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APPLICATION OF THE AVERAGING METHOD FOR THE
SOLUTION OF BOUNDARY PROBLEMS FOR ORDINARY
DIFFERENTIAL AND INTEGRO-DIFFERENTIAL
EQUATIONS

D,D. Bainov, Sofia

S.D. Milusheva, Sofia

The averaging method first appeared in space mechanics. The ba-
sic technique of the averaging method is to replace the right hand
side parts of complex systems of differential equations by averaged
functions, the latter not containing explicitly time and fast -
changing parameters of the system.

The averaging method found a strict mathematical justification
in the fundamental works of N.M. Krilov, N.N. Bogolubov and J.A.Mi-
tropolsky [13] , [15] , [20] . This method reached its further de-
velopment and generalization in [1] , [14] , etc. :

The period after 1960 was one of vigorous development of the
averaging method. At that time 77 monographs on the averaging method
were published where a number of schemes were displayed for its
application to the solution of initial problems. In this way natu-
rally arose the question of the justification of the averaging me-
thod for the solution of boundary problems for ordinary differen-
tial equations. The first results concerning the justification of
the averaging method for the solution of boundary problems for ordi-
nary differential equations were obtained by D.D. Bainov in 1964,
and from 1970 on the authors of this survey achieved a number of
new results. Some of these results are exposed in the present pa-
per.

1. Solution of boundary problems by means of the averaging me-
thod on the basis of asymptotics constructed for the Cauchy problem.
In [14]V.M. Volosov proposes the general averaging scheme for the
solution of the Cauchy problem for the system, as follows:

x=eX(x,9,b,e)=eX(x,9,b)+ e* X (x,9,8)+ - -
D I=Y(x,9,t,8) = Yo(x, 3, t)+e Y (x,9, L)+ £°Y, (x, 9,1 )+---
with initial condition x(f,)zx, »9(t.)= Y, » Where X,XG PL,,‘ ;3,Y<—. R ,
while £€>0 is a small parameter. In view of this the question of
the possibility to apply the averaging method for solving boundary
problems came to the fore. The paper [4] , namely, is devoted to
the use of the averaging method to solve boundary problems for sys-
tems of the (1.1) type on the basis of asymptotics constructed for
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the Cauchy problem. An ordinary multipoint boundary problem and a
multipoint boundary problem with boundary condition depending on
several parameters are considered. Two theorems have been proved
for each of these boundary problems. The first theorem points to
conditions under which a formal asymptotics of the solution of the
problem can be constructed. In the second theorem the existence and
uniqueness of the solution of the boundary problem are proved. The
paper [12] considers a boundary problem of the eigen-values for sys-—
tems of ordinary differential equations with fast and slow varia-
bles. Theorems analogous to the ones in [4] have been proved.

2. Justification of the averaging method for the solution of
two-point boundary problems for differential and integro-differen-
tial equations with fast and slow variables.

Consider the system of ordinary differential equations

2.1 xty=e Xt xiby,aby, sty=Yt, xcty, 9ty

with boundary condition

(2.2)  x(0)=x, , BRI 90,9(T]=0

where X,X€R 39, Y, ReR, ;AeNchy; T-Le™; L=const >0
while £€>0 is a small parameter., Together with the system (2.1),
consider its degenerate system

(2.3) Sthy=Y(t,x,9(t), x=const

with boundary condition

@) RLA, 9(0),8(T]=0.

Assume that the solution of the problem (2.3), (2.4) is known
and has the form 3-—-\v(t,x,ﬂ,’f'). Then, if along the integral curves
3=‘\P(t,X.,!A .,‘T) of the boundary problem (2.3), (2.4), where A is
considered as a vector parameter, there exists a non-dependent on
h mean value T
2.5)  fim -1—5 Xt x,wit,x,2,Tydt - Xxy,

Toeo T %

then the equation

(2.6)  E)=eX(5(b))

with initial condition

(2.7) §l0)=X(0)

will be called averaged equation of first approximation for the
slow variables X(t) of the system (2.1).

The following theorem for the proximity of the component x(t) of
the solution of boundary problem (2.,1), (2.2) and the solution of
the Cauchy problem (2.6), (2.7) holds.
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THEOREM. Let us assume: ~

1. The functions X(T',,x,ls) and \L X(t,ny)are continuous in the
domain Q(t,x,9)= (bx D (x)x (L(8) , where A (t)=[0,0) , L(x) and Q(y)
are certain open domains of the spaces PL-;-, and ﬁ,-m. s T€Ssp.

2, In the domain _O.(t,x,.s) the following inequalities are satis-
ried i X(t,x,9)-X(b,x',9)« hx—xiu-rﬁi(tﬂl\‘i"\".ﬂi!’ﬂTX(t,X,Sjllé‘&l(t),
where ) is a positive coﬁstam_;, while'ﬂ‘alt)(im 3-4,3.)is a continu-
ous non-negative function.

