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CHARACTERS OF THE IRREDUCIBLE HIGHEST WEIGHT MODULES
OVER THE VIRASORO AND SUPER-VIRASORO ALGEBRAS

V.K. Dobrev

ABSTRACT - The characters of all irreducible highest weight modules over the

Virasoro algebra and the N = 1 super-Virasoro algebras (i.e. Neveu-Schwarz and
Ramond superalgebras) are given in an explicit and uﬁified for all algebras form
incorporating all previously known results. Extensions to the N = 2 super- - _

Virasoro case and to the super-Kac-Moody algebra osp(2,2)(l) are discussed.

1. INTRODUCTION

This paper is a natural continuation of our previous papers [8],[10] on
the structure of the reducible (and indecomposable) highest weight modules (HWM) .

over the Virasoro algebra (ﬁ) and Neveu-Schwarz (g) and Ramond (R) superalgebras.

In [8] we gave an explicit parametrization of the Feigin-Fuchs [15]
multiplet classification of the reducible HWM over W. In [10] we presented the
multiplet classification of the reducible HWM over § and ﬁ. From the results
of [15] (the details are given in [16]) and [10] it is clear that this is also a
parametrization of the irreducible HWMs obtained by the factorization of the

largest proper submodules of the corresponding Verma modules.

Thus the next step would be to present explicit formulae for thq characters
of the irreducible HWM. An additional motivation to do this were the papers on
the Virasoro algebra by Roche-Caridi [33] and Feigin and Fuchs [16] which became
available to us after [8],[10]. Rocha-Caridi gives the general character formulae
and explicit character formulae for the discrete series [1T] of unitarizable HWM
with central charge c < 1. (Some of the latter formulae were recast in simple
multiplicative expressions in [29].) Feigin and Fuchs give the character formulae
for a more general case (than the unitarizsable) in a very unexplicit parametrization.
We were further motivated by the-applications 6f character formulae in two-dimensional
conformal invariant theories [25],[20],[4],[38] and furthermowe that character
formulae for the nonunitary cases are also relevant for physics [36],[2L4].

Our aim in this paper is to give explicit and simple exbressions for the
o - . A .
characters of all irreducible HWM over G, § and ﬁ. For W +this amounts almost

This paper is in final form end no version of it will be submitted for publication elsguhe



26 V.K. DOBREV

to an application of our very explicit results from [8] to the general formulae
[16],[33]. (We should mention of course that simple expressions were already
available besides [29] for the cases c¢ = 1 [26],[27], ¢ = 0 [28],[34],[35],

¢ = 25,26 [34],[35].) However, because of the explicit parametrization in [8]

we can also simplify the general derivation in some cases. Further, to derive
the general character formulae for the § and ﬁ cases we use the results of
[10] and their striking similarity with the ﬁ—case. Here most formulae are new.
(Partial results which appeared in [27],[29],[23] are commented below.) This
similarity enables us also to present all character formulae in a unified fashion

which is an additional advantage of our results.

The organization of the paper is as follows. In Sec. 2.1, we present thé
necessary definitions and introduce our notation. In Sec. 2.2 we recall the results
on the multiplet classification of [8],[10]. 1In Sec. 3 we present the character
formulae. In Sec. 4 we formulate our results as a theorem. Then we comment on
current and further research for the so-called N = 2 extensions of the Virasoro

(1)

algebra and for the super-Kac-Moody algebra osp(2,2) .

2. PRELIMINARIES

2.1 Definitions and notation

A
The Virasoro algebra [21] W is a complex Lie algebra with basis 1z, Li,

i€ Z and nontrivial Lie bracket
] . = ‘-‘ . & 3 '5— 2 .
“—i; LJJ = (i-4) Ltf} "4’25 (¢ L) SZ,—J ’ (1)
while 2z ©belongs to the centre of ﬁ.

