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THБ REGULARITï CONDITЛШ 

FOR SOME NATURAL БШCTORS 

Zdzisław Pogoda 

This paper is in final form and no version of it will be submit
ted for publication elsewhere. 

In this note we present some generalizations of the notion of na
tural bundle, introduced by A.Nijenhuis in C 3 3 t studied by 
R.Palais , O.L.Terns L * 1 and D.B.A.Epstein, W.Thurston [1J. 
We define a natural functor from the category of affine bundles 
and their isomorphisms into the category of double bundles. We 
prove that the regularity condition for this natural functor, 
analoguous to the one given in the paper of Palais-Terng is a 
consequence of the other conditions. Additionally, an estimate 
of the rank of such a natural functor is given. 

I. Basic definitions and examples. 

Let cAG>hk be the category of affine bundles and their local isor 
morphisms, i.e. the category whose objects are fibre bundles 
(locally trivial ) with the affine fibre of dimension k and the 
base manifold of dimension n. Morphisms are the following: 
Let -Tj :E,. >M« and ^tEp >Mp be two affine bundles of ̂ f^i* 
and U* , Up be two open subsets of M* and ML , respectively .Then 
a diff eomorphism ^j rQ (U4) *,r^i) i s o a l l e c i a l o o a l isomor
phism of E,. into Ep if on each fibre it is an affine isomor
phism. In practical terms, the affine fibre is the standard .af
fine space fR . Eaoh morphism of the trivial affine bundle 
(Rn*fR* »IRhinto itself is of the form 
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where vf :U^ *Up is a diffeomorphism of some open subsets U^ 
and \J? of IR*

1 and ftU^lR* ^n^is a mapping such that for any 

x of IL, f(xf-)=fx is an affine* isomorphism of fRte onto itself • 
We shall also consider the category 2-^p of double bundles. The 
objects of this category are the triples P—*E —*M where P — * E 
and . E—*M are fibre bundles and morphisms are triples (F,f,fQ) 
for which the following diagram is commutative 

ì -ř2 

71 

I ,__ Г 
M„ Ї2 „ц. 

We are interested in functors from the category ̂ J^k, into 2.-̂ 3̂  

Definition 1. A functor ̂ 5 (= ̂ j ^ ) from the category ^^v-^into 

2-^D is a natural functor if: 

1) for any fibre bundle E—*M of JV^y.^, ^E—*E—*UL is a double 
bundle of ?-*5p 

P) for any morphism (local isomorphism) § of affine bundles, 

^5$ is a morphism in the category 2-̂ *5 £> covering i.e. 
the following diagram is commutative 

To be precise ,*£§ is a diffeomorphism of rij^dom^j onto 
"^•/••i/ where fig. : ̂ E . — * E . , i-=1f2 are the projections. 

Moreover, an additional regularity condition is being formulated, 
which as it turns out, is a consequence of the other conditions. 

3) Let U be an open subset of IR f E and E'GJ^ and if:UxE Ey 

be a mapping satisfying the following condition: 

for any tGU f ^ f O / ) i s a ^°° "m^^^Qm in ^P*]*. tllQ^ 
the mapping 

U*<3TE *(_*,*)• K^X*)^ ' 
i s of c lass G00 
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Fundamental examples, 

1) Let E€vfMbn^* Denote by J ( E , r ) , where r ^ 1 f t he space of 
r - j e t s a t t h e p o i n t (0 ,0) of l o c a l isomorphisms (morphisms I n A B ^ 

GVR* „E . The mapping pE: J(E,r)—*E , ^ 0 , 0 ) ^ ^(Of 0) 
is the natural projection* The space J(E,r) has the structure of 
a fibre bundle and thus it is a principal fibre bundle with base 
and structure group P R V ^ ( 0 , 0 ) a AL^ k • The.group AL^ k is the 
set of r-jets of local isomorphisms vp : ti^tR*—*fRn*(R!*which are 
morphisms in cfr̂ v*, such that ^(0,0) = (0,0) . If C^E^ —t-E2 is 
a local isomorphism of affine bundles, then the mapping 

