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ON ANALYSIS OF QUASIHYPERBOLIC
EQUATIONS OF LINEAR VISCOELASTICITY

BRILLA. J., BRATISLAVA, Czechoslovakia

1. Introduction

When dealing with initial-boundary value problems of the linear viscoclas-
ticity we arrive at the following class of equations

Au = iA,,D:'u =f, z€Q te(0,0), 1)
k=0 .

where 2 is a bounded domain in R? with a smooth boundary S , A
are strongly elliptic differential operators of order 2m , m is one in the
case of a viscoelastic membrane, 2 in the case of a viscoelastic plate and 4
in the case of a viscoelastic shell. Then u is a transverse displacement, a
stress function or a shell function and D} = 8*/8th .

In the case of membranes and plates, the right hand side of (1) assumes
the form

£ = S aDMf - pD?), )
h=0

where a; are material constants, a, = 1, f is the transverse loading and
p is the mass density per unit area element. For real materials r = s or
r=s+4+1.

Operators Aix can assume also a tensor form

An( . ) = "C?jkl( . )k.il 1 i!j’kll = 1)2$3 ’ (3)

where we apply the summation rule with respect to double indices of space
variables and a comma followed by indices denotes the differentiation with

respect to space variables. CT;; are tensors of elastic and viscoelastic moduli
and u is a vector of the displacement.

We shall consider Dirichlet boundary conditions and nonhomogeneous
initial conditions. When p = 0 the equation (1) describes quasistatic
problems and for p # 0 dynamic problems of the viscoelasticity. For
m=r+41 we arrive at equations

pD%u + Y BuDbu = SoaDif = £, (@
h=0 =0

where
By, = Ay + ajp—3p .
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For r =3 we have equations

oD% + ap1pDi'u + Y BuDlu
k=0

(5)

r=1
= Yabif=f.
h=0
Multiplying (1) by the inverse of the operator Tj.oaiD¥ we arrrive for
s =r and homogeneous initial conditions with exception of uy and u; at
{3
pDiu + Au + [ Grosft = rulz,7)dr = f, )

where G,_;(t) is an elliptic operator with respect to space variables.
Similary for r = s+ 1 we obtain

pD}u + A, Dy + (Ao — a,ad,)u
M

¢
+ /0 Gyoaft — Tu(z,7)dr = f*,
where for real materials A4,.; — a,-24, and G,-; are positive definite

operators. Thus we have arrived at two different classes of equations.

2. Variational formulation

For variational formulation of problems under consideration we apply
Laplace transform. Let f(z,t) € Ly(R*, H™,0) , what is the weigthed
Hilbert space with the norm

U imey = [ I Womiaye™k ®
-c0
Then applying Laplace transform to (1) we arrive at
Bi=A43% +pY e = Y5 4T +pY et
k=0 k=0 k=0
9
=Yarf+ fi=F,
k=0
where ;’. denotes Laplace transform of initial conditions. From the principle

of nonnegative work we have proved [1}, that in the case of real materials the
operator A is for real nonnegative values of p positive definite and

v
Yan =0 (10)
=0
cannot have positive roots. Then for real nonnegative values of p it holds

(Bu,u) 2 K[|u|?, K > 0. (11)
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Thus we can construct the functional of the generalised potential energy
2V (%) = (B4, — 2(£,9) (12)

and formulate the following variational theorem

Theorem 1. The solution u of (9) minimizes the functional of the
generalized potential energy (12) for nonnegative real values of p and makes
it stationary for other valres of p . Conversely, the element which minimiges
(12) for nonnegative real values of p gives the solution of (9). The solution
of (1) is given by inverse Laplace transform.

Further we introduce complex Sobolev spaces of functions, which are
parametrically dependent on the transform parameter p and analytic with
respect to p in the right hand halfplane p} = {p|Re p >0 > 0} . We
define the norm in H™(Q,0) as

15 ey = /n"f‘: D= % pan, (13)
<m

where o is a multiindex.
Now we associate with B a bilinear form and consider

HE) = pT‘ﬁ(B 35 = (p—:{?"’)‘ (149)

There exists s_l.xc’l} neighbourhood of real positive axis of p , where the
bilinear form H(u,v) fulfils the conditions of the Lax-Milgram theorem and

we have :

Theorem 2. For F [p**3 € H-™(Q,0) = (H™Q,0)) there exists a
unique weak solution u€ H™(R,0) and it holds

| % llzm@e) < CUF/P™* llg-m@0) - (15)

This estimate is valid for fixed values of p € p? . When we want to
derive global a priori estimates, we have to introduce new functional spaces.

3. Spaces with dominant mized derivatives.

In contradistinction to elliptic equations the highest order of derivatives
of partial differential equations for time dependent problems is different for
different variables, e. g for time and space variables. Therefore for an anal-
ysis of time dependent problems it is convenient to introduce anisotropic
Sobolev spaces. J. L. Lions and E. Magenes [2] have applied anisotropic
Sobolev spaces with dominant ordinary derivatives for analysis of parabolic
and hyperbolic equations, Howerer, in the case of hyperbolic equations they
arrive at incompatibility of initial conditions and trace spaces.

