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INVERSE SYSTEMS AND PRETOPOLOGICAL SPACES 9 3 

Davide Carlo Demaria - Rosanna Garbaccio Bogin 

Given a pretopological space S=(X,P), we associate to any interior covering X 

of S a symmetrical pf-space S on the set X. Precisely, to obtain the pretopology 

of Sy, we take for each point x of X the principal filter of base the star of x 

with respect to X. Taking the pf-spaces S,, as terms, we obtain the inverse system 

S of the pretopological space S. Generally the inverse limit S* of S is different 

from S; yet S*=S when S is a Tychonoff topological space. 

For each dimension n, we associate to S an inverse system of prehomotopy 

groups II (Sv,a) and an inverse system of singular homology groups H (S v). Taking 
n X n X 

the inverse limits lim IT (Sv,a) and lim H (S ) , we obtain the shape groups 4 n X * n A 
v v v 
H (S,a) and the Cech homology groups H (S) of the pretopological space S. 
n n 

Our shape groups have the characteristical properties of the classical shape 

groups. Similarly we can say for our Cech groups. All proofs, except those for 

the homotopy conditions, are similar to the classical ones. 
The relations between our groups and the classical -shape groups or Cech 

homology groups of a compact topological space will be expounded in another 

paper. 

1. The inverse system of a pretopological space. 

Let X be a nonempty set and ?**{¥ }(xO0 a family of filters of X such that 

x<F for each x€X. Such a family P is called a pretopology in X, and the pair 
— x 

(X,P) is called a pretopological space (see [2]). Here we will denote by S the 

pretopological space (X,P), since we need to consider different pretopologies 

on the set X. 

We recall that S is a pf-space, if each filter F is principal, i.e. F • A 
X X X 

with x€A . Moreover we say that the pf-space S is symmetrical, if y€A implies 
x x 

x€A for any x,y€X. 
We also recall that (see [l]) a covering X of X is an interior covering of S, 

if for any x€X there is at least one element A of X such that A*F . 
x 

Now we consider the c o l l e c t i o n Cov(S) of a l l i n t e r i o r coverings of S and we 

preorder i t by the fo l lowing: 

1.1 Definition Let X, X'€Cov(S). We write X<X' i f f X' i s a refinement of X. 

This paper is in final form and no version of it will be submitted for publication elsewhere. 
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1.2 Remark. Clearly (Cov(S), £) is a directed set, since X, X'€Cov(S) implies 

XAX'SCov(S). 

1.3 Definition Given XfCov(S), we denote by P(X) the pretopology in X, that we 

obtain taking for each xtfX the principal filter of base the star St(x,X) of x 

with respect to X. Then we put S =(X,P(X)). 
A 

1.4 Remark. Sy is a symmetrical pf-space, and the identity p^S-^y is a 

precontinuous map. Moreover, if X, X'£Cov(S) and X<X', the identity Pyyt-Syi^y 

is a precontinuous map, and p = PVYrPYf. 

A AA A 

1.5 Definition We will "denote by S the inverse system (S , PYyr, Cov(S)), and 

we will call it the inverse system of the pretopological space S. The projection 

(PY)-S^§ will be denoted by p. 

1.6 Remark. The inverse limit lim S y is the pretopological space S*=(X,P*), where 

P* is obtained taking for each x£X the filter on X of base (St(x,X)}(X^Cov(S)). 

Generally the pretopology P* is coarser than P; yet S*=S, if S is a completely 

regular topological space. 

2. The morphism induced by a precontinuous map. 

Let us consider two pretopological spaces S and T, their inverse systems 

S = (S^, p^,, Cov(S)) and T = (T , q ,, Cov(T)), and the projections p:S->S and 

q: T-*T. 

2.1 Proposition Any precontinuous map f:S-*T induces a'morphism from S to t\ 

Proof: 

a) For any y^Cov(T), the family {f"1(Y)}(Y€V) is an interior covering of S. So 

f"1 induces a function from Cov(T) to Cov(S), which preserves the preorder. We 

will denote also this function by f~1. 

b) For each y^Cov(T) we obta in a precont inuous map f,,:S - j /\/\^u pu t t ing f (x) = 

=f (x) for any x^X. 

c) (f , f~1) is a morphism from S to f. In fact, given V9 y'^Gov(T) such that 
y • 

V<y* , clearly f~1(y)<f~1{V1) and the following diagram commutes: 
Pf-Vv^f-1.-o pf (У)f (У) ч S

f 1(У)' ^ }
 * '

 S
f-)(Г) 

f
У 

тy, V. V 

2.2 Definition The morphism (fy, f"
1
) will be denoted by f :<;-•£, and we will 

call it the morphism induced by f. 

2.3 Remark. Let us define another function <(>:Cov(T) -> Cov(S), taking for each 

y(Cov(T) an interior covering <i>(V) of S, such that f~1 (V)<<t>(V) • Then for each 

y€Cov(T), consider the precontinuous map f ':S, ,,,,+T., given by f'(x)=f(x) for 

<p(y) y # y 

any x€X. It is easy to see that (f', (j>) is a morphism from S to T, which is 

equivalent to ?. 
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2.4 Remark. The morphism ? induced by f makes commutative the following diagram: 

f 

Moreover, any morphism g = (g , ij;) from S to i such that gp = ?P is equivalent 

to t. 