The Neveu-Schwarz superalgebra [31] é is a complex Lie superalgebra with

basis 1z, Li’ ie 4, Ja, oe 4+ % and Lie brackets

[Lo,t;] = G=q) Lo + 2 (2-0)S5, ’ -

[]"]/]* = 2laap * % («t=1%) S«,,ﬁ 5 (20)
[-LL)L] = (f “°‘) J[+‘a< ’ ~ (2e)

while 2z belongs to the centre of é.»

The Ramond superalgebra [32] R is a complex Lie superalgebra with basis

A~ A A A
and Lie brackets as for S, however, o€ Zs Further, a will denote W, S or R
when a statement holds for all three algebras. The elements 1z, Li are even and

Jﬁ are odd., The grading of a is given by degz = O, degLi = i, deg J& = O,

We have the obvious decomposition

Ei = Cif ® Cﬁo ()] éi_ (3)
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whe Q § =13
re , are generated by L i i=1,2., S+ are generated by J a? & 7 UL
A - A
‘Ri arehgenerated by Ltl’ Jﬂ, WO and 50 are complexly spanned by L and
z H RO is complexely spanned by =z , L0 and JO which are related, however,
by (2b): Ly = (JO)2 + z /16.
A
A highest weight module (HWM) over Q is characterized by its highest
weight )\EQS and highest weight vector Yo such that
Q
. >0 (ka)
LL VO - 0 ) ) l»l ) |
§ A
v =0 , x>0, loe S, R, (4b)
~
Loy, =a(L)y, = kv, , &~ Q, LeC, (5)
. . ¢
2y, = 1@V, =CcVv , L qQ, ce (6)

Further we shall work with the largest HWM with highest weight A - the
so-called Verma module V}‘ = Vh’c.

(Any other HWM with hw Amay be obtained as a
A A A
factor module of Vh’c.) We know (see [26],[27] for W, S .and [18] for R) that
the HWM Vh’c is reducible if and only if h and c¢ are related as follows§
2
= 1 (4 1
= = + 2 n+ «_m T

where m,n € %IN

ve{tde

m—wez+/‘ ,jaré,

S0 e wE
ﬂ‘_ A {w 2

~

7/)> =

L - e/ W,
-0/ de SR,

i+ ), Je W, |
ez, 4 SR (8)
h,c

We know that the reducible V =V

, h= h(n m?® contains a proper submodule.
. ' Vk+\mm c
isomorphic to the HWM V

The latter means that there exists a non-

trivial invariant embedding map between V and V', Equivalently we shall say
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that V and V' are partially equivalent. The reducible (and in some cases.some
ifreducible) HWM are grouped into multiplets by the notion of partial equivalence.
(The notion of a multiplet was introduced in [6],[9] in the context of real semi-
simple Lie groups and algebras and was later generalized to infinite-dimensional
Lie (super)-algebras [7],[8],[10] and to Lie superalgebras [14].) A set MM or
HWM over a complex (infinite-dimensional) (super) Lie algebra is said to form a
multiplet if: (1) Ve,_,((, /) DJ( # P, vhere u(( is the set of all HWM

V' # V and partially equivalent to V; (2)5‘[ does not have proper subsets
fulfilling (1).

It is useful to represent a multlplet oL( by a connected oriented graph.
The vertices of the graph correspond to the HWM of b(‘ and the arrows connecting
the vertices correspond one-to-one to those embedding maps which are not compositions
of other embedding maps [7],[8],[10]. As earlier we use the convention that V - V!'
mean that V' can be invariantly embedded in V (arrows point to the embedded HWM. )
The multiplets represented by the same graph are said to belong to one and the same

type of multiplets [6] and then one needs parametrization to distinguish the multiplets

belonging to a fixed type. In some cases, as below, it is convenient to introduce
subtypes when there is no convenient parametrization for the whole type. (That is a

reflection of some fimer differences in the structure of the representations.)