20



We have dealt with analysis of quasiparabolic and quasihyperbolic equa-
tions (3] and have introduced spaces of analytic functions valued in Sobolev
spaces for an analysis of Laplace transform of these equations and weighted
anisotropic Sobolev spaces with dominant mixed derivatives for the analy-
sis of original equations. As the considered equations have dominant mixed
derivatives the introduced spaces are more convenient for their analysis then
spaces with dominant ordinary derivatives.

We shall consider the spaces K™'(Q,0) of functions parametrically
dependent on the transform parameter p and analyticin p, with the norm

| f lxmriey = ‘“>l: /_w(l +oP)l £ (o1 + i)y migoydpa,  (16)

where p=py +ip;. For r = 0 we arrive at Hardy spaces of functions
valued in Sobolev spaces.

Simultaneously we introduce weighted anisotropic Sobolev spaces en-
dowed with the norm

Ulemgamesy = [ {Iflm + D=} e, (17)
where we assume that
D!f(z,0) = 0, k=0,1,...,r—1. (18)

Then similarly as in [4] we can prove the following theorem .
Theorem 3. Laplace transform is an isomorphic mapping of H™5(%2, R*,0)
onto K™"(Q,0) .

When we deal only with the original time-space formulation of problems
we can apply spaces H™" (2, R*,o) without the condition (18).

The norms (16) and (17) correspond to forms of operators for qua-
sistatic problems of the linear viscoelasticity.

When we want to decide what spaces are convenient for special classes of
differential equations, it is necessary to analyse properties of eigenvalues and
eigenfunction expansions of solutions .

4. Analysis of hyperbolic equations with damping

We analyse the equation
(D} + kDy + AgJu = f* (19)

where A, is a symmetric elliptic operator of the order 2m . We consider
homogeneous Dirichlet boundary conditions and following initial conditions

u(z,0) = u, Dwu(z,0) = y;. (20)

Then denoting by A,, X, eigenvalues and orthonormal eigenfunctions of
Ao , respectively, Laplace transform of the solution assumes the form
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= i(p’ + kp + ,\,):‘[}: + (p+ k)uon + kura)Xa, (21)

whete f, = (f,X.) .
For nonlinear eigenvalues we have

paa = =3 [F 207 - 0] . (22)

Thus, paia are of the order m and for higher values of n assume
complex conjugate values, which for k =0 i.e. for hyperbalic equations are
imaginary.

Hence by the inverse transform we arrive at

u = i {(:_../o" Sa(r)e ¥ ginw, (t - r?dr

nml
(23)
+ uoc""(wi sin wat + coswat) + ?c"‘ uinw..t} Xo\
where we have denoted
b= 2k, wo= (2 = /) (9)

2

Now, as also hyperbolic equations can be written in the form with mixed
derivatives, we introduce the following norm

Mims = [ [ (7+10D21)" e2dra (25)

We denote by x®" and ¢, eigenvalues and orthonormal eigenfunctions of
the operator D*™( . ) , respectively. When, applying the weighted Fourier
transform

f= o [ 1 (26)

the norm can be written in the form

1Flms = 3

n=l '

00

0@+l D)

For analysis of the considered equation we restrict H>™2? to the subspace,
for which s ¢ x™ , i.e., for which a derivative with respect to the time
variable corresponds to m-derivates with respect to space variables.

Now applying the usual procedure we can derive the following inequality
for t=0 .

UDiflmay < & [ [ (1f1+ 1D D £1)" e>tatam
(28)
< cliflfzman

where
u=2mk - j (29)
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Analysis of trace properties for z € S are similar to that for anisotropic
Sobolev spaces with dominant ordinary derivatives (2] . Then we have

IDifllusivicspr oy < cllfllgambarcareoy s (30)

where )
pi = 2mk—j—1/2, ¢ = 2k—(i—1/2)/m (31)

for j <2mk~1/2 . v is an exterior normal to S .

Hence we can formulate

Theorem 4. Let j < 2mk ,then f — D,’ f are continuous linear
mappings of )
H™2(Q v+, 0) — H™-5(Q) (32)
and let j <2mk—1/2 ,then f— Dif are continuous mappings of

H?u&.ﬂk(n’m’o) — HM—j—l[:,u-(j-l/ﬂ)Im(S' R*,G) . (33)

The functions Dif and D{f(z,0) satisfy additional relations, called
compatibility relations

Dy(Difls)=o = Di(Dif(z.0)ls - (34)
In fact according to (33) it holds
Difls € H™-i-Pa=G-1nins, B+, 5) (35)
and then applying (32) we have :
Di(Difls)l=o € H*™*=i-im=il¥(s), (36)
where it should hold 2mk —j—Im-1/2>0.