3. The morphism associated to a prehomotopy. 

Let us consider two pretopological spaces S and T, the closed interval l=[0,l] 

of the real line with the pretopology {(J }(t€l) (where U is the neighbourhood 

filter of the point t), the pretopological space Z=Sxl, and the inverse systems 

§ = (Sx, P>(Xf, Cov(S)), f = (Ty, q^,, Cov(T)) and Z = (ZR, irRR, , Cov(Z)). Then 

let f :S->T and g:S+T be homotopic precontinuous maps, and H: Sx]>T a prehomotopy of 

f to g. 

3.1 Theorem We can associate to the map H:Z->-T a morphism K:Z+T, which is 

equivalent to H and has properties analogous with those of homotopies. 

P2'OO/: 

a) Define a function $:Cov(T) +Cov(Z) as follows. 

Given ^Cov(T), consider H-X(y) £Cov(Z). For each point (x,t)€Z, take C €H" 1(^) > 
•v- £ 

x t x t x t x t 
and then A ' d"F and an open in t erva l V ' €U such that A ' xv * CQ 

x x x t x t t t : x t x , t 
{U } ( ( x , t ) € Z ) , where U =A ' xv ' , i s an in t er ior covering of Z which r e f ines 

x , t x , t x t 

For any x€S, the family {u } ( t € l ) i s an in t er ior covering of the subspace {x}xl 
x, t 

of Z. Since {x}xi is ctfmpact, there is a finite number n(x) of points th of I 
such that* _ , y , vU t 2{x}xl. Now observe that A = P , NA

X , t h belongs to the 
1<n<nU) x**-h x 1<h<n(x) x 

filter F , and put R ={Wv .J(Kh<n(x)), where Wv .. is"the set A xv*
,th. 

x x x,th x,th x th 
Then consider the family R = v R . 

x*S x 

Clearly R is a covering of Z; moreover R refines H"1(l/), since Wx th —^x,th* 

Given any (x,t)£Z, we have (x,t)6Wx,th
 f o r s o m e positive integer h<n(x). Since 

x,th 
V £ U , we have W ^F, 
th t' x,th (x,t) 

So R*Cov(Z), and we put $(/)=R. 

b) For each l/€Cov(T), we consider the map K :Z , + T . . , given by K,,(x, t)=H(x,t). 

K.. is a precontinuous map, since for each (x,t)eZ we obtain H(St((x,t) ,$00) *a 
CSt(H(x,t),l/). 

c) K = (K,,, $) is a morphism from Z to f. 

In fact, given V, V*Cov(T) such that V<V\ consider $00= V R and * ( / ' ) - V ^ , 
— x£S xeo 

where R - {A x V X , t h } ( K h < n ( x ) ) and R' - { A , x V , X , t k } ( K k < m ( . 0 ) . 
x x t h - - x x t k - ~ 
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Then we take the family R" of all subsets of Z of form A"xV (Kh<n(x), Kk<m(x)) 

with A"--A HA' and VL . - v*»
th nV,,X,tk j- 0, and put R"« V R"! 

x x x h,k th tk * * x€S^t 

Given a point (x,t)€Z, we have A"xV , €F, x iff t€V, , , since A"€F and V, , is 
x h,k (x,tN h,k x x h,k 

an open subset of I. But we find two positive integers h<n(x) and k<m(x) such 

that t€VX,th and teV,X,tk. Hence R"€Cov(Z). 
th tk 

Clearly R" refines both $00 and <&(./'). Moreover the following diagram commutes: 

W) 
- ^ 

:Ф(V") 

1 
ì 

ąvv 
Kyi 

V V d) The morphism K is equivalent to H, since, for each V*€Cov(T), $00 is an 

interior covering of Z which refines H"1^/). 

e) Observe that, for each t(I, the map h :S-KT given by h (x)*H(x,t) is 

precontinuous. 

Then define a function <|>:Cov(T) -*» Cov(S) as it follows. 

Given V€Cov(T), consider W ) - V R X where R -{A xvX,th}(Kh<n(x)), and take 
x€S x x x th  

A-»{A }(X€S). Clearly A€Cov(S), since A €F for any x€S. Hence we put 000-A. 
X X X 

Now consider the function hi/:->,K/i/\~*
Ti/» given by h..(x)--h (x) for any x€S. 

To prove that hy is precontinuous, we have to show that h (St(x,A))<_. St(H(x,t) 9V). 

To this purpose take a point x_€S such that x€A . For any positive integer 
0 . xo 

h<n(xj such that t€VX°,th, we have A xv*0' hQ St((x,t) 94>{V)); therefore (see 
- 0 th xQ th 
b)) h (A )cSt(H(x,t),V/). 

t x0 , 
Hence (h^, <j>) is a morphism from S to T. 
Moreover (hy, <j>) is equivalent to the morphism fi :S+T induced by h , because the 
interior covering <j>00 of S is a refinement of h""1(l/). 

