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AB APPLICATION OP QUATERBIONIO ANALYSIS TO THE SOLUTION OP TIMB-

INDKPJSHDMT MAXWELL EQUATIONS AND OP STOKES* EQUATION "0 

Klaus SUrlebeck / Wolfgang Sprössig 

T. Indroduction 

This paper presents an approximative solution of special boundary 

value problems of equations of mathematical physics in 3-dimen-

sionalf in general multiple connected domains with smooth bounda­

ries. Several numerical methods are at present successful applied 

for solving of these problems. However, the numerical effort of 

difference methodsf finite element methods or the Galerkin method 

Is very expensive. Therefore it is necessary to construct tech­

niques for use In practice, which give approximative solutions 

by small computing-time and a good estimate of the error* The 

boundary collocation method possesses these advantages, because 

it Is a synthesis of analytical and numerical techniques. The 

classical functlontheory is an Important practical tool for cal­

culation of plane problems. Basing on the results of R. FUETER 

(Switzerland), A.W.BIZADSE (USSR) In the seventies several mathe­

maticians from various countries founded a functlontheory of qua­

ternions and the Clifford analysis. Important papers are written 

by R.DELA.NOHE, F.F* BRACKX, F.SOMMEff (Belgium), J.BORES, V. SOU-
C M (Czechoslovakia), P.LOUNESTO (Finland) , J.RYAN, A.SUDBERY 

(England)), B.GOLDSCHMIDT (GDR). The authors of this paper also 

have written some publications about applications of quaternio-

nic analysis for construction of approximative solutions of boun­

dary value problems. They descibed in previous papers [5], [1$1 [/14] 

an effective representation of solutions for some important equa­

tions of mathematical physics by the aid of a general operator 

calculus• Some of the numerical methods recently developed make 

use of the quaternionic calculus (see [?J , [l] ). In our paper 

T)) 

This paper Is in final form and no version of it will be sub­

mitted for publication elsewhere* 
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we shall apply the boundary collocation method for approximative 
solution of Stokes'problem and for time-independent Maxwell equa­
tions. A special method of decomposition gives favourable approxi­
mative solutions for the user. 

2. An operator calculus 
Let u and v be fourdimensional vectors written in the form 
u » Cu fu) and v » (vQf9) with u « (u^^fU^) and v » (v..fVpfVo) 
By introduction of the non-commutative product 

u#v « C U

0

V

0 - (u,v), u* v + uQv + v u ) (2.t) 

we obtain the structure of a skew field. If e * (t,0,0,0) f 

e1« (0ftf0f0) f ^2»(0fQf^90) and e y (0 f0 f0 ft) f so the quater­
nion u allowed the representation 

3 
U * L Ui ei 

i«0 3 

Furthermore l e t be Re u » u , Im u = V u-e^ and u * u
0

e
0 " 

" Z j U i e I * ** i s e v * d e n * f * h a * hold true the relations 
Vei 3 ei°eo ± * ° > 1 » 2 » 3 

1 - J f i - 1,2,3 f i » t , 2 , 3 

I » 1,2,3 
* ł в в 3 

ac V i 
•Í - - 1 o 

•S a T*o 
let GCR-* be a bounded domain with sufficient smooth boundary 

r « 3 G . The Banach spaces C* , I§ , Hs
f W ^ Q of quaternionioc 

functions are defined by their components, which belong to the 

spaces Ck
 f L

p
f H

s, W^ . In the spaces HS(G) will be introduced 

a scalar product Cufv)g by the formula 

(ufv)Q » J u(x)ov(x) dGx 

^ G 
where u « (u ,-u)1 is the conjugate quaternion. 

For u€CQ(G) we can define the following operators. Let be 
X £ 0 f then by 

VyQVL » (-div uf grad uQ + rot u) + X u (2.2) 

is designed the 3-dimensional analogue to the Cauchy-Riemann 
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operator. The operator 

(P.uHx), »-- r Cx-y>«n(y).u(y) dr , xkT , (2.3) 

* -flf J A J ' I 

where
9 

r
x
fx 

* ІЭCІ 1^1 ' ' |ocj* І X I ' 

and n • (O
f
n) with n * C n . | f n 2 f n . j ) the unit vector of the outer 

normal on the surface P in the point y , is the 3-dimensional 

analogue to the classical Cauchy integral operator
 f
 [?3 • 

Weakly singular integral operator 

CTjuKfc) *• J r(x-y)Vu(y) dG
y
 (2.4) 

6 

represented the 3-dimensional analogue to the T-operator of the 

classical functiontheory. 