2.2 Summary of the multiplet classification of the reducible HWM

Further we recall the results on the multiplet classification of the
reducible HWM for Q [15] in the form given in [8] and for S and R [10]. There
are five types in each case, For § and IAi the (sub)types are denoted by NO,
are subtypes or N2) and the corresponding (sub)types for

AT - - - =
W are II, IIT, IIIS, 10 [©25 IIIOO €=25! is the notation of [15].

+ c<l §°? c=1
The types II, . N  occur when a_/a+ (see (8)) is not a real rational number. In

all other cases o /a, is a real rational number and either c <1 or c 3 25

+
A ~
for W, ¢ 3> 9 for S, R. In the case c <1 we have the (sub) types III , IIIO,
00 - -
11, Nl, Nzl, N22 and if -a_/a+ = p/q, p q€IN, then in all cases:

:41—4(!;4%) , dar W, c= s-z(%,%) y for SR (on)
00

In the case c > 25 for W we have the subtypes III +° III0 III+ and for ¢ > .9

for S R we have the subtypes Ni, Nfly N22

cases

s if u_/a+ = p/q, P,q€IN then in all

c=M46B L) LW, o5+ 2(8+2) | L §R . (9b)
0 23

In the case ¢ = 1 we have the subtypes III_ and for ¢ = 25 (for ﬁ)-IIIOO,

= 9 (for S,R) - N23
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A
Now we give the explicit parametrization of all types (for ‘W see [15] and
Propositions 1.1-1.5, formulae (6),(13),(16) of [8] and for § a.nd--ﬁ,»
Propositions 1-4 and formulae (6),(11),(1L4) of [10]):

]I)Mo : {C, n,m} , € eC ) o(_/a(+ not a real rational number, (10)
n,m as in (8);
¥1)

1 1 11
M, Nt {P,q,)m,n} , P4 € N) mhn € 3 IV) , (11a)
such that

o X e’ n. m< g
Py, PAG ) m-n A, PMmEn, ¢ ' _(11p)
where ~ N
~ q/2 if both p and q are odd for S and R )
= ta otherwise (11c)
(pXq means that p and q have no common divisor); :
T—"-i,"/:t : {quﬂ”‘} , P9E ) N € Y t (12a)
~such that

0inFG , nFelaps O=ncp<y, F=pl-p) 5 pXg ;

where P is defined as q in (1lc);

00 C)lS) n \ for ﬁ,\either p or q - (13)
E_’Ti cdd ,Ni : {p,q,},P,‘LEN,pXQ ) is even ;

0o [C=23 . £ = .
Ty c=1) ’ ’.E} , 0,4 ’ - (1ka)
N:I (gff) . one type for § and one for R for each sign. (1L4b)

Note that in each case the types with c¢ ¢ 1 have the same parametrization as those
N .

~
with ¢ » 25 for W, ¢ » 9 for §, R.

3. CHARACTER FORMULAE
3.1 Generalities '

First we recall the weight space (or level) decomposition of yhse

l‘;f' ﬁ,c A n . ey v
VeV ez e R, jetZo pe £, o0

where the weight spaces V?'c- .are défined as the eigenspaces of L0

Vs fvel Ly -G} . Lo
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(VIS'c is spanned by the highest weight vector vo.) The character of Vh’c - is-
defined (cf. [27]) by

A ke L Y 4
A ACEPIING J£7 -t Z it - ), (16e)
where p(j) is the partition function and (t) is given by [27],[18]

n (1‘tk)_1 ' J‘" Vo)

Ke VN
el

KDN (.,I.*vtl(-ﬂz)/(l’_z_l‘) ,./N‘ S)
N, @t )/6-t) 4 &

kg

y(t)

(16h)

Next let 1%°  genote the unique irreducible quotient of Vh’c, e o Vh’c/Ih’c,

where Ih’c is the maximal proper submodule of Vh’c. If Vh’c is irreducible

Lh’c = Vh’c. If Vh’c is not irreducible the character formula Lh’c
complicated than (16a).