Observe that the covering ()>(./), and consequently the function <():Cov(T) -*Cov(S) do 
not depend on the point t of I. 
For t«0 we have h -«f; therefore the morphism (hv, <\>) is equivalent to f. 

Then for t«-1 we have h -g; thus the morphism (h*, <f>) is equivalent to g. 

3.2 Remark. We proved in b) that H is a precontinuous map from (Sx--)A/i/x to T.., 

for each V*Cov(T). But generally we cannot say that H is a precontinuous map from 

V)xl to V 
4. Inverse systems of pairs. 

Let us consider a pretopological space S-(X,P) and a subset A of X. 

4.1 Definition Let J1 be a subset of the index set J, and for each i€J let A.£_C. 

We say that A - (A.}(i€J,Jf) is an interior covering of the pair (S,A) with 
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(J,Jf) as indexing pair, if: 

(0 {A.}(i€J) €Cov(S); 

(2) for each x€A there is at least one index i€Jf such that A.gF . 
j x 

The collection of all interior coverings of the pair (S,A) will be denoted by 

Cov(S,A). 

4.2 Remark. Let A={A. }(i6J,Jf) € Cov(S,A). The families {A.KiSJ) and {A.HieJ1) 

will be denoted by A and A f respectively. A induces in X the pretopology 

P(A ) -= {St(x,A )'}(x€X) and in A the pretopology P(A ) = {'St(x,A )'}(xicA). 

Clearly P(A ) induces in A a pretopology P(A ) * which is coarser then P(A ). 

The pair ((X,P(AJ)), (A,P(AJf))) will be denoted by (S,A) . 

Clearly the identity p : (S,A)-+(S,A) is a precontinuous map. 

4.3 Definition Let A={A.}(i*J,Jf) and B = { B }(h€H,Hf) be interior coverings of 
i h 

the pair (S,A). We write A< B iff: 

(1) B is a refinement of A ; 
H J 

(2) B , is a refinement of A T l. 
H J 

4.4 Remark. (Cov(S,A), _<) is a directed set. 
If A, Ar£Cov(S,A) and A<Af, the identity p. . .: (S,A) . r-KS,A) . is a precontinuous 

map, and p A =- p ^ , ? ^ . 

4.5 Definition The inverse system ((S,A)., PAA,9 Cov(S,A)) will be called the 

inverse system of the pair (S,A), and it will be denoted by S,A. P=(PJ) will be 

called the projection from (S,A) to S,A. 

4.6 Proposition Let S and T be pretopological spaces, A a subset of S, B a 

subset of T, O = ((S,A)A, Pi^it Cov(S,A)) and O -- ((T,B)g, qBjgr, Cov(T,B)). 

Any precontinuous map f: (S,A)-»-(T,B) induces a morphism f:S,A-*T,B. 

Proof: Given B--{B. }(i^J,Jf) € Cov(T,B), the family f_1(B) -{f-1 (B.)}(i€J, Jf ) 

belongs to Cov(S,A). Then, for each B*Cov(T,B), we define a precontinuous map 

fg:(S,A) +(T,B) , putting f (x)=f(x) for each x€S. (f , f_1) is a morphism 

from ST-A to t*V.&, and we will denote it by f. 

4.7 Remark. For each B*Cov(T,B), let us take <()(B)€Cov(S,A) such that f~1 (B)<(J)(B). 

We obtain a precontinuous map fi:(S,A) -•(T,B)r, putting f
f(x)=f(x) for any xcS. 

D <p(o) o o 
(ff, <))) is a morphism from S^k to T,B which is equivalent to 1. 
o 

4.8 Theorem Let S and T be pretopological spaces, A£S and B£T. Then let f and g 

be homotopic precontinuous maps from (S,A) to (T,B), and let H:(Sxl, Axl) ->-(T,B) 

be a relative prehomotopy of f to g. We can associate to the map H a morphism 

K:Sxl,Axl -•fV-J, which is equivalent to H and has properties analogous with those 

of relative homotopies. 

Proof: To simplify notations, we put Sx]>z and Axl=C. 

a) Given B«{B. }(i* J,Jf) € Cov(T,B) , observe that H-1(B)--{H~1(B.)}(i€J,Jf) belongs 

to Cov(Z,C). For each (x,t)€£, take C €H""X(B) such that: 

( i ) Cx,teF(x,t)« 
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(ii) if x€A, then C eH-HB.). 
x,t J 

Afterwards, with the same process of Theorem 3.1, for each xcS we construct a 

finite refinement R ={Wv }(1<h<n(x)) of the family {C }(t€l), such that 
x x»Hi — — x,t 

each Wv tu is of form A *V*' h where A € F and V** n is an open interval of I x»ch x th x x th 
containing t, . The family X, Rv belongs to Cov(Z,C), and we put $(B) = V R 

h x€S,A x€S,A 
b) For each BeCov(T,B), we obtain a precontinuous map K_: (Z,C) _ .,_ +(T,B)_ 

D <P Coy D 
putting K_(x,t)=H(x,t) for any (x,t)6Z. 

