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ASYMPTOTIC METHODS FOR SINGULARLY PERTURBED
LINEAR DIFFERENTIAL EQUATIONS IN BANACH SPACES
Janusz Mika, Swierk-Otwock

Introduction

Take a Banach space X% with the norm “-“ and a singularly perturb-
ed differential equation

() 42l - 26z (5) + m(s)

where T(t) is a time-dependent linear operator, m(t) a given function,
and € a small positive parameter. Such equations were analyzed by
Krein [1] who proved that the zero order asymptotic solution consist-
ing of three parts: immer, outer, and intermediate, converges uni-
formly to the exact solution. In [2] the author found the uniformly
convergent asymptotic solution of any fixed order containing only
outer and inner parts matched together by a proper choice of initial
conditions. Such a procedure was already used by Vasil‘eva and Butu-
ZoV [3} for systems of ordinary differential equations.

From the practical point of view, much more interesting are sy-
stems of singularly perturbed differential equations

e%"bﬁl = A(tYx () + P(t)y (£) + q (%) ;
S8 - oBx () + By (6) + 2 (8)

which were analyzed by the author in the zero order approximation
in [4\ and in any fixed order approximation in [5] « The results can
be also applied to a single differential equation in a Banach space

) dz (t) _ .1€ A z(t) + Bz(t) + n(t)

such that the singularly perturbed operator A has an eigenvalue at
the origin contrary to the conditions which have to be satisfied
for (1) « If A and B are bounded operators then the Banach space can
be split into a direct sum of two subspaces and (3\ written as a
system of differential equations which can be treated similarly as
(2} . In particular, one can prove the uniform convergence of the
asymptotic solution to the exact one for the initial value problen
for the equation (3) o The detailed analysis will be published else-
where,
The asyumptotic expansion method for differential equations with

singularly perturbed operators having an eigenvalue at the origin
was first applied by Hilbert to the Boltzmann equation in kinetic

(2)
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theory. The presented results give a rigorous justification for the
Hilbert approach in case of bounded operators.

As an example, the linear Boltzmamm equation for neutrons in a
discretized form is considered and the asymptotic expansion method
used to derive the diffusion equation.

This work was supported in part by the International Atomic
Energy Agency under the Research Contract No. 1236/RB.

Hilbert as totic expansion method

Let A be a bounded linear operator from X into itself with zero
as its semisimple isolated eigenvalue. The corresponding finite-
dimensional eigenspace N' consists only of such elements y < ¥ that
Ay = O. The space X can be represented as a direct sum

X=N+M
where both J{‘ andtM, are invariant subspaces of A and A is one=to-’
one from M into itself [8, Section 148] « If P is the projector
from X onto N and Q = I - P then
Pe=N ;Qx =M,

The spectrum of A, except the point at the origin, is assumed
to be located in the left half-plane and bounded away from the ima-
ginary axis so that

A = inf Re M L 0
4) e SpAs N#£ O .
Thus the uniformly continuous semigroup G (t) generated by QAQ taken
as an operator from M into itself satisfies the inequality

Mot & Mo exp(att) 5 04t Loo
where M is a constant.

If B is a bounded operator in X and m(t) a function with values
from X n times continuously differentiable on ‘,_'_0, tO] , then with
the assumed properties of A, B the equation (3) has on [0, 1:0'] a
unique, strongly differentiable solution z(t) for the initial conde-
ition

’

z(0) = ©
where © is an arbitrary element of X .
Define new functions
Qz(t) = v(t) 5 Pz(t) = w(t)
Qu(t) = q(t) 5 Pm(t) = r(t)
Q9 = R H PO = ()
and transform (3) into an equivalent system of equations
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“ %Ltl = QAQV(t) + QBQv(t) + QBPw(t) + q(t) ;3

%-é—ﬂ = PBQV (%) + PBPw(t) + r(t)
with the corresponding initial condition
(6) vioy = w(io) =19 .
The functions v (t) and q(t) have values from Ji and w(t) and r (t)
from dr o The operators in (5) are defined accordingly so that, for
instance, QBP is an operator from N into N . In deriving (5) it
was taken into account that for any y

PAy = APy =0.