3. The unique integral curve of boundary problem (2.3), (2.4)
corresponding to some value of the parameter A s passes through
every point of the domain f1(Y,x,¥), and besides,

a, This curve is definite and lies inside the domain ﬂ.(-&)
for any t20 .

b. The vector functions '\P(t,X’,"P\ .T)and%\l’(t,xp\,‘?)are continu~
ous along the set of variables {,X, ,T and satisfy in the domain
120, )xN=D)x 2 x)x N ,T=0} the inequalities

v Ex ALK v b x A Die g,
where K is a positive constant, while 8('5,7” is a continuous
non-negative function.

4, The boundary problem (2.1), (2.2) has a unique continuous
solution ix(t),,‘:{tb)}, whose component\‘i(f) is bounded (Iw(t)ulwon&t) o
(In (2.2) A  means a certain fixed value of the parameter ,/\ from
the domain A .)

5. For t>0 and T30 the functions ‘9}_ t) (¢=1,2) and g(tﬂ')
satisfy the %onditions 1 <

bim L0, eyole =0, Ym £§dui, (79(5,) ds=0

'tﬁoota 1 ? {e0tb % 0 <

6. For every (x,(l\\)é _Q.(X')x /\  there exists a bound of (2.5)
not depending on the parameter » and the boundary transition in
(2.5) is accomplished uniformly with respect to the set (x,'l\)eﬂ_(x)x/\.
In the domain (}(X) +the function X (X) is continuous and satisfies
the condition

EXoone M, iXo)-X(xne vix-xu , where M ana Y
are positive constants.
7. The solution ‘-glt) of the Cauchy problem (2.6), (2.7)

for any 120 is boundea (HEM<d=const ) and lies in the

domain {L(x) together with some t; -neighbourhood (S)'=C0n&t>0 ).
Then, if {X(t),b('t)j is a solution of the boundary problem

(2.1), (2.2) and g(t) is a solution of the Cauchy problem (2.6),
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(2,7) , then for any W>0 and 4 >0 such an &£“>0 can be
found that, for 04£&<&° on the cut 0<t<L& the inequality
I X(E) - «@  will e satisfied.

PROOF. Introduce the functlon

2.8) wr(t,x)= 5 Aa(x x){SLX(» xwie,x A, L)- X(x)Jol’"j'oLx ,

l)(ll
where the smoothlng kernel (X) has the form A (X) A (i—l )2'

for NXxun<io andA (X)= 0 for fixlji> , OL= const>0 , wh:.le

the positive constantAu is determined by the cond:.t:.on\s A (x)dx 1
i3

n
In view of the conditions of the theorem one can always con-

struct such a monotonely decreasing function oL(t) (L(t)—> 0 for
t > ) that for every XE,.D.(x)the following inequality will hold

S [X e, (X, N0 - X o Jot i ¢ (b .

Then, for t=0, for any points X , QL whose neighbourhood
belongs to the domain ;Q(x) , the following inequalities will hold
2.9) Iut, x)nLtout) n% vtxyie I, teeit)
where [, S b muolx

Estlmate the expression

P‘t’x"h vk x) - X, wib x ALY+ X (x)
§ Balx-xrdx’ =§ apo-xydx et

D) UXinso
then for t=0 Yor any X , O, whose neighbourhood belongs

%o the domain {L(X) , one obtains

2.10) 1 Pit x)uL()\uD)ou 2K8,t) +Ss&m8w troz .

Since

set Xib)= §(t)+&0‘(t §lt)) According to the conditions of the
theorem {(t) lies in the domain Q(x) together with the -
neighbourhood, and hence for OLLS’ the estimate (2.9) holds for
the function U (t §(t)) .

set A(&)= SUPLUC‘(-(LE ) Obviously, A)>0 for &0
and the follow1ng inequality will hold on the segment 0¢te L
if & is sufficiently small:

. i .
211y hevt,stnns ety Aer< Z mim (g, W)
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Therefore, on the segment (¢t & L&t , X(h) belongs to the
domain {1(x) together with the ¢4 -neighbourhood (0<§’1'=w'n.st‘§’)
and 1Xibued, , dy=const >0 .

Consider the difference

(2.12) Qt’c)—W—gX(t X,9) ,

where X(b) , and Y=9(b) _is a component of the solution
{x(t) 3(&)_} of the boundary problem (2.1), (242).
Taking into consideration (2.9), (2.10), one obtains

(2. 15>nt&mm(}um«a(3jnA’;)&(t)w(I Mr}n)toc(iﬂe}ﬁ»rc)gm tyds .