D 
c) K=(K_, $) is a morphism from Z,C to T,B, which is equivalent to fl. 

o 
d) For each B£Cov(T,B) consider <f>(B) = V Rv and put (|)(B)={A }(X«S,A). 

x€S,A A x 
Clearly 4>(B) €Cov(S,A). Afterwards, given t€I, we obtain a precontinuous map 
h :(S,A),/_.->(T,B)_ putting h_(x)=H(x,t) for any x€S. Then (h_, (j)) is a morphism 
O <P(D) D D D 

from S,A to T,B, which is equivalent to the morphism h :S,A+T,B, where 

ht:(S,A) ->(T,B) is the precontinuous map given by ht(x)=H(x,t) ¥x£S. The 

function <f>:Cov(T,B) -+Cov(S,A) does not depend on t. Finally (h2, <j>) is equivalent 

to f and (h^ <j>) is equivalent to g. 

The proofs of b), c), d) are analogous to the corresponding ones from Theorem 3.1. 

5. Shape groups and relative shape groups. 

Let us consider a pretopological space S and its inverse system § -

= (Sx, p ,, Cov(S)). 

Let x be a point of S. For any XeCov(S) and each dimension n, we can calculate 

(see [2]) the prehomotopy group II (S x) of S based at x. Moreover, given X<X' 
n X X — 

in Cov(S), the precontinuous map pvv, :SV.-^SV induces a homomorphism p*v, from 
AA A A AA 

II (S . ,x) to II (S ,x). So, for each positive integer n, we obtain the inverse 
n X n X 
system (II (Sv,x), p* ,, Cov(S)). 

n A AA 
5.1 Definition We put II (S,x) - lim II (Sv,x). The group II (S,x) will be called 

n < n A n 
the n-dimensional shape group of the pretopological space S based at the point x. 

V V N»* 
We will write II (S) instead of II (S,x), when II (S,x) does not depend on the point 

n n n 
x of S. 

5.2 Remark, If S={x}, clearly n (S)=0 for each dimension n. 
n 

Now take a subset A of the pretopological space S, and consider the inverse 

system S,A *- ((S,A)., p..,, Cov(S,A)) of the pair (S,A). 

Let x be a point of A. For each dimension n, we can consider the inverse system 

(II (S,A,x)., PJA»» Cov(S,A)) of relative prehomotopy groups. (Observe that 

II (S,A,x). denotes the n-dimensional relative prehomotopy group of the pair (S,A). 
n A A 
based at x). 

v V 

5.3 Definition We put II (S,A,x) - lira II (S,A,x)A. The group IT (S,A,x) will be 
n * n A n 

called the n-dimensional relative shape group of the pair (S,A) based at x. We 
will write II (S,A) instead of II (S,A,x), when II (SfA,x) does not depend on the n n n 
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point x of A. 

6. Homomorphisms between shape groups. 

Let S and T be pretopological spaces, S=(S , Pxx,, Cov(S)) and T -* 

= (T , q^j,,, Cov(T)) their inverse systems, f:S-*T a precontinuous map. Then 
y yy ^ * ^, ^ 

consider the morphism f-(f^, f~ ) from S to T induced by f. 
For each dimension n, the precontinuous map fy-S _<| .J..+T.. induces a homomorphism 

f* from II (S£ i,.,v,x) to n (T..,f(x)). 
.V,n n f_l \Y) n y 

V v V 

6.1 Definition We denote by f :IT (S,x)->TI (T,f(x)) the homomorphism lim f* , 
n n n < y,n 

and we say that it is induced by the precontinuous map f:S->T. 
6.2 Remark. Similarly, given two subsets A of S and B of T, and given a point x 

V V v 
of A, for each dimension n we obtain the homomorphism f :II (S,A,x)+II (T,B,f(x)) 

n n n 
induced by a precontinuous map f: (S,A)-*-(T,B) . 

6.3 Proposition If f: (S,A)->(S,A) is the identity, then f :TI (S,A,x)->II (S,A,x) 
n n n 

is the identical isomorphism. 

6.4 Proposition Let f: (S,A)~KT,B) and g: (T,B)-KZ,C) be precontinuous maps and 

h=gf. Then h =g f . 
n n n 

V v V V V 

7. The homomorphisms 6 :II (S,A,x)+II (A,x), 1 :II (A,x)-HI (S,x) and J n—n n"~1— n—n— n— 
J :n (StxH (S,A,x). 
a ! n _ n Z n Z 

Let us take a pretopological space S=(X,P), a subset A of X carrying the 

pretopology P* induced by P, and a point x of A. Then consider the following 

three functions. 
1) i^:Cov(A) -+Cov(S,A) associates to {X.HieJ*) the family {A.}(i^J,Jf), where 

l 1 
J- JfU{j} (with j«.Jf), A.=X, and A.=X.U(X-A) for i€Jf. 