The system of equations (5) is analogous to (2) so that an

approach similar to that presented in LS] can be applied to obtain

the asymptotic solution of any fixed order to (5\ with the initial
condition (6) .
Let the outer asymptotic solution of order n be defined as
70 = kgoek 70 5 % = Z‘bek () ;

then ¥, (t) and Gk(t)satisfy the equations

- - - So dvk_‘] (t\
QAQV, (8) + QBQV,_4 (t) + QBEW,_,(t) + &4, q(t) = —gpr—

dwk (t) - -
—f— = PBQF,_(t) + PBEW,(t) + § ,, r(¥) 3 k= 0,1,..0 n,

Similarly, if the inner asymptotic solution of order n is def=
ined as

n
Y0 = %&k v & W) = k:__?.oek W) 5 T=tle
then Vkun and wk(f) satisfy the equations

v, (t) ~ ~ QEES ¥
v = QAQVku:) + QBQVk_-‘('B) + w_q(®) 3

(7

H

(8 ~
\ i}&-@- = PBQ%’k_1w)+ PBEW,_,(¥) 5 k = 0,1,e00 1j
?_1&) = 'Y"f_‘](‘txg O.

The algorithm of solving (7) and (8) consists of the following
steps:

(1) wk(v\ is found by solving the second equation in (8) and
u81ng the condition that 11m wkhﬁ = 0; for k = 0 it gives simply
W o) =0;

(i) vk(t\ is eliminated from the equations (7) and the resulting
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equation for ﬁk(t\ is solved with :Pe initial condition
Wk(O\ = S‘Ok - Wk\o\ )
(111) kat] is calculated from ﬁk(t\ with the first equation in
(7 s
(iv) the first equation in (8) is solved with
YV 0) = ¥ = (0) .
The functions ;ch)and Wkaﬁ decay in the norm exponentially
with time as exp (%) where o4 is defined in (4) .
If the asymptotic solution of order n is taken as

vie) = @) + ¥ ) 5wy = FP0) ¥ ()
then {v(nkt) , w(rnuﬁ} tends uniformly on [0, t°\ to the exact
solution XLV ), w(t)\ of (5) and (6) faster than e,

Application of the Hilbert method in neutron transport theory

A singularly perturbed differential equation containing the
operator with an eigenvalue at the origin was first considered by
Hilbert in the kinetic theory (see e.ge [61). The Hilbert expansion
of the Boltzmann equation, later modified by Chapman and Enskog,
has played an important role in statistical physics. However, it
is based essentially on intuitive grounds. Only ir the case of the
linearized Boltzmann equation for special initial conditions it was
rigorously enalyzed by Grad [7] .

The results obtained by the author and presented in previous
section indicate the convergence of the Hilbert expansion for differ-
ential equations in Banach spaces but an obvious disadvantage of
the analysis is that the operators have to be bounded. Nevertheless,
the obtained results can be applied to unbounded operators provided
a mollifying procedure is used. An example of such an approach will
be given in this section.

The behavior of neutrons in reactor systems is described by the
linear Boltzmann equation. In practical situations, this equation
is by far too complicated to be treated directly so that various
approximate models have to be applied. One of the most widely used
is the diffusion approxiwation. In the literature there are several
ways of deriving the neutron diffusion equation from the Boltzmann
equation but so far the Hilbert expansion method was not utilized.

Take a simplest possible reactor system consisting of an infinite
slab of thickness a and assume that all neutrons have the same speed
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which will be taken as equal to unity. The Boltzmann equatiorn for
such a system is

" 3= b2 (9200 +pol) 2(R 4 bt
+% Q)\d?h(g‘gg)z(g ‘gt) +mg§t\ ,O(c&
1< € 15048 Lo,
Here z(g ,§ »t) is the neutron distribution function dependent on
the position variable Q , angular variable § y and time t; ‘}. (g)
and 3 (QQ are absorption and scattering frequencies, respect:.vely,
h (g E ‘E\ ig the scattering kernel assumed to have the form

21+1

(10) he(Q 5§, ¥) = 2 == 21 ]) p1 (&) P2 (¥)
where p; (?3 are Legendre polynomials and
(11) bR)= 13 b Q)41 ;044 a5 1=1,200es

The solution to (9) is assumed to be periodic so that the
boundary condition to be satisfied by z (Q,% ,t) 1
(12) 2(0, §,t) = z(a, % ,t) 5 -1<¥E £ 13 o<t<oo .
The equation (9) is supplemented by the initial condition
(13) z (3, ,0) =9 g,‘g);oU; s -14E <N

It can be shown {81 that the equat:.on (9) with the conditions

(12) and {13) hae a unique solution in the Hilbert space of square
integrable functions.