Jr$ «J(B1tr) ^J(E2,r), 3*0,0)
 fl **\o 0)$° f is a m0I?Phisni 

of the corresponding principal fibre bundles. The correspondence 
E *J(E,r) defines a functor from the category cH^^into 2-,5£> 

2) Let F be a smooth manifold with a countable basis on which 
the group AL^, k acts on the left. We are going to define a bundle 
FE associated to J(E,r) with base E,fibre F and structure group 
AL* k • To be precise, FE is the space of orbits of the action of 
the group AL^ k on J(E,r)xF defined in the following way: 

(f,|)g=(fg, g~1.£ ) 

where f6j(E,r) , g€ALj k , |£F. 

The correspondence E *FE defines a new functor from the ca
tegory ^Hjk, into 2-^r? 

The main theorem of this note is the following: 

Thegrem^A* L e t ^ be a natural functor from the category J^^ into 
2-^E> ( that is a functor satisfying the conditions 1 , 2 of 
Definition 1), then for some r>1 and a manifold F. on which the 
group AL*; -_ acts, the bundled is isomorphic with FE. Moreover, 
if n"iK%R*v/v is an f- dimensional manifold, then 

r < 2dimn^ R^0 ;0)+-| 

In the language of the category theory Theorem A asserts that 
there exists a natural equivalence between the functor ̂  and the 
corresponding functor of the associated fibre bundles ( with fibre 
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F and structure group*AL k ) . Theorem A is a generalization of 

result's of Palais-Terng C * 3 and Epstein , Thurston f 1 ] • In 

the case of l£ = ̂ 0$ , i.e. k=O, we get the theorem of Epstein 

Thurston from £1] • 

II. Continuity of translations and actions. 

Before passing to the proof of Theorem A we give some notations, 

lemmas and auxiliary theorems. Let (x,y)£ R'VlR̂ G cAE>^« We denote 

by ̂ c*̂ )'- IRVR^ *IR̂ fc*the translation given by the formula 

^(^(u.vr) « (x*u; y*ir). Now we can define the following 

mapping 

*?% : IRN)RV^(tRVlR^) -> 7 (»**»*) 

C (*^), *> * C^yJW 
One of the main steps of the prooj? of Theorem A is the following 

theorem. 

Theorem B. The mapping^Jx is continuous. 

The proof of this theorem consists in several lemmas and construc

tions. Let^*"* *IRVI be a standard trivial affine bundle, and 

^(R^xJc) be the corresponding double fibre bundle i.e. 

? ( R V R*) > r xfc* > (R,h 

Let us denote W ^ nR^n^(i.cixI^)and l e t the project ion tr :^R*—*<£ 
be given by ^tR.V^ (°;ff) ^ • Moreover, l e t t\sm\oppntiL 

<5*: R^x5(R^) v <5(R*) 

(*,*) « * 3**00 

Then ^ defines an action of R* on^QR*) . The following L6mma 

is an immediate consequence of Theorem 5*1 of Q 1 1. 

Lemma^l. The mapping 

is continuous* 

Proof. J?or any smooth n-dimensional manifold M, let &ft ̂ (̂rtxlR.*) 

and Pj^s^M—*M be the composition of the projections 
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v r ^ ^ t ^ C M x l R ^ >M*lRte and M*K* >M 
For any embedding if :M—*N of two n-dimensional manifolds M and;N 
l e t ^tf =- ^(f *iclfR.te) • "-11 *--i s way w e k&VQ obtained a na tu ra l 
bundle. Using the Epstein-Thurston theorem we get the lemma. 

Now we sha l l s t a t e and prove two technical lemmas. 

Lemma 2, Let k > 0 . Let us take a sequence w^G^IR^i = 1 , 2 , . . . 
having the following property: i f {u^ u€rc5-IRfe

f then there 
exis ts a family of open neighbourhoods -^V^ of 0 in tR such 
that i f a€ IT2. and if v/C^lfc i s an open neighbourhood of 

^ ^ ( v O e W * then 

for i suf f ic ien t ly large . 