2) ^:Cov(S)-^Cov(A) associates to {A.}(i€J) the family {A.nA}(i£J). 
1 1 

3) $:Cov(S,A)->Cov(S) associates to {A.}(i€J,J!) the family {A.}(i€J). 

For any ReCov(A) we can define a boundary homomorphism 6* from II (S,A,x) _. 
K,n n y(K) 

to II (Ap,x) in the usual way (see [2]). It is easy to prove that (6* , i|0 is a 
n*"1 K K,n 

morphism from (II (S,A,x)., p*A,, Cov(S,A)) to (II (A0,x), PjL,,, Cov(A)). n A AA n-1 K KK 

Afterwards, considering the usual homomorphisms i* :II (A__ ,x)-KH (S ,x) and 
X,n n ty(X) n X 

j* :II (S^/is ,x)-̂ n (S,A,x)., we obtain the morphisms (i* , $) from 
A,n n $(A) n A X,n 

(nn(AR,x), p* R t, Cov(A)) to ( i M S ^ x ) , p*x,, Cov(S)) and (j* $) from 

(n (Sx,x), p*^,, Cov(S)) to (n (S,A,x)A, p*A,, COV(S , A ) ) . 

7.1 Definition We put 6 -* lim 6*, , 1 = lim i* , j • lim i* 
J r n < j ^ n n « x,n n <L—- JA,n 

With a standard proof we obtain: 

7.2 Proposition Let f: (S,A)~KT,B) be a precontinuous map, g:A~HB the restriction 

of f to A, X€A, y«f(x) . For each dimension n, the following diagram commutes; 
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Іí (S,A,x) 2 Л (T,B,y) 
n 

v 

n 

6. 
n 

fi^-U.x) 5a *
n
n - i

( B , y ) 

7.3 Proposition Let S be a pretopological space, A C S , and'x^A. We obtain the 

following O-sequence: 

6n
+* »n (A,X) hi^ji (s,x) iL^n (S,A,X) $»_>n (A,X) ^ >... 

n n n n-1 

8. The homotopy condition for shape groups. 

To prove the homotopy condition (i.e. Theorem 8.3), we need a definition and a 

lemma. 

8.1 Definition Let X and Y be sets, (Pa partition of X, f:X+Y a function. We say 

that f is quasiconstant with respect to (P, if f is constant in each element of P. 

8.2 Lemma Let h:I -*X be a precontinuous map from the unit n-cube I to a 

symmetrical pf-space X. It is possible to find a finite partition P of I n
 in open 

cells (of dimensions n, n-1,..., 0) and a precontinuous map k:I -+X, such that: 

(i) k is quasiconstant with respect to (J* and homotopic to h; 

(ii) moreover, if h is a n-preloop of X based at a, then also k is n-preloop of 

X based at a. 

Proof: Let IjF^Kx^X) be the pretopology of X. 

a) First we consider the case n=1. 

Since h:I-*X is precontinuous, for each z£I there is an open interval V of I such 

that h ( V . ) C F w ,. 

h(z) 
Since I is compact, we find a finite number m of points z^ of I, such that 

{Vz.}(1<i<m) is a minimal linked covering of I, where z^O, z^<z« for i<j, --m"1« 

Then we take y =0, y --1, and for each positive integer i<m we choose a point 
0 m 

y.€Vz#nv . . Afterwards we consider the partition 

<N {[0,yi[, {yi}, ]y1fy2[, ..., { y ^ } , ]ym.rl]> 

of I, and we define a precontinuous map k:I+X putting: 

k(y.) • h(y.) for i-=0, 1, ..., m; 

k(]y i fy i + 1[) =- {h(z i + 1H for 0<i<m. 

Then we obtain a prehomotopy K of k to hf putting: 

rk(z) if 0<t<J 
K(z,t) -« { 

U(z) if i<t<l 
Moreover, if h is a preloop based at a, also k is a preloop of X based at a, since 

k(0)--h(0)--a and k(1)-=h(1)--a. 
b) Now we consider the case n>1, assuming that the lemma is true for n-1. 

To use simple notations, given a point w-«(z fz_,...,z ) of I , we put 
1 2 n 

(z ,,z )--zf z *u, (z,u)-w. 
1 n-1 n n - 1 

For each u^I, the function h :I ->-X given by h (z)«h(z,u) is a precontinuous 
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in open cells (of dimensions n-1, map. So we find a finite partition f of I 
u ' n-1 

n-2, ..., 0) and precontinuous map k :I ->X for which conditions (i) and (ii) 

hold. 

Now take a point u€l. For any cell Z of the partition (P , the image {k (Z)} is a 
u u 

point of X. For each Z€(P there exists a point z€Z, such that {k (Z)}={h (z)} and 
u u _ u 

moreover z has an open neighbourhood V which contains the closure Z of Z. Then, 
since Z is compact, we find an open interval W of I containing u and such that 

h(V xw )QFu, . Put W = niW . 
z u,Z h(z,u) u Zed^ u,Z 

Since I is compact, we find a finite number m of points u-j^I such that 
{W... }(1<i<m) is a minimal linked covering of I, where u =0, u.<u. for i<i, u =1. 

ui o - 1 ' i j J m 
Then we take v =0, v =1, and we choose v.eW,1.r.W11. , for each positive integer i<m. 0 m I

 ui ui+1 

Afterwards we consider the following partition of I: 

fn-UO.v.C Iv,}. ]v1>V2[ { v ^ } , lv^.1]}. 

