SEZm
(we are looking for some solutions of the form Tx(z) = A% (z); @ € Ap). O

Remark 1. It is easy to see that {exp{wsa}}sez under the identification z =
hg(a).

Remark 2. We call (9) the “pseudo-characteristic” equation of equation (4) because
of Observation 1.

Example. Consider m = 3 case and equation (4) without any additional require-
ments imposed on the set of its solutions - as for example the requirement (8).
It is clear that in order to determine - say - {T,,(z)} sequence (“the main stream
sequence”) two other: {Tn4u(z)} and {Th1.2(z)} sequences (“aside neighborhood
stream sequences”) must be given apriori (see - Fig.1).

Conclusion 1. Equation (4) is a relation resulting from a certain recurrence relation
among “sequences on streams” {T%(z)}zea(z,,) - the relation obtained by restriction
of a recurrence to the main and “aside neighbor stream sequences”. This is to be
defined rigorously in what follows.

II. RECURRENCES ON THE STREAMS- AN EXAMPLE OF TCHEBYSHEV TYPE

In this section we define a recurrence relation for sequences of objects which are
sequences “on the streams” in A(Z,,) thus giving to the equation (4) a proper setting
-see-conclusion at the end of this section.

Let us consider the set A(Z,,) defined by (7). We may define the following map-
pings
Definition 1. For j € Z, let TV) : A(Z,,) x R — C; TU)(#t,2) = h;(fia) where
T = ho(a).

We shall call {T0)}; j € Z,, the Tchebyshev mappings.

Notation. . _
TO(,2) =TV (z);  j € Zm.
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It is easy to see /that

Observation 3 }
The special functions {Téj )(I)},‘ie/\(zm); J € Zy, form the set of particular solu-
tions of the equation

(10) LY Tapen (o) = oTa(a); h) € A(Zn)
SE€EZ

The linear equation (10) is a kind of recurrence for sequences on streams what we
are now going to make precise. Let (k) € A(Z,,).

Definition 2. Let
S(ky ks k1) = {A(E);ko € 2} C A(Zm);  kikay..  km-1 €EZ.

Then S(k1, ka2, ..., km—1) is called a stream. S(0,0,...,0) is called the main stream.
A stream S(ki,k2,...,km-1) # S(0,0,...,0) is called an aside stream (see [2] and
see Fig.1 for m = 3).

Definition 3. Let

m—4 form==6k;k€eN;
r(m)=¢ m—2 form=6k+2Vm=6k+4;ke€ NU{0};
m-—1 form=2k+1;k€eN.

We shall call this r : N U {0} — N function the rank function of the equation (10).

It is not difficult to see (consult Figure 1 and draw corresponding pictures for
other values of m) that the following holds:

Observation 4

For any given m > 2 and for any different 7(m)-neighbour to the main one - aside
streams Sx; k = 1,2,...,7(m) with the sequences T1,T3, ..., Ty(m) on them being
given (“initial sequences”) the solution of equation (10) is uniquely determined.

Name. We call the recurrence (10) the rank r(m) recurrence on the streams as it
is recurrence relation between sequences defined on streams i.e. objects indexed by
streams.

Remark 3. The set of streams S(ky, k2, ..., km-1) = S(K); & = (k1, k2, ..., km—1) €
Z™~1: is linearly ordered by the following order relation <:

S(R) < S(R)=R<X iffeither Im{A(R)= Y nsw’} <Im{@(®) = Y xw'}

SE€EZ, S€EZm

or - in the case of equality of the above imaginary parts - the order relation £ < ¥
is defined lexicographically. Because of this the phrase “r(m) neighbour stream
sequences” has appropriately established meaning.
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Conclusion 2. Summarizing: the relation (4) is not a recurrence relation for infinite
sequence of objects. It is a relation between r(m) streams.

This relation results from the recurrence relation (10) via restricting this relation
to the subset A,, C A(Z,,) i.e. via restricting relation to r(m) neighbour stream
sequences.

For m = 2 and only for m = 2 A, = A(Z,,), which is the Tchebyshev polynomials
standard case.

Information. Other “non-trigonometric” extensions of Tchebyshev polynomials
to polynomials of several independent variables are known from rather scattered
literature.

A summarizing paper on that subject is [6], which is recommended here. The
author of [7] seems to rediscover the family of hyperbolic functions of the m-th
order {h;(a)}jez,. and made a lot of new observations relevant to our approach.
However the author of [7] had decided to pursue the “non-trigonometric” approach to
extend the definition of standard Tchebyshev polynomials onto specific polynomials
of several independent variables.
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