Proof .We sha l l prove tha t the neighbourhoods of the form 

V— {*£(*>: HxlK^i i = 1,2,. . . 

where )| • H is the Euclidean norm in IR • Let us take a £ ^ 

and W an open neighbourhood of c5ct<xCw) • Let us assume the contra

ry that is 

^*((^V2i)x{w^)^W 

for an infinite number of i. Thus we can choose a sequence of 

points Cĵ C f£fe such that c^ €V"i for any i and ?T a +c u C
W^t) ̂  ^ 

for an infinite number of i. We define a new sequence up±±c?± 

and Upi+1=^# Using the Whitney theorem about extensions we get 

a smooth mapping h: IR* +& having the property that for i 

sufficiently large h is equal to u. 

"C"^;0^ --v0) e I R n - We define a loc£ 
R * IR by the formula: 

-X on B(xi,e"" ) where x.= 

local isomorphism H of (Rn*IR into 

H: (x,l) , • (x,a+K*H) 

Then *C(r*i,0)0Mol(.*i,6)ir\t/)i*Uipti B(0,e~1)xlRte for i even and is 
equal' to--#,«) on B(0,e~x)x |R* for i odd. Of course, these equali
ties are true for i sufficiently large. Thus 

^C-^o)0 ^ H ^ x ^ M - ^ K ) 
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for i odd, and 

for i even and sufficiently large. Since the space ̂  (iR̂ xfl̂ ) is 
Hausdorff, according to Lemma 1, the sequence ^^o^u^C^zO is con
vergent to^-taC^O f thus a contradiction* 

Lemma_J>« Let W^k^fR (k>0, i=1,2,...) be a sequence of points 
convergent to W S ^ K • Let W be an open neighbourhood of to in^tR 
Then there exists an open subset V in IR satisfying the following 
condition: 

^ V ^ w ^ O C W and^*"(Vx{w8i}) C W 
for i sufficiently large. 

2£22£# Using the previous lemma for a= 0, there we shall find 
an open neighbourhood U of 0 in K^ such that ̂ ( U *{wii) C W 
Lot Y.CIR^ ( 1=1,2,...) be neighbourhoods of 0 satisfying the con
dition: if ̂ atwOG W f then ^ C

a W 2 0 x ^ W ^ ) c W for i sufficien
tly large. Then 

u ° f eVw5^a-R t e : ?^a + v-o^w-^) c W i 
For any k£iM we put 

ЬL =• П Ueu : c~>((Ä+v2i)Чw
-îì) aU\ 

thus 0=y .Mte 
According to the Baire category theorem there exists k and a non
empty set VClRtesuch that VGint(~L )r> U. We shall prove that V 
satisfies the conditions of lemma. Let c 6 V and i >/ k. We want to 
find <x€ H. such that O.G c+(-Vp.), thus ot 0,+Vp., and hence 
~~*Cc,w2i) G W . Therefore ^ ( V ^ u ^ j c W for"i>k. Since U^>V, 

we get r3:*('/*lwi) C c~-*(U*'[w.)) C W , which ends the proof. 

Now we can proceed with the proof of Theorem B. It is easy to 
check that for any ((x,v) ,z) ' ( " ^ x R ^ x ^ R V R ^ w e have: 

~~T-c ( (*,*),-•) = 

= ^ C x - t p»tTW.KH>C
l)/0) ° ̂  0"; "^""C-P-WiiOiiR-iCOjOjC*)) 
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where p:IR*fc *IR . According to Lemma 1 it is sufficient to 
show that *$* is continuous. Let^l&lR , i=1,2,... be a sequence 
convergent to^GfR jU^G^JIR^a sequence convergent toWG^C?^. We 
shall prove t h a t ^ i t i ^ l ) >*?*{£/w) . Without loosing generali
ty we can assume that ][-= rr(yf)=0 # v/e shall prove that subsequence 
of the sequence^ (ii/w0 contains a subsequence convergent to 
^ (^;w). It is sufficient to achieve the demonstration of the 
theorem. Let-^Vp^be a basis of open subsets of the space's^ . Let 
us denote 