It is easily verified that on the segment (< t‘[-b the com-
ponent X(b) of the solution ix(t),m‘(fﬁ& of the boundary problem
(241), (2.2) does not leave the domain JL(X) . Then on this seg-
ment one gets from (2.1) and (2.12)

W hx(t)- x(’nnw’»ux(t) X+ 1 Qb

whence, taking into account that X (0)=x(0) , one finds

2.14) Ix(b)- x(t)nLS llQmHCxP{a/J,(t B)jdv
Introduc_ing the functions

F(h:%jtre»(t)ol'v , @(t)=%5 Tou(T) dT

)

L) =—30L‘*‘S (s;3csmds Lity~0,t > (4=1.3)

for_the'rlght hand side of the inequality (2.14) on the segment
0et2Zet one finds the estimate

b
i Q@ iexpiew(t-utde £ exp pL i (e ) lo+
(2.15)é1 x1i/& fol xPi)L 12 Jrt
+ (KDL G LEDH (T M) LB (LEY + LE (LE™

From (2.11) and (2.15) :Lt ollows that if O and & are suf-
ficiently small ( 0<Qu,& < &® ) then on the segment 04t 4 Let
the inequality llx(t) §(t)||4mun (? W) is satisfied. Thus, the
theorem is proved.

In the papers [6] - [11] , [16] - [19] several variants of the
averaging method have been justified for the solution of two-point
boundary problems for integro-differential equations with fast and
slow variables.,

Consider the system of integro-differential equations
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x(t)-e X (t,x(t),st"c).,sb\f’(t.é ,X(3), 5(51)08)

(2.96) _ 9 v
Sty Y(b,xth), 9u), {2, (8,5, x (83, yus00s)
[

with boundary conditions X (0)=Xc , RLA )5(°)>3(T)]=0 )
where X,XG Rn;s,Y,ﬂeﬁ.m; \oePLP SY’;@HW;?‘@/\CRM R

m oL .
T'=LE- ,L*con5t>0 s While &>0 is a small parameter,
Assume that the degenerate system with respect to (2.16)

, t
@217 $(b)=Y(,x,9(h), jwl(t 5,%x,9(s3)0s) , x=const
with boundary condition B.Lz $10), S(TH 0 , has a solution of
the form
(218 $=w(t,x,A,T) | x=const .
Several schemes of the averaging method are possible. Here is
one of them.

Let along the integral curves (2.18), where % is considered
as a vector parameter, there exist mean values not depending on %

P,Lm..,ﬁ)((txw(tx'h Ty, w)olt = X (x,w) ,

‘Tvd"

lim L S\Pts X, ws,x,N Tyds =%, (E, %)

T-pO? T.

Then the equatlon t

gb)=e X, (£b), 3\01 (b, E(s2)ds)
with initial cond:.tion

§10)= x(0)
will be called averaged equation of the first approximation for
the slow variables x(L) of the system (2.16).

This averaging scheme can be successfully applied when con-
sidering boundary problems for quas:.—linear systems of the form

x(by= &L/’q(x(t))&ut)+t’5(x(t))+§ K (x(s))9(sy0ls )
(2.19) Gity= A(xtn gty + B(xi)
0L3(0)+[b.3LT)'=Sc , X(0)=Xx¢

where ol is a diagonal matrix whose first diagonal elements
are units and the remaining (Mm.-f») are zeros; /’5 is an analo-
gous matrix whose first P elements are zeros and the rest are
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units;
nym, )

A(X)‘-(O'i,(j(X)):m',K(XF(&LJ(X)) s Bx)= (%i(x-),,,..,%m (x));

E(x)=(?)i(x),....,%m(x)); K(X)=(Kig‘X))n,m xefnye Rom ,

while &>0 is a small parameter.

Denote by °K= w(X) (K= A, m ) the eigen-values of the matrix

A (X) , and by ﬂ(x)-:(@im(x))r' denote the matrix whose columns
are composed by the components ™ of the linearly independent
eigen~-vectors of the matrix /\(x) o

Under the assumption that in the considered domain 0 (X) the
first P eigen~values of the matrix A(x) have negative real
parts and the remaining (M- ) eigen-values have positive real
parts, and under the assumption that the elementary divisors of
the matrix A(x) are simple and that -DetM(x)..DetJ\F(x) +0 ’
where M(X)‘;(LDE)(X))I) ’ JU’(X)=((D‘$’(X))W,—

t’, lP~H.

in the paper [’\9] it is shown that the averaged equation of the
system (2.49 ) has the form

g(t)=a[g(g(t));ﬂ'(glt))/\'i(gtt)) B(gt-
-§'K (5 NA ™ (xs)B(E)ds] .
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