For U « C Q ( D the operator 

CSxu)Cx)• - 1 j rCx-y>n(y>uCy> dPy f x € P , C2.5) 

exists in the sense of Cauchy's principal value. We introduce the 
projectors 

(Qxu)(x) « 2~
T( uCx) - CSAu)(x)) C2.6) 

CPxu)(x) » 2~
t( u(x) + (Sxu):(x)) . (2.7) 

Between all these operators exist numerable relations, which in­
cluded in a general operator theory C see [3],[l4] f [14-] ) • Final­
ly we need the multiplication operator 

CMu)(x) * m('x) C (l-2r1(2l-2) uQf u ) f (2.8) 

where 1* R N{2} f meC^CG) . 
These operators enable us to describe a lot of systemas of partial 
differential equations in a favourable manner. We consider the 
following system of equations t 

VoM fyu » 0 in G (2.9) 
y 0 u * g on P f (2.10) 

where by y0u is denoted the trace of the quaternionic function on 
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the boundary P • For particular choice of the numbers 1 and 

and the function m(x) the following Dirichlet problems are ob­

tained : 

a) X a 0f 1 » 0 ; msM Laplace equation 

/4 * 
b ) X * O f l » 0 ; m * Cx) equation of the magnetic field 

(/A permeability ,£ dielectric 

constant, H conductivity ) 

c) X » 0 1 0,2 ; m-M equations of linear theory of 

elasticity ( 1 Poisson number) 

d) \ ? 0 , 1,»0 | mst Helmholtz equation 

Remark 2>1 

For X m 0 the index A shall be omitted. 

3o A boundary collocation method 

let G c r be a bounded domain with sufficient smooth boundary • 

An elliptic differential operator with constant coefficients is 
denoted by A • We look for the solution of the boundary value 

problem 

A u « 0 in G 

R u * g on ( 3 # t ) 

in suitable chosen spaces. The domain is denoted by D(A) £ X f 
where X is a noiroed space and Y *• Xnker A • By K is designed 

the set of coefficients furnished by an algebraic structure of a 

ring* In Y is defined an addition n + n and a multiplication 
won by elements of K in a suitable manner, so that Y has the 

structure of a righir vector space* We look for an approximative 

solution for the problem (3«1) in the form 
n 

un(x) -^fjCxJoaj , (3.2) 

J"4 
where the coefficients a.. € K f j * tf#..fn f shall be defined 

by the equations 

CRunKxj) » gCxj) f x.j€ T 9 j«1f*..fn (3.3). 

let us consider the boundary value problem 

7 x »м7u - 0 in G Â u " w i n " (3.4) 
Yo u ~ « on г 
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where If and m fulfil the above-mentioned premises. Then the 

following theorem holds true 

Theorem 3.1 

Let be geH^CP): s > 2 ~ 1 ; X, 1 and m(x) i s chosen as in a) c) 
or d)) . Then i t follows 

u » v + T. M w (3.5), 

(3.6) 

where v and w are the unique solutions of the boundary value 
problems 

V̂ ov » 0 in G 

y0v « P^g on T 

and 
w « 0 in G 

^ M H w * QkS on T ( 3 # 7 j 

Remark 3.1 

By realization of the assumption in the case, b) we obtain the 

same result, if m(x) -* const. • In the general case we also con­

jecture the correctness of Theorem 3*1 • 

Theorem 3.2 [4] 

Let be Gjf G, G. bounded domains with sufficient smooth bounda­
ries ^aSGj f T«3G and TA*3GA f so that GjCG and ^ C ( ^ A • 
Furthermore the sets of points Y 3C.1°<: R and {yA^I^- are 

n |Vlri u r 1 

dense subsets of i \ respectively \ j • Then i t holds for s > 0: 

{r^fx-x.p} i s Q - complete in H2CG)n ker 7A« f 

{¥ov^x~xl}l i s Q - complete in Hg(P)rtIm ?h 

{to*****!11! i s Q ~ c o mP l e t e i n %r)nim QX 
r y ^ C x - x ^ J u { l V ^ x ~ y i * } i s Q - complete in H®(D . 