By means of (Pn and by means of the partitions Cu. (Ki<m) and \ . (1<i<m) of I , 

we obtain a finite partition (P of In in open cells of dimensions n, n-1, ..., 0. 

We define a function k:I ->X, which is quasiconstant with respect to (P and 

precontinuous, putting: 

k(z,v^) = kv.(z), for i=0,1,...,m; 
k(z,u) = k„. Az) for u^]v.,v. . [ and 0<i<m. 

ui+1 J i* i+1L — 
We obtain a prehomotopy K of k to h, putting: 

fk(w) if 0<t<J 
K(w,t) = { 

lh(w) if i<t<1 

Moreover, if h is a n-preloop of X based at a, clearly also k is a n-preloop of X 

based at a. 
8.3 Theorem Let S and T be pretopological spaces, a€S, b*T, and let f: (S,a)->-(T,b) 

V v 

and g: (S,a)->-(T,b) be precontinuous maps. If f and g are homotopic, then fn=g for 

each dimension n. 

Proof: Let H: (Sxl,{a}xl)->(T,b) be a prehomotopy of f to g. 

a) Given i1€Cov (T ) , consider the elements $O1 ) 6Cov (SxI ) and <t)OO€Cov(S) we 

mentioned in 3, and recall that both f-1(10< 4>(̂ ) and g-1 (V)<<t>(V). 
The theorem is proved if the following diagram commutes: 'nn(SW)»a)-

V sg-ioo' a ) П
n
(S

f
-

1 (
-,a) 

b) Observe that S±,u. is a symmetrical pf-space. Hence, by Lemma 8.2, in each 
<p(y) 

class [h] of II (S,
/ 1 / x

 ,a) we find a n-preloop k, which is quasiconstant with 
n
 *

( y ) *> n 
respect to a suitable finite partition (J of I in open cells. 
c) The map kx1

T
:I

n
xi-> (sxi) is precontinuous. 

I <J>(y) 
In fact, let (w,t)€Inxl. Since the map k : l I^ s

d )(U)
 is precontinuous, there is a 
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neighbourhood Uw of w such that k(Uw)c St(k(w)^(V)). But k(Uw) is a finite 

subset of-S . Put k(U..)={x4,... ,x }, and take a positive integer r<m. The point (p(y) w 1 m — 
xr belongs to the element Ax of $(V). Moreover, for each t€l we find a point tr*I 

x t x t 
and an open neighbourhood V r' r of tr such that A XV r' r $(!/). Then 

r ^T" T* 
V = n VXr' r is a neighbourhood of t, such that k(U )*V CSt((k(w),t),$(V)). 
t 1>r<m t„ * t 

d) The prehomotopy H of f to g is a precontinuous map from (SxI),ri/. to T... By c), 

K = H(kxlT) is a precontinuous map from Inxl to T. Moreover K is a prehomotopy of 

fk to gk. 

Therefore the foregoing diagram commutes, because f* P%-i/I/\,H/I/\ (P1]) ~ t-̂ -
and *v,npt-nvnmilh]) = [gk]-

v 
9. Cech homology groups. 

Let us consider a pretopological space S=(X,P) and its inverse system S = 

= (Sx, p^,, Cov(S)). 

For any X^Cov(S) and each dimension n, we can calculate (see [2]) the singular 
homology group H_(SV) of Sv. Moreover, given X<X', the precontinuous map 

" X X vt/i — 
p t:S .+S induces a homomorphism pv^ :H (S ,)->-H (S ) for each dimension n. So, 
XX X X * n X n X XX' for each integer n>0, we obtain the inverse system (H (S ), p , Cov(S)). 

- n X * 
9.1 Definition We put H (S) = lim H (Sv). The group H (S) will be called the 

v n « n X n 
n-dimensional Cech homology group of the pretopological space S. 
9.2 Remark. Clearly, if S={x}, H (S)=0 for n>0, and h\(S)=Z. 

n 0 
<^* AA' 

Now let A be a subset of S and S,A = ((S,A)., p , Cov(S,A)) the inverse 
system of the pair (S,A). For each dimension n, we can consider the inverse system 

AA' 
(H (S,A)., p^ , Cov(S,A)), where 
n A * 

homology group of the pair (S,A). 
9.3 Definition We put H (S,A) = 

n v 
the n-dimensional relative Cech homology group of the pair (S,A). 

AA' 
(H (S,A)A, p , Cov(S,A)), where H (S,AK is the n-dimensional relative singular 
n A * n A 
omology group of the pair (S,A).. 