is more

Further we shall recall the explicit parametrization [8],[10] of all
reducible Vh’c and then we shall derive the corresponding character formulae
using the results of [16],[33] for # and of [10] for 8 and R. The multiplets
of types II, NO can be depicted as follows [15],[10]

vL,c VL+Vnm,c (1)
)

with h = h(n m) given by (7), the embedded HWM being irreducible. Then using the
L]

results of [33] we obtain:

o 1M = ek V- LM = - Ey) =
_ (4‘ tynm) cl VA,c

3.2 The character formulae for the discrete cases c g 1

Before we continue we recall [8],[10] that for ¢ <1 and -a /a+ = p/a,
h from (7) is expressed as follows

by = [vom-g) - 0-7 ]+ 4 = kpon om) -
™ Hupg |

(19)

form 4 groups given as follows

The HWM in the multiplets of types III , Nl
= h(n,m) and c as in (9a)):

(ef. [8] Egq. (10), [10] Eq. (10)) with h =

V h+vK(Pik+Gn-Fm), ¢
X‘l = . ) , (20a)
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h + vk (FYk + Gn-fm) = “(zﬁ'k-fn,m)l = I‘[F.n,Zq‘;'k.f g-m) 3

\é,: } V/x-fl)(q’bf”')(ﬁ'kﬂ‘):c , ‘
b+ V(A kam)(Fhen) = hapre fon,Gom) = hgon, 2004 Fom) 5 (o)
M( . Vzwk(,sgk-znﬂ?m),c

. )
hW(ETK-TneBm) = hin 51 pm) = Maprason, §om) (eoe)
v Vk+ V(§k1Z-m)(Bk+B-n) , C ,
h + V(G K+F-m)(Fxp-n) = L(ﬁ,ziuzt-m) = L(Z'ﬁlHZF"‘)m) ' (20)

These four groups are arranged in the multiplet represented by the following -
commutative diagram (ef. [15] and formulae (8) of [8],[10])

XXX

> ¢ o o

where = OO = lO' Using this diagram in the Virasoro case from [15] the

following character formulae were derived in [33] (présented in our notation):

ch le = cLVlK +$§x (c.LV,-+ + ch V”) -JZA ((,L Vo} +ck \4;) , =0, ) (22a)
ch L'[L = olV +ZK(CLV°'i + aLV,} -cl Vo} -l 14})) (=01 . (oon)

The most important ingredient in this derivation is the fact that V' + V! is

OK 1K
= N
the largest proper submodule of both VOK and VlK VOK V. K’ analogously
+ = 1 ' ., i f =
v0K+l V1K+l VOKrwle Since the character of a quotient module L V/I

is ech L=ch V-chI and since I is again a quotient module here, then it is
clear how (22) follows. It is also clear from [10] that (22) holds also in the

Neveu-Schwarz and Ramond cases.

Now making use of (20) we shall give explicit and simple formulae for the

characters. We have (with h = h( from (19)):

)
y n-pm +in=pm g Bm
chl, ) =ty ch:(nxw Pn) .5 ( vi (T j+in-pm) tu(m gn+p ))_

J>K
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L3 (PO BN |
o (23a)
Ly 3 AR5 it

$2K i<k

P2l d<K

_tw,,,,[z f)/}(i'e}fihfﬁm) Z t¥}(7f,}'+§nrﬁ'm)]}= (230)

Yi(FEj+Gn-pm) m (2 +n) - 4
- okl 3 ¢ (- B (-t

J7K (23¢c)

&k

To obtain (23b) we chénged 3 » =3 for the second term and J + 1 » -J for the
fourth. Analogously we obtain the formulae for the other three series
(again h = h(n’m) from (19)):

chL, ) = (){5- fW(p“ ¢Wm)( _iw(lwﬂ"))J (2k)

J &K

(25a)