Remark 3.2 

The proofs in the cases a)f c> and d)> can be found in [43 f[5]# 

Applications to the case c) are also included in [T^Q* The paper 

L&Jis dedicated to the investigation of this method in the case 

of parabolic equations. A transfer of these results to the bihar-

monic equation is made in the paper [lo]. 

Remark 3.3 

On the base of the system {r^Jwe can construct systems, which have 
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too, and a*-b= (0,0,0,0). System of equations (4.4) we can rewrite 

in the simple form 

7*E = § 
(4.5) 

P*H =»o(«E 

By help of the multidimensional generalized Vekua's theory (seeWi 

Ve receive the representations for the solution 

(4.6) 
E - T 9 + 4>E 

H - T«E +4»H , 

where ^g an<* ^JJ belong to ker 7° . By substitution of B in 
in the second equation it follows 

E - T ? +<}>E 

H » T*T? + T*^ + ^u 
(4.7) 

On the assumption y H » h , it follows immediately $„ « P h . 
The multidimensional boundary formulas of Plemelj-Sochotzki 

Csee [?j) leads to the formula 

Q h . £ T«T§ + yQT^P4>E (4.8) 

on the surface P • 

Equation (4.8) can be multiplied by <*'*, because ot is a scalar 

quantity greater than zero. The operator VUTP is continuously 
9 O ^ 1 

invertible in the pair of spaces JH^n Im ?f Hfjf* Im Qj as shown 

in a general case later. Hence, it follows 

4>E » ^ P ( r o T P r t Q h - F C J ^ O T F Y O ^ S . (-4.9) 

By putt ing in (4.7) ;
f we obtaim 

E m oifpf^oTP)r1Qh + ( I - P C ^ T P ) " " 1 ^ ) T$ (4.10) 

H * TPfyoTP)~1Qh + Ph + oiT(I - *(y 0 ^)~Vo T -* T 8 * (4.11) 

The operator ( I - P(TP)~Y<>T^ s *K i s t h @ LQ~ o r t h o P r o J e c * o r 

onto the subspac© P*w| QCG> • Tfe obtain 
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better numerical properties. In the paper [7] are described a 
method for construction of such a system and numerical comparisons 
with the Galerkin method. 

4. An approximative solution of the time-independent Maxwell equa­
tions 

In the domain (5 is an electric charge distributed with the densi­
ty S0^

x^ m S0*
 We ^all compute the stationary electric field 

E « (E1fE2>E3) and the stationary magnetic field H =* (HtfH2,H3) f 
if there are given the dielectric constant £ =*£(x)f the permeabi­
lity yu*yu(x)f the electric conductivity #=*9e(x) and the magne­
tic field on the boundary T • 
The Maxwell equations read as follows in the time-independent case 

/ч 
divfcE « S Q divyuH = - 0 ( 4 . 1 ) 

rot E = 0 rot H a * E ' # 

By using of a well-known multiplication rule it holds 

d i v £ B - ? 0 ^ u # 2 ) 

rot £ E » grad £ * E 

d iv^H » 0 ^ ^ f 4 # 3 ) 

r o t ^ H a^uaeE + grad;u*H 

By s e t t i n g E » (0 f £ E) and H » (OfyuH) we obtain fourdimen-
s iona l v e c t o r s , which are needed for our method. We denote by 
a -• (O f£

4grad£ ) f b -* (0,/Tgradyu): and 9 - « 0 , 0 , 0 , 0 ) . I t f o l ­
lows by us ing the Nabla operator i n the sense of the quaternionic 
m u l t i p l i c a t i o n from (4 .2> and ( 4 . 3 ) 

V°E « 5 + Im(aoE): 
floH * £ l * E + Im(boH): 

The abbreviation ©-.* ^J& leads to the system of differential 
equations 

VcE « 9 + IntfaoE) 
(4.4) 

7<>H * oC E + Im(b*H) 

First let £ , yu and * be constant quantities. Therefore of » const. 
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H - TPCy0TF>"tQh + Fh +01TIT9 . 

From the paper[l3 l we know, that the equation 

y0TF«fo - Qh 

i s in a certain sense equivalent to the Dirichlet problem follows 

$ H -« PCTP)"1 Qh 6 ker 7 ° 

By introducing the orthoprojector 

I z 3 P('TP)r1T 

onto the subspace ker7pnLQ(G) f inal ly we obtain 

B ~+$E + 7 ^ $ (4.12) 

H * T$K + Ph +ccTlTT5 C4.13) . 