Q p - |VA.€ [R :t5^+^L;w2.)€Vp for i sufficiently large$ 

and 

t \ a^o.£tR^:c5 , eC .a^ii;W2 .)is not convergent to ̂ ( ^ w ) } 

We shall show that ACL).n.p# Let us assume, that ^{^21; ^21) is 
not convergent to W # Hence we get A= IR̂  .From the Baire theorem 
there exists p£lH such that int(-Q.p) -/ <fi • Let us take 
a e H p n int( U p ), then 

w = n^^a.^mt'ii^n^^^ xvp) 

is an open neighbourhood. According to Lemma 3 there exists an 
open subset VC IK.** satisfying the conditions: 

*) ̂ ( V ^ w i ) c. n-*(-a+i*T .5ip) 

**) ̂ ^ ( V x ^ ^ c ^ ^ ^ x V p ) for i sufficiently large. 

*) implies that a+VcintJXp i and * * ) thatcJ^^(X/tV)x{vJ2.l[)c\/p 
for i sufficiently large, hence, as ̂  tends to 0, a + Y C ^ . It is 
so, as vp 6 a+V implies that v^-r^UA/for i sufficiently large, 
and then?*(*+£2j w2-)c\/p for i sufficiently large. Thus £€<-Xp 
Moreover, a + V C Q p n vnT(XLp) C (lRvn p) r\ \r\\(JL?). 
A contradiction. 

As a consequence of the theory of Lie group we get (of. Z 2 J) 

Knihovna maL-fyz. fakulty UK 
«xM. matematické 

1W00i*náo-KadiaSdnl<mUi3 
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Theorem C. Let<5- be a natural functor satisfying the conditions 

1)and 2) of Definition 1. Then the action 

is smooth (0°° )• 

.For P= tf^^fntjo 0) we have a fo l lowing homeomorphismft?.TMi^^^ 
g iven by t h e formula 

((x, £)>), >^\^)(S) 

The inverse is defined as follows 

,00 

Both mappings a r e of c l a s s C • Moreover, F i s a smooth submani-
f o l d of ^(IRNfe*) 
Now we a r e i n t h e p o s i t i o n to fo rmula te a theorem which i m p l i e s 
t h e r e g u l a r i t y c o n d i t i o n f o r a n a t u r a l f u n c t o r . 

TheoremJ). Let $m : R W >fcn*R*for i * = 1 , . . . anlfy &*&—*&*& 
be morphisms in t he ca tegory u^*..*. such t h a t t h e sequence J ^ Q i-l*. 
i s convergent t o J ' /Q Q X $ • Moreover, l e t vr̂ € rr (6) be a sequence 
convergent t o vr£ n^o) ' f where n ^ f R * — > & \ Then ^ ^ C ^ w , ) i s conver 
gent to c 5$0 r ) • -to p a r t i c u l a r , i f *f and V a r e two morphisms i n 
i f t j^ .khaving t h e same r - j e t a t (0 ,0 ) then^^f a n d ^ t f a r e equa l 

'on rr»(o) 

Proof . S u b s t i i m t i n g §>w>by fy f̂)*, , we can assume <§ = i d . Applying 

t he form of $*. w e o a n c o n s t r u c t a sequence of smooth embeddings 
i ^ . ftp—t^jgji and a sequence of smooth mappings 1^: IR^ ^JR^such 

that 

$»(>/£) *(*"&, ^(*>+l) 

for m=1,... It is clear that the r-jets of (Vf^fh^) at 0 are 

convergent to r-jet of (i<î vi f0), where 0: JR.-—•IR.* is a constant 

mapping given by the formula x»—> 0. We shall show that any sub

sequence of the sequence ̂ (^(v^) contains a subsequence conver

gent to tf .By taking a subsequence, we can assume that 
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llD(Чw.-M^>w,)(o)ll<f w. 

for any differential operator D obtained from partial differential 

relative to natural coordinates. Let us choose S^e"
-111
, i^> 0 so 

that on a 8^-neighbourhood of 0 D(^YVT ̂ tR^w*)
 i s
 smaller than 

e~
m
 for any differential operator D as above. Let x

m
=*(4.