5 4 Vi(PT i -Ine fm) ( WG-m)25j+Pn) )}

lil>k

ekl () = t‘vu){

=0Ll{,o[f){ Z iv}(PQ}fix—PM)(tV(ﬁ-u)(ﬂJJ-h) _ 1)} ; (2%’)

14>k

cLL;K({) tlwm{z t WN)( yn(zghm} - 4)} (26a)
il >k

=ckV(:‘){Z tu(ﬁw% rm) vm(z,m) )}
0o

Jil>k (261)

(ch Ly (t) is brought to the expression for ch L, (t) by the change J + -J
in the first term.)
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. . .0 21 .
The HWM in the multiplets of types . ITI , N~ form two groups given as follows
(ef. (15) from [8] and (13) from [10])

Vo: - V(/ . / VA°+v§K(FK+n-[5), (4 Lb (27a)
° m=g 9K ’;;f - ) = L(”)i) )

L0+Vi'l<('fl<-nfﬁ)) c o (27b)

VJ’K} 4‘/”‘" = V ) (1/40 = 1{): ) ) ‘

0 ~ ~ ~ X 1 c
h'+ vGK(Fken-p) = l‘(li"ﬂ".%) =/~($-n,zi/<) (= A(ZVKM-ﬁ',O) br krq )(27 )

0 o . . o _ .
b+ Ik Pr-n ) ’L(”"“‘.*"") hoikesn0) = Reapxazg-n,3) © (o)

These HWM are arranged in a multiplet so that ng is embedded in VgK which is
then embedded in ng_l; thus all are embedded in Vgo = Vgo (ef. [81(1%),[20] (12)).
The embedding diagram is obtained from (21) by gluing together the coinciding HWM
(the arrows between them disappear in the process) and further deleting the arrows

which turn out to depict composition maps in this notation (these are the maps

0 0 0 0 e e
between VlK and VlK+l and between Vgx and V0K+l)' (A further coincidence
occurs in the case = 0, then Vi VOK+1') We stress that this connection

between different types of multiplets is available to us because of the very
explicit parametrization we have for the multiplets .and the HWM in them. Consequently
it is much easier to derive the character formulae directly from (22). Thus from (23a)

we have for £ =0 and K > O:

chLonl) = chly + 3 LV velly) - p Vg rebi) =

= chVox ol VS = Wit ¢ P D (1 - tm”” P-n) (28)

Analogously we have from (22b) with £ = 1 (in the cases n > 0):

chlyl) = ok Vg + 3 (el -k Vi) =

¢ h n, Qke1) T Zn(2
Sl by - el =gt e (g - 7Y)

(29)

Note that we cannot use (22a) with 2 =1 for ch LSK’ because that formula

utilizes the embedding of in V K; since these coincide now we would have

ViK 1
obtained that the character is zero. For the same reason we cannot use (22a) with

2 =0, K=0 and (22b) with & = O.
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‘The HWM in the multiplets of types III (c <1), N 22
parametrized as follows (cf.[8)(17), [10](16)):

form just one group

0 0 ° KC+vply'c?, ¢
VK = Vo‘/n- / = Vf( ~ = V ! . (30a)
PP Pap! )
h=p! "‘P'
Plreng) = {Plrap.§) 4« W, . o *(300)
Rl S TN
L +Vl’ l\«lkﬁ)Pl g =L(o 3'%) = l‘(zp'x 0 = I\(PI (2ke1)g’) . .(30¢)

The HWM are arranged in a single line multiplet so that VO

K+l is embedded in VO;
thus all are embedded in VO. The embedding diagram is obtained from the previous

case by gluing together VSK and VgK. Because of this it is clear that the

character formula is obtained from (30) (and not from (29)):

b LOH = LV el V2 =yl ) (4 ¥ Cen) )

(31)

Character formulae (23)-(26),(28),(29),(31) exhaust all cases when Vh ¢
reducible and c¢ < 1,

is
We comment now on what was known previously.
1) The Virasoro p/q = 2/3

, (then by (9a) ¢ = 0), was studied in great
detail in [28],[34],[35].