Now we shall approximate each of the terms in the formulas (4.12) 

and (4.13). Let h€.HgCP) then holds 

h - tt»o 2 c> ro r^x i>o a in > • y0
rCx-yi)#bin>> <4-t4> 

in HQ(P), where ajn^ and b,n^ are unknown quaternionic con-

stands. P is a continuous operator in [H^CT), H S + 0 # 5 ( G ) J f 

ker P » HQCD'A Im Q and r(x-x,) is the generalized analytical 

continuation of lr rCx-x,) . Therefore from (4.14) follow the 

representations 

Ph * Lim Vr(x-x, )»aín> in H?+0#5(G) (4.15) 
h.-»oo4-J 1 1 

î * 1 

Qh « Lim 2 ^ o г C x - y i ) в b i П > i n H Q ( Г > (4.16). 

and 

h
— i,, 

We mention, that In P - ker Q . The quaternionic function 
T
? H

 C H
Q

+ 0
'

5 C°)
 i B

 a solution of the Dirichlet problem 

A T - 0 in a 

y
0
v - Qh on T (4.17) 

«•>* 

The boundary value problem (4.17) is correctly given. Hence Qh 
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can be approximated by (4.16) and the method (3.2)-(3.3) is appli­

cable. This leads to 

T * H " JS-. « x-xd" ci i« H£ 0 S(G) (1 is) 

and after derivation by 7° 

?H•" L i m if*-*!-1.*--!."3 c i n > in Hq" 0 , 5 (G> • 
iti 

The item TT|T§ is the solution of the boundary value problem 

A w - 9 inG ( 4 # 1 9 ) 

v w « 0 on P . 

Problem C4.119) can be transformed by s u b t r a c t i o n of a speaia l so­
lut ion KQ (for ins tance, KQ»±\p--yT J dG ) in to a problem of 
the form C4.17), which can be solved again by C3.2)-(3.3) • Now, we 
have 

n 

T Î T T P * Lim £ | x-x.T"1 dfn)' + K§ (4.20) 
1 * H-»40t* t ! • i 

n 

X T Ç . Lim ? (x-x, J |x-x,f3 d,Cn) (4 . 21 ) 
^ t | -#> OO , X xm ± 

I** 
Final ly , we get to the formulas 

E « ^Lim £(x-x±}\x~x±\3cW + i i m £ (x-x j L) |x-x if-3d i + 
* * * » j h^«o i«.j 

•1 » + > K $ n (4.22) 
H ** Lim)|x-x,,f1 o | n ) + 11m J ^ C x - x . ) afn) +ecLim 7 ( x - x X V * 

+ o(K§ C4.23) 

Remark 4.1 
The advantage of the boundary collocation method to get differen-

tiable solutions is consequently used in the construction of the 

single terms of the representation of solutions C4.22) and C4.23). 

Remark 4.2 

The presented method allowed the above-constructed system of dif­

ferential equations to be split and the numerical solution to be 

attributed to the research of two simple boundary value problems 

(for h and K J ). Now these boundary value problems can be easily 

computed by the help of boundary collocation methods or other ap­

proximative methods in dependence of the existing software. It is 
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also possible to use the obtained expressions of the relations 

C4?#22)N and (4f23)) for an approximative solution of system (4'»5)« 

Uow let us consider the case in which 3fc=#(x} is a smooth function 

of the class G ((*)• The coefficients £ and yu are for the present 

constants» Therefore od is not a constant, it is also a smooth 

function of the class 0 (a) • 

By assumption of an existing inverse operator to the boundary ope­

rator y0T*F in the pair of Banach spaces [irnQnl^p), ImPnl^f1)] 

it .follows for the analytic quaternionic functions c£— and<^R 

4>H * Fh 

and hence f o r E and H 

B * I ( r o T*F)- 1 Qk + ( I - FC^0TeiFr1y0To()T5 (4*24) 

IF ~ To<F(^0To(FrtQh + Fh + Tail - F(y0T«Fry0Toi)T$ (4.25). 