9.3 Definition We put H (S,A) = lim H (S,A).. The group H (S,A) will be called 
n v, < n A n 

10. Homomorphisms between Cech homology groups. 

Let S and T be pretopological spaces, S=(SV, Pyy»> Cov(S)) and x = 

= (T , qvv/,, Cov(T)) their inverse systems, f:S-+T a precontinuous map, and f • 

=(fv,f"
1) the morphism from § to f induced by f. 

For each dimension n, the precontinuous map f..:S _̂  /u^^u i n d u c e s a homomorphism 

fV>n from H (S^ W | /J to H (T..). 
* n f-'(y) n y ., 

v v v y n 
10.1 Definition We denote by f :H (S)-*H (T) the homomorphism lim f , and we 

, n n , n * * 
say that it is induced by the precontinuous map f:S+T. 
10.2 Remark. Similarly, given two subsets A of S and B of T, for each dimension n 

we obtain the homomorphism f :H (S,A) +H (T,B). 
n n n v v ^ 

10.3 Proposition If f:(S,A) + (S,A) is the identity, then f :H (S,A)->H (S,A) is 
r n n n 
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the identical isomorphism. 

10.4 Proposition Let f: (S,A) -> (T,B) and g: (T,B) •> (Z,C) be precontinuous maps and 

h=gf. Then h -= g f . 
n n n 

10.5 Proposition (Excision Theorem) Let A and U be nonempty subsets of a 

pretopological space S, such that cl(U)£ int(A). Then the canonical injection 

f:(S-U, A-U) + (S,A) induces an isomorphism f :H (S-U, A-U)-*H (S,A). 
n n n 

Proof: In fact we have: 
(i) Let A-*{A.}(i€J,J!) be an element of Cov(S,A) such that P(A ) induces in A 

the pretopology P(A ). Then (see [2]) the injection f:(S-U, A-U)-*(S,A) induces 

an isomorphism f":H (S-U, A-U)+H (S,A). 
* n n _ 

(ii) Let A-={A.HieJ,Jf) €Cov(S,A). Then A=-{A.}(i J,J*) (where J*={i€J/A.nA^0}) 
is such that P(A ) induces in A the pretopology P(K ). Moreover A<A. 

J J* — 

11. The homomorphisms 3 :H (S,A)-*H (A), i :H (A)+H (S), Y :H (S) ->H <S,A). 
E n — n n.» -j n—n n % — n n — - — 

Now consider a subspace A of a pretopological space S and the functions 
tp:Cov(A) +Cov(S,A), t|;:Cov(S) ->Cov(A), $:Cov(S,A)+Cov(S) we mentioned in 7. 

R n 
For any R£Cov(A) we can define a boundary homomorphism 3 ' from H (S,A) . m to 

** n ip\K) 
H (A-) in the usual way (see [2]), and (3 ' , ty) is a morphism from 
n—1 K . * 

AA w' 
(Hn(S,A)A, P#r , Cov(S,A)) to (Hn-1(AR), p ™ , Cov(A)). 
Afterwards, considering the usual homomorphisms i * :H (A—^J-^H (S„) and 
« * n ip(X) n X 

j * :H (Sr . )-*H (S,A) ., we obtain the morphisms (i^>n, iji) from 
* n ipvA) n A * 

(Hn(AR), plR\ Cov(A)) to (H (S ), p ^ , Cov(S)) and (j*,n, $) from 

XX* n AA* 
(H ( S . , ) , p , C o v i O ) t o . ( H ( S , A ) , , p + , C o v ( S , A ) ) . 

n A * n A * 
4 4 4 r>> /»• *J_ • TT X -i • -,R,n v - . ,A,n v , . ,A ,n 
11.1 Defomteon We put 3 « l im 3 . ' , I = lim I ' , j * l im j ' . 

n .| ^ n « .* n « * 

With a standard proof, we obtain: 

11.2 Proposition Let f: (S,A) -*• (T,B) be a precontinuous map and g:A*B the 

restriction of f to A. For each dimension n the following diagram commutes: 
V 

H (S,A) S- >H (T,B) n 

H 

n 

(A) ľH >H ,(A) 
n-1x ' * n-1 

11.3 Proposition Let S be a pretopological space and A«;S. We obtain the 

following 0-sequence: 

... Jj^L^H n(A) ** ,8 (S) Ji >Hn(S,A)
 d" »Hn.t(A)

 ln+ >.•-

12. The homotopy condition for Cech homology groups. 

To prove the homotopy condition (i.e. Theorem 12.5), we need some previous 

statements. 