(Note that since the centre is trivial the Virasoro
algebra is reduced to the so-called Lie algebra of vector fields on the circle
or the Witt algebra.) Formula (23)-(26), (28) and (29) (for (m,n) = (3,1),(3,0))
and (31) were conjectured in [28]; {(23)-(26) were proved in [34], (28),(29),(31)
in [35].

Remark (Not connected with character formulae.)
the series

In the Virasoro case ¢ =0

h(l 2t4+1)° h(t+2 3)» h(t+2 1)? (t » 0), were considered in [36]. It is
t] t]

not difficult to notice that h(l 2441) equals the value of h for V0 s Vés
((m,n) = (2,1)), Vl , (n=1), with t=23s, 3s +2, 3s +1, (s » 0), respectively;

0
h(t+2 3) equals h for Vgs+l, gs (n=1), g ,(n=0),V o with t = Ls+3,
k]

s
hs+l, bs+2, bs, (s 3 0), respectively, (£+1,1) equals for Vl V' ((m,n) = (2,1)),
0

VOS*1 , (p/a=3/2, n=1),V 1 , (p/a = 3/2, n=2), with t = bs, hs+2 bs+3, Ls+l,

(s > 0), respectively. It is obvious that each of these series contains HWM of

different structure and it is not clear to us why they are combined in such series.
(The coincidence between the series and h

. h(1,65+3) (4s+3,3) and between
h(l,6s+5) and h(hs+3,l) is not mentioned in [36].)

2) The Virasoro character formulae (23) (or (24)) with K = 0 for the
unitarizable HWM c¢ < 1 were derived by Rocha-Caridi [33]. These are the HWM

L= LOO LlO’ a=p+1l,c=1-6/p(ptl), p =3, 4, +c. (For p =2, treated
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above, L is the trivial l-dimensional representation of G.) Their unitarity was
conjectured in [17] and proved by explicit construction in [22]. (The proof of .
nonunitarizability of the other HWM L#’C # Vh’C with ¢ <1 was given recently
in [19].) Our character formula (é3) is simpler than that of [33] (except in the
cases p = 3, b which are further worked out). Recently, Kac and Wakimoto [29]
have rearranged some of these formulae to obtain multiplicative expressions for
the characters. (For these comparisons our parameters {p,q,m,n} should be

replaced by {m, m+l, g, pl.)

3) The Virasoro character formulae (23)-(26) were given in [16],[25].
As we mentioned those in [16] are very unexplicit. As the emphasis of [25] is
on modular invariance no derivation is given for the character formulae; but it
is obvious that the authors follow [33] and do not use our results from [8].

Thus their character formulae are cast in the more complicated form used in [33].

4) For the Neveu-Schwarz and Ramond superalgebras the character formulae
for the unitarizable HWM with ¢ < 1 were given recently without derivation [29],
[23]. These HWM are again L = Lyg = Ly for §=%+1,P=1, 3/2, 2, eee
(In the case D =1 L 4is the trivial l-dimensional representation of S ) So
these are again formulae (23) (or (24)) with v =2 and K = 0. As for W in
[29] many of these formulae are cast in a multiplicative form.

A
We turn now to the case c¢ = 1. The two W-multiplets III?O(C = 1), the

s multiplet 3 and the R multiplet N-O

{;;ﬁ( = v/Lx ,4

contain HWM parametrized as follows:

v 2
ki = 4 (kewn) +4p | (xkeZ:), © (328)

whi -
ere . £ = 0'1 ) #ar w ()’: @ /h = Q) )
Q=01 , dor $B o , (v=2) (32p)
Note that ;x=€ = '\75 ‘1’; %= ngin (18) or [8], x- 2o Vies ‘Yl’::= o hy
A

(19) of [lO] The € =0 W-multlplet corresponds to the S-multiplet, while the
=1 W—multlplet corresponds to the R multiplet in a sense which will become

clearer below.