I t remains to show the e x i s t e n c e of the operator Cy^dF)"" • For 
t h i s purpose t we cons truct by help of the s ca lar product i n the 

2 space 1 Q ( ( I ) 

<7*dl^a,u)L2 * J?**7*uou d a f u c W ^ Q « S ) • 
Q G 

By using the unit quaternions e^ i « 0ftf2f3 holds 

M • u»£>£u hiljL"\^ "•*« 
I t follows 

f 3 4 ^ 
~ dd -. jv-a^u-u dQ -](iZ Vj«ki*^»k Éuiei 

a, s«fS*iiM ^ e-o • j . 

- ÇeZ 5kej4vy°u da • ]«*•** °fr~ da - WM2«- ? 0 
z >• J i ^ G >«o b MO f ' ^ 

I t i s easy t o obta in that from 1 ? * < * ? © « • « da » 0 fo l lows y*u**G 
and f i n a l l y ^ £ 

( ^ a ? * u f u ) * m i n 1* Jfcp dGP J mi:m< AtCAfcltf ( a j # £fe 2?) 
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Inequality (4.27)) shows positve definiteness of the operator 
CP«dV ̂ J in W^ Q C G ) . Hence^e have proved the existence of a so­
lution u of the boundary value problem 

T'dlfoi-0 in a ( 4 # 2 8 ) 

I u » g on P 
o 

By applying the multidimensional Vekua's theory [sj [I-JTI it folf* 
lows from C4.28) 

u « Fg + ToC1^> 9 

where cb 6 ker 7° • -Phis representation leads to the formula 

Qg * T* F 4* • 

How the existence of the operator {TdCF} £ LCL?nIimQfL?t%ImP) is 
2 ^ ^ j. 17 

obvious r because for all g e J£. a quaternionic function ^ 6 kerf* 
can be found* By setting g » 0 on P we obtain 

0 * rou"yoT^o+ » j ^ 1 * * 

and because of the uniquness of the solution of C4.28) Toi'F^* 0 
and so ^ » 0 . 
Let us now consider the case, if £*£Cx) and yu^yuCx) are scalar 
functions which depend on x . First we shall obtain special solu­
tions of the system of differential equations by using the follo­
wing iteration method 

En m T8 * KDnCaoE.^) t4.29) 

H m m T*E+ 4* TliaCboH^-,) f C4.30) 

wheror EM » Lim EL • For proving the convergence of this method * *>-$ mo n 
let us make the following calculations. It is true 

V En-1 * TIm aoCEn-f ^-2? " (TIm **)n~%T if E
0*

 0* 

therefore 

En * ̂  ^Ek""Ek-1^ * X + TIm a ° * ••• * *!FIm a0)11""1 ^S 



72 K.OURLEBECK/.W. SPRfJSSIG 

Assuming II Tim SPIT££G> ^ 3 * * existed the in f in i t e sum 

E - 7 (Tim a*)kTJ . (4 .3D 
k»o 

£ccordinglyf holds by setting HQ * 0 

Hm- H ^ - (Tim bojP^CH^B ) • (Tim bo)m-1TctE* 

and for llTIm ̂ •Ij.Zftjj, 4 q < 1 it follows 

CO 

ff^« lim 1^ » 2 . (T3Jnb»)kT«»lB-. , C4.32) 

The pair (E4tHtJ fulfils the systems of differential equations 

C4.4). By applying the multidimensional generalized Yekua's theory 

we immediatly obtain the general solution 

E*i~ T *5 + ^(a*2*) > + $ B 

H^« T*T$ + TUTIm(a«Etlr) + <*4B + Im (b«H*) ) + <J>Rx • 

With the abbreviations 

4>*| « (TdTr^h f \ f F(y0To( F)^
1y0 T 1^. I - T^«* 

we get to the formulas (4.33) - (4.3f) 

SM«1i^T3+ 4 h -T^(«TImfaoE^) + Im(b*H*)) (4.33? 

H,,- Fh + T*(1j\T($+ ImCaoBj ) + Tlm(boH} + <j>h (4.34). 

5, The solution of Stokes'equation 

By the help of the above-introduced operator calculust we want to 

prepare the solution of Stokes'system by an integral representa­

tion in such a manner, that a computation by a boundary collocation 

method is easy to do. Stokes'system means [}5'] 

iu -PP »f i n a (y.t) 
div u - g (5.2) 

yQ u « h on T (5.3). 

The necessary condition 
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J g dd - ](nfh) dP {5.4) 
G r 

is true. This system describes the stationary motion of a homoge­

neous viscose fluid for small Reynold's numbers. Here u *(0fu)f 

u * (u-pUgfUo) mean the velocity of the fluid and p the hydro­

static pressure* Function g is a measure for the compressibility 

of the fluid. In the case g « 0 the fluid is not compressible. 