0
^ • O ) ^ * 

According to the Whitney extension theorem there exists a smooth 

mapping h: R" * IRMR equal to 0 on B(
x
2m+1' ̂ pm+1^

 a n d
 *° 

( 4W~
f d
nO »

h
2m

)oX
-^2.vn

 o n B
(

x
2m £2m^ f o r * sufficiently^large. 

The mapping h is of the form (£,£) where h: IK1 ^ a n d h: IRT *1R-* 

On some neighbourhood U*R*of the point (0,0) we define a morphism 

in CJT£*.Y* by the formula H' R^R* *R"*R> 

Then H=id on B(x?m+1> e2m+1)*(R* and H ^ ^ ^ ^ o ^ T ^ ^ ^ ^ o n 
B(xP^l, £ 2m^ x^ f o r m efficiently large. HenceY$v*(y*»)=v^for m 

odd and ? $ M ( ^ > ^ C - * V V , , O ) ^
 m e v e n a n d suffifa-

ciently large. Then using Theorem B we get t h a t ? ^ P^HelJt^ &*) 

tends to ̂ H(vr). Since the space^^^xIR^Yis Hausdorff, the se

quence ̂ ^wiC^z^) i s convergent to v. This ends the proof. 

III. Natural equivalence of functors. 

In this section the proof of Theorem A is outlined, but first of 

all we have to introduce some notions and notations. 

Let us recall that AL* k is the group of r-jets of local isomor

phisms fc**lR.*—-^xR* at (0,0)* AL^ k is a Lie group, as it is 

a closed subgroup of l£+fcf the group of all r-jets at 0 of iso

morphisms of rRA——•IR***' (not morphisms of cA^>^). We also define 

AL**-^ - the set of infinite jets at (0,0) of morphisms of <ft£>Yi.V*, 

of ' (RXR^into itself. The group AL^°k is the projective limit of 

the system |AL* k , IT{J where nj:-ALn
l £ *•£--£ k i s t h e n a t u r al 

projection. We denote by AH^ k the kernel of the projection 

AL~-; ÂL/" , . Exactly as in C 5 ] we prove the following theorem 
n , j£ n , ix 

Theorem^. If P is a manifold (metric space) of dimension s and 

the action of AL^°V on F is continuous, then ANf; ^ acts n,k ' n,k 

trivially on F. 

Now we shall construct a natural equivalence between the natural 
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functor *? and the functor described in Example 2. Let E be an 

object of cr\j?>*k • Tile elements of the bundle FE are equivalence 

classes <eff)> where eGJ(E,r) ( for some r) and f £F. The equiva

lence relation is the following: 

The projection ÏÏ_:FE—-*E is given by the formula 

<<ì(õ^;f>Ь 4(0,0) 

From the theorems proved up to now it follows that there exists 

r>0 such that .AL^ . acts on F= n^xfl^C0
/
0
)
 a n d

 "
tllis a

°tion is con

tinuous.Namely 

where vp is a morphism in Jr^^such that dtorjtf-̂ *
 M o r e o v e r 

r^ 2dimF + 1 . Thus for any object E of ift&y,̂  we can define iso

morphism I
E
:FE—K^E as follows: 

The family of mappings ̂ Lg |j defines a natural equivalence of 

functors *5» and F(.). The I--, are local diffeomorphisms. Indeed, 

if V :E,- ^Ep is a local isomorphism and a morphism of tAE> ̂ .ŷ  

then the following diagrams are commutative: 

Is 

rгEвIE= п E 

and 

>FE' 

IE">.:4':-c5 í ô Г Ê 
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For example, we shall verify that the second diagram is commutati

ve. 

lE'°
F
^«ci^^>)

a 

-*Y*iE(<iiv»M>) 

The above remarks end the proof of 'Theorem A. 
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