Using analogous considerations as above we can show thet the character .

formulae are
v

v Z

o
bl ) = eV - ey, =vrt (1-t

(33)

(2c1+2)/y )

A A
Formula (33) is known for a long time for W and S [26], [27].
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Finally we shall make the more or less obvious remark that whenever
embeddings between HWM can be depicted by a single line then in the expressions of
‘ the type 1 - +* in the character formulae x 1is the difference between the
weights, and =-x 1is the degree of homogeneity of the corresponding singular

vector v in V (such that it has the characteristics of the highest weight
vector v' of the module V' embedded in V). The degrees of all singular

vectors realizing all noncomposition embedding maps were given explicitly in [8]

and [10].

A A A
3.3 The character formulae for the discrete cases c¢ > 25(W), ¢ » 9(S,R)

Consider the category with objects the HWM Vh’c and with morphisms the

nontrivial embedding maps (determined up to nonzero complex multiple) between the
HWM. Then [15],[10] the correspondence Vh’c > Vh"c', where h' = % + % W =-nh,
¢! =26 - c for ﬁ,\c' =10 - ¢ for g, ﬁ, is extended to an isomorphism between
*3). Because of this the parametrization of types

the corresponding categories
2

11, , Ni', III_?, Nfl, IIISO (e¢ > 25), Nf is obtained from formula (19),(20),(27),
(30) by the change p > -p, n + -n (or equivalently, q - -q, m + -m). The HWM

in types IIIS0 (c = 25), NEE are parametrized as in (32) with h? replaced by

Vi Vie 2
| 1.1 1 (k+a
3z = 4 - = =t -= * X/ .
The HWM are arranged in the multiplets as before, however, all arrows are turned

in the opposite direction. Thus if for c¢ ¢ 1 a module V' was embedded in V",

. 0
In particular, the HWM VOO’ VOO’

now V" is embedded in V' .
0 vaths PP n>-n, p>-p
VO, Vg are now irreducible.

It is clear that the character formulae will involve finite sums in all cases.

1 A
Thus for types III_, N, we have instead of (22) (cf. [16] for W):

: 3 k-1 ; ,

CL Lék =
' S et -l - y,) ¢
chly =clhly +J’0@LV,j+cU/,j)—cL v & (ol-%j +cl _,J), =01 . (350)
Using the knowledge of ch Vh’c, in particular ch Voj = ch Yl -3
ch Vé’_J = ch Vi,j—l’ we obtain

K ‘
g = 3, (bW - chViy)  £eoa; koo

42=(k-1

] < / /
- H - M =0,j o
c Ll“ - g-x (CL l&/ ck Vo" ) ’ ? (36b)
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and explicitly

K ’VJ‘(P”"’i"'p'")( yn (2§ 4 - m)

chl, () = ck L°°(+)5§-x | K307 (37)
Ky (Fii-GntPm) Yim (25§ -n)
ckl,® = cLL,,,,(HjZ1_ t (1—t ), K>0 )
k K 7l Pm)/, —vm (254 +n)
chly, (1) = t Y@ jZ_Kt Ul 1) = o
K _yi(5gi-Gnepm) s, =vn(29 f+m)
=chly, & Z_t V{(PN gn+p (f g¢+ _4) ; _
| V(PG +gn-Fm) 1 WE-n)25]+5-m)
Ly (0=t )5 t (t -1) -
J"K (koa)
K _yi(Fi-gnrpm) [ -VE-m)(25§+F-n)
cal, 02 T 7o)
=k (4ov)
chloolt) = ch Ly = chVoo= ck¥ = £ ¥(H) ;
where

+ 1 2(,, 2 1 b
b Ko = g Lo (-t ]t (= 4+ = o)