The unbounded differential operator in (9) can be replaced by
its finite difference counterpart if the interval [_O,a] is covered
by the mesh of points 0 =Q  {Qq{eeee{ Qs = a and all the funct~
ions of Q are replaced by vectors or matrices whose components are
values of the relevant functions taken at 1 s ?J' The boundary
condition (12) is accounted for by identifying the values of
z&?,z,t\ at Qg and Qg

The derivative in (16) is replaced by the matrix

o X, 0 o . . . o o0 =X
X, 0 YL O . . . 0 0 0
D= 0 -XB 0 13 . . ° 0 0 0

0 0 0 0 . . . -XJ-‘] 0o X.J-_.l
X_J 0 0 (0] . ° . 0 -XJ 0

where ¥ 4 =(<g2.- %J\)"1 » X5=(Q4 - ({ J-1\_1’
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-1, cs
and Xy = (Qj+1 - ‘23-1\ 3 3 =2, eeee J=1s All the remairing
operators in (9) are in their discretized form diagonal.

In the matrix notation one can write (9) as

Fm- ¥ 8) ~(p+ Ba) 2 (% o7)
s )% B (BE) 2 (B +m ()

and the initial condition (13Y as z (},0) = ©(}) .
As the space X.  we shall take the product X =2 x cereasx &
of Hilbert spacesi of functions square integrable over \:—1 ﬂ
Define the operator A as

() (B) = b4 Ssdi‘ b (E.Y) x(¥)-x(B)sxex

(14)

with
and B :s(i SIRENUNIES SEERAREN(IE (¥)
@ (8 = - 25(]) - po ()= 2 B (30 malp) | ¥ m Q2

- X e
where I is the unit matrix.

With the above definitions, introducing the coefficient 3
in front of A one can write (14) in the form (3) and apply the
Hilbert expansion method., The null space N is now the sum =
+g/(’ , where <)(‘ c)('(ox P 0(‘“) \l(‘ 0(‘(°x R d” ; and

“) and ;)f are l:l.near manifolds J.n a spamled by the elements
zpo(‘g\ and % P (‘g\ , respectively. The projectors corresponding
to 0(’ are given by the formulas

4 1
1 \ A W\ L \ \ \
EAE) =3 | ¥ po(@x(E) #@(§) = 22y (H)2¥ 2y (§)=().
From (11} it follows that the spectrum of A excluding the point
at origin satisfies the requirement (4) .
Defining new functions
Pz (1) = Q(8) 5 Pz () =} A (8) ;
Pom (1) = m () 5 Pym (8) = }omy ()3
PO e = 60 H P1 e = E 61
and applying the procedure of the previous section one gets in the
zero order approximation the following outer asymptotic equations
aqQ ()
o 1 .
(15) —-d-;-—=-’\ba_\5°(ﬂ-31> X, @) +m (&)

o]
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a X (%) — —

—— = D U, 1) = Ry Y (8) + my(t)
and the corresponding initial conditions \§ (0) = O }‘ (0) =04,
The matrix ?51; is defined as R\)t = ?’a + (5 (I- b1\

The equatlons (15) are a discretized representation of the
equations obtained from the first order spherical harmonics approx-
1mation as applied to (9) with \Q (t) as the neutron density and

(t\ as the neutron current. Obv1ously, they could be improved
with higher order outer solutions together with inner solutions
according to the general scheme developed in the previous section.

The equations (15) have a different structure from the diffus-
ion equation. Ig_fact, if a and t are constant matrices, then
by eliminating }okt) ,(23) can be reduced to the second order
differential equation being a discretized version of the telegraph
equation.

To obtain the discretized diffusion equation from (15) one has
to introduce another small parameter, say, $ in front of the deriv=
ative d Xo(t) and apply the asymptotic expansion method as for the

%
equation (2) . As the result in the zero order approximation one
gets the outer asymptotic equations with respect to both small para-
meters ¢ and & which after eliminating the current j\ (t) lead
to the discretized diffusion equation

d (t = —_

_\%%9__1 = .;. DETED R () - Ba % o0lt) + m(t)
with the initial condition

[ 00 (0\ =0,
and _
W) = m () -4 o7 Dyt

Thus it is seen that the repeated application of the asymptotic
expansion method to the Boltzmann equation with respect to two diff-
erent small parameters & and ® 1leads in the zero order outer
approximation to the diffusion equation, at least in the discretized
representation. However, the physical justification for introducing
both small parameters into (14) and (15) is not so convincing as
in the case of the Boltzmann equation for gases. The more detailed
discussion of this problem will be performed elsewhere.
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