Let A *ra„aJ...a 1 be the standard p-simplex, and let i„, i^, .... i be 
p l 0 1 pJ 1 2 n 
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integers such that 0<i <i <...<i <p where 1<n<p. Given a singular p-simplex 0 
~ 1 2 n~~ x 

on a pretopological space X, we denote by a. . the singular (n-1)-simplex 
X X x 1 • • • 1n 

a (a. ...a. ) product of a :A -*X and of the singular (n-l)-simplex (a. ...a. ) 
l1 Ln P X X L1 ln 

on A . Moreover, given a function F :A xl-*x, we will denote by F. . the 
p x p x x l 1" , l n 

function F ((a. ...a. )x1 ):A xi->x. We will wright O^ and FA instead of 
X L i X ^ P x L 

On A and F^ 
0...i...p 0...i...p 
12.1 Definition Let a =- Za.a and 3 = £a T be singular p-chains on a 

A A 

pretopological space X.̂ .We say that a is homotopic to 3, if: 

(1) for each X with a #), there is a prehomotopy F of a to T ; 

(2) if a* =- T*, then F* -- Fu. 
i J -• J 

With a process which is similar to the one of the classical case (see for 

example |5|), it is possible to prove the following: 
12.2 Proposition Let X be a pretopological space, a =- £a a a p-cycle on X and 

X 
3 = Ed T a p-chain on X. If 3 is homotopic to a, then also 3 is a p-cycle on X; 

A 

moreover a and 3 are homologous. 
12.3 Lemma Let X be a symmetrical pf-space and a - Ea.cJ a singular p-chain on 
X. For each X such that OL^-O, we find a finite partition <£ of A in open cells 

X X p 
and a singular p-simplex T on X such that: 

(i) T is quasiconstant with respect to (C ; 

(ii) Za T A is homotopic to la o \ 
A A . 

Proof: Let us consider successively the faces of all simplices a of dimensions 

0, 1, ..., p and let us define the corresponding faces of the simplices T . 
For any 0-dimensional face a. we take TX • aA . x1 L1 H 

X . X Now let a? . be a n-dimensional face of a simplex a . Assume that all 

X X X 
simplices TA . (0<m<n) and the prehomotopies F. of T; . to 
a. . has been defined, in a way such that: 
11 • •• -^ 

u X u X 
if o^ . * a. . for some X, y, then T. . - T. . and F. . -

M-'-^m Jl--Om 1 r ' - 1
m
 J1"- Jm 11---1m 

=FU . . 
J l ' " J m . n 

We observe that we can consider A as the nth cone C (a ) on {a }, and we denote 
n n n X 

by IT the projection from In to A -*€ (a ). The product function a, . TT11 is a 
X n 1 V 1 n 

precontinuous map f. . :I ->-X. 
l 1 - " l n X n 

So we have to construct a precontinuous map g, :I -*X which must be 
homotopic to f. . and quasiconstant with respect to a suitable finite 

\ l1"-ln n * x 
partition (f? . of I in open cells. To obtain the map g and the 

H'J^n x x i-i. . . i n 
prehomotopy H. of g. to f. , , we follow a process similar to 

H'-^n 1\--1n H'-'in . x 
the one of Lemma 8.2; but now we have to recall that H. , is already 
determined in In><I by the inductive hypothesis. l , , , xn 
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Finally we observe that the function H. 

n H-'-Hi , 

I x{0} are relation preserving. So the functions F. 

by the following commutative diagrams: 

and its restriction g
A 

. and т. 

Lľ 
to 

. . l n 

are given 

12.4 Remark* Now let (X,A) be a pair of pretopological spaces. Since generally A 

carries a pretopology finer than the one induced by X, we have to add to 

Definition 12.1 the following condition: 

(3) if o4 ,. is a singular (n-l)-simplex on A, then T. . and F^ 
4- 4' 4-

must be precontinuous maps into A. 

12.5 Theorem Let S and T be pretopological spaces, A S S , B £T, and let 

f: (S,A) + (T,B) and g: (S,A) •+ (T,B) be precontinuous maps. If f and g are nomotopic, 
v- v 

then f - g for each dimension n. 
n n 

Proof: Let H:(SxI, Axl) + (T,B) be a prehomotopy of f to g. 
Given B^Cov(T,B), consider the elements $(B)€Cov(Sxl, Axl) and <J>(B)€Cov(S,A) from 

Theorem 4.8, and recall that <|)(B) refines both f"1 (B) and g - 1(B). 

Then consider the following diagram: 

H (S,A)._« нnЗA)

g-Чв) 

Let [alfcH (S,A) . / f , x and a - ECLCT. By Lemma 12.3 and Remark 12.4, we construct a 
« ty\o) A 

n-chain 3 "" 2.a.T
A
 such that: 

A 

i) 3 is a linear combination of a finite number of n-simplices that are quasi-

constant with respect to a suitable finite partition of Z^; 

ii) 3 is homotopic to a. 

Therefore 3*[a] since, by Proposition 12.2 and Remark 12.4, 3 is a relative cycle 

homologous to a. Now consider the chains f3 • Za^(fT
A
) and g3 * _.a^(gT

A
), and 

observe that fjpf
 1 ( 8 )

*
< 8 )

( [ o ] ) - [ffl and g
B
p f

 1 ( B )
*

( B )
( [ a ] ) - [gBl. 

With a proof analogous to the one of Theorem 8.3, we see that K
A
--H(T

A
X1-.) is a 

prehomotopy of fx to gT
A
; moreover f3 and 

are homotopic chains. Hence [f3] 

- ЬЙ. 
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