(b1)
Next for types IIIO, N21 we have
ch Lok&) = ck 0k -chl u_ Wf‘)t aﬁl“’”(’l tv¢n(z/<-4y k>0, n>0; (42)
ke W)L Wik (p-n)
kLol = Vg -cko =¥t " ""’(1-t HE) s

2
Further for types III (c >25), N we have:

el Lo © = ol Vo .l V,: _ lP(’r)t (P',(zm; )(,’ t_W’i(zx 4}00 ()

23

Finally for the types III (c = 25) N we have (using (32), (34)):

cLl_ “’) CLV -oLV_ 'W{’)t : (,1 t(lk-‘fwue)/y))

A
Formulae (37)-(h0), (L2)-(Lk4) were given in [35] for W in the case
plq = 2/3, (then by (9b) c¢ = 26). Formula (45) for W wvas also given in [35].

(45)
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L, FINAL STATEMENT AND RELATED RESEARCH

We have proven the following

Theorem. The characters of all irreducible highest weight modules Lh'C

over the Virasoro algebra and Neveu-Schwarz and Ramond superxalgebras, such that
h,c
L ]

formulae (18),(23)-(26),(28),(29),(31),(33),(38)-(40),(k2)-(45).

is a proper quotient of the reducible Verma module Vh’c, are given by

Finally we comment on related current and further research. Recently the
so-called N = 2 extenbions of the Virasoro algebra [1] received much attention
[51,[30],[37],[3]. (In that terminology the Virasoro algebra is the N = 0 case,
while Neveu-Schwarz and Ramond superalgebras are N = 1 extensions.) The
determinan? formulae for all three cases (Neveu-Schwarz-type, or A, Ramond-type,
or P, twié%ed type, or T *h% and a classification of the unitary highest weight
representations was given in [3]. (For partial results obtained earlier or
simultaneously see [5],[30],[37].) Using these determinant formulae we have
determined the structure of the reducible Verma modules over these superalgebras

[121,[23].

There are three mastertypes. Mastertype F includes the Virasoro N = 0,1

types (given in Sec. 2.2 here). It includes Verma modules for which the functions

. X
r; 5 [3)(X = A,P,T) vanish, but g [3] (X = A,P) do not venish. Mastertype G
includes Verma modules for which g% = 0, but -fi,s # 0 (X = A,P). The G-types
are common with-the types of the osp(2,2) case [11]. (We recall that the osp(2,2)

superalgebra is a finite-dimensional subalgebra of the A superalgebra.)
*
Mastertype H includes Verma modules for which both fis =0 = gi (X = A,P) 5).

“combinations" of the G or H types. Alternatively

(1)

These types may be viewed as
they are represented by some of the types of the super-Kac-Moody algebra osp(2,2)
[11]. The character formulae for the F types are obtained from those given here
by identification of parameters [12],[13]. The character formulae for the unitary,
resp. non-unitary irreducible HWM are presented in [12], resp. [13]. We also would

like to note that the N = 2 Neveu-Schwarz- osp(2,2) 1) correspondence is a

continuation of the Virasoro - Ail) and of the N = 1 Neveu-Schwarz - osp(1,2)(l)
= super - Ail) correspondences (cf. [8],[10]).
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FOOTNOTES

*1)

*2)

*3)

*U)

*5)

Our parametrization notation is borrowed from the fundamental paper by
Belavin, Polyakov and Zamolodchikov [2] which started the renewed interest in

2-dimension conformal theories.
There is a misprint in the preprint version of [8], n = 0 being omitted.

A
For W +the similarity between the cases ¢ = 0 and c = 26 and between

c=1 and .c =25 was called duality in [35] (it is attributed to Meurman,

unpublished).

In [37] P and T are called Ramond I and Ramond II algebras.

These include the discrete unitarizable series with ¢ < 1 denoted by AO,
+ + ~ ’
P, [3] and some of the A2, Pé [3] cases (¢ > 1).
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