Ther boundary condition (5.3) means an adhesion at the boundary of 

the domain for h * 0 • A detailed dicussion of the references is 

given by A. VALLI [l?J and in the book of O.A* LADYZENSKAJA [9] 

The generalized Vekua's theory gives us the possibility to write 

equation (5.t) in the form 

u » T p + <j>2 + T<j>t + T 2 f f <j>± ker 7° (5 .5 ) . 

By putting (5.5)) in (5.2) we receive 

g « div u « div T p + div Im4>2 + div Im T ^ + div Im 3rf» 

• - Re7*T p - Re 7*+2 - Re F°T<t>1 - Re^O^f « 

»— p - Re(<^1] + Tf) . 

We obtain for p 

P » - (g + Re(41 + Tf)) (5.6)% . 

By setting the expression (5.6) in (5.5) we get to a representa­

tion for u 

u » - T g + T Im<j>t + T LB W + ^ 2 (5.7) 

It is easy to see, that a spezial solution is given by 

(astp0) « ( -Tg + Tim Tff -g-Re Tf ) • . (5.8) 

With v » u - UQ and q » p-pQ it follows 

Av - 7q « 0 ^ Q (5.9) 
div v» 0 (5.10) 

y0v « H on T (5.11) 
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where H » h + y0TClm Tf - g ) . I t i s westl-known that for solva­
b i l i t y the condition 

J(H,n) dT - 0 (5.12) 
r 

i s necessary, where (H,n) » H1n1+H2n2+H,n-1 . 

This condition can be formulated in terms of h and g in the 
following way : 

0 « j (H,n) dT - j (h,n)dr + Ĵ TIm Tf df -J VQTg dT . 
r r r r 

By using the theorem of Gauss-Ostrogradski we get 

JvTIm Tf d -Idiv Tim Tf da » 0 

f G 

jy0 Tg d - J g dff 
/ G 

and therefore 

] g dG -J (h,n) dr (5.13) 

i P 
For that reason, the condition (5.13) is necessary for solution 
(see ^15])* let us now solve the new problem (5.9)-(5.TO)-(5.TT') • 
By using (5.6) and (5*7) we obtain 

q - - g - Re4>t (5.T4) 
r =- TIm(^1 +c|>2 (5.15). 

We shall approximate irhe function $* by 

4 i n > = I r(x-x±}*a± (5.16) 

where r(x-xi) a r (x-tJi With the notations 

rMmxW-x[*> 
, hr * " 1»2 '3 

|x - x£> 
finally follows 

Tim <(><*> - £ W 1 > V B[0} + (Tr ( 2 > e i ) a<3> - ( T r ^ e . , ) a<2> + 
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<Tr^3 2) a<°> • (Tr<
3>e2) «[»> -(Tr

(t>e2) a<
3) .» 

+ (Tr^
3>e3) «[

0> + (Tr
(1>e3) af

2> -(Tr(2>e3> a<
tJ j (5.17) 

(IT The functions Trv 'e> can be calculated analogously to the paper 

Tl'4 9 p. 281J . The calculation is made with accuracy of a func­

tion, which belongs to ker 7° , This analytic function shall be 

added to ̂  2
 a n d *he resulting function is wanted by the ansatz 

i (m) £ 
? 2 » £ r(x-x,)*o, (5.18) 

where c, are quaternionic constants. These shall be defined by 

equations, which arise by putting sonre collocation points for x 

in the formula 
m 

2 rCx-x1)#c1 -* (FhKx)- (5.19) 
l*i 

For instance, (FhKx) can be calculated by (4.15). We obtain the 

constants a) J' by using the boundary value condition (5.10) from 

the system of equations 

(TImt(>(n):)(z;J) » (QHKzj) j - 1,...,4n , 

where (QH)(x) is represented by (4.T6) # Consequently the appro­

ximative solution of Stokes'system (5.9)-(5.10)-(5.11> is given by 
m 

v*'m - TIm4>$n) + 2 . ( 0 - 0 - - ^ ) |x - x j f 3 > « o 1 ( 5 . 2 0 ) 
and H 3 {"* 

q f n , - - g + Z I y W > « P ) ^-2t> 
i»i j»i 
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