Hence
f = DiD}flss=0 (37
is a continuous mapping of
H"""”"(Q, R",a) —_ Hnmk-j-lm—l[z(s) . (38)
Similarly, according to (32)
Difli=o — H™'™(0) (39)
therefore ) )
Di(Diflmo)ls € H™=Im=3=11%(S) . (40)

Then we can prove
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Theorem 8. Let f€ H*(Q,R*,0) , u € H™(Q),uy; € H™(N)
and boundary values

g € HrmoiTiRaUUnInS, BY, ), (41)

0 £ j £ m—1 , with the compatibility relations such that there exists
a w€ H™™3(,R*,c) satisfying

Diu|s = gj, 0 < j <m-1 (42)
and
w(z,0) = u(z), Dw(z,0) = w(z). (43)

Then the solution of problem (19), (20) with Dirichlet boundary condi-
tions (41) satisfies
u € Hzm'z(nr R+va) . (49)

When we apply anisotropic Sobolev spaces with dominant ordinary deriva-
tives H>™3(0:0,T) used by J. L. Lions and E. Magenes (2) for analysis

of hyperbolic equations, we have to consider the following relations for trace
spaces

Dif(z,0) € HC--m(q) (45)
Dif(s,t) € HA™i-\a3-G-12im(g.0 T) | (46)

Then we have to consider initial conditions
u(z) € H*™(Q), w(z) € H™A(Q). (47)

However also in the case of hyperbolic equations when applying weighted
anisotropic spaces with dominant mixed derivatives we arrive at compatibility
between initial conditions and trace spaces.

5. Analysis of quasihyperbolic equations

When dealing with this analysis we restrict ourselves to the class of equations
with r=3s .
We consider the equation

(D} + kD? + AiDi + Aou = f*, (48)

where A, and Ao are symmetric elliptic operators of 2m order, We
consider homogeneous Dirichlet boundary conditions and the following initial
conditions

u(z,0) = up, Dyu(z.0) = uy, Diu(z.0)=u, . (49)
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Then the Laplace transform yields

(0° + kp® + pA; + Ap)
(50)

S+ + ok + Adu + (0 + B+ u.

For the sake of simplicity we assume that A; and A, are spectrally
similar. We denote their eigenvalues by \;, and Ao, and assume that eigen-
vectors X, are orthonormal. Then eigenvector expansion of the solution
can be written in the form

1

~ - had ~. 2
“= -.z-:l P +kp?+ Aap+ /\On[f' +(F" + Pk + din) o
(51)

+ (p+k)ul.n + u‘),a]Xu .

For an analysis of (51) it is necessary to find nonlinear eigenvalues, which
are the roots of the equations

PP+ kD + Map 4+ Ao = 0. (52)

1t is possible to prove that the real roots of these equations p;, have a

finite limit
lim pis = ca(Aa) < 00 (83)

and thus are of order 0 . The remaining two roots are complex conjugate.
Their real parts, have a finite limit and their imaginary parts have an infinite
limit of order m as n tends to infinity.

Then the norm of the space H?™* convenient for analysis of this class
of equations can be written in the form

llfllzu’-»'(n,m,)
(54)
= X [T [ (4P + 1D0osP + iR} e tanar

a=2m

where o is a multindex.
For analysis of trace properties of thase spaces at t = 0 , we apply an
equivalent norm

Uloms = X [7 [(S1+1DD" |+ 1D ffe et . (55)

When denoting by A?™ and ¢, eigenvalues and orthonormal eigenfunc-
tions of the operator D* and applying the weighted Fourier transform (24)
the norm (53) can be written in the form

N F s = X [ +1=o+ishZ + | =0 +is)?| fuPds . (56)
n=1""
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The roots of the equation
14 (m0+i)A™ 4 (—o+is)® =0 (57)

have the same limit properties as the roots of (50) and can be written in the
form

(-o+is)h = em(AJ")

(58)
. 1 .
(—o+ishs = —sen(A") L icma(32)
where con i8 of order 0 and cue is of order m .
Then the norm assumes the form
I F Wsms = 3 [ Ioon + (3 + conn)lo0m
nal "%
(59)

+ (5 = cma)?)(8? +82,)] T JPds,

where by, = —0+1/2c0n , by =0 +con -

Now using the common approach we can prove the following inequality

NDifllueay € Ellfllasmsns.e » (60)
where
p=2m—j. (61)

Analysis of the solution (52) and of the proposed norm (57) shows that
the solution is composed of functions belonging to H*™*3* and to H¥™>
, to which terms with 1/(p — c,) belong.

For traces of H?™* it holds
Djf(z,0) € H*™(%) (62)

and _ ,
Difls € B, (63)

Thus for analysis of the equation (46) it is convenient to apply spaces
H™3(Q, R*,0) .
Then we can prove

Theorem 6. Let f* € H°(Q,R*,0), u € H™(Q), w €
H™Q), uy€ A™Q) and g, € B™-13(S,R*,0), 0<j<m—1 .
Then there exists a solution of (46) u € H>™3(Q, R*,q) .
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Conclusion

We have shown that weighted anisotropic functional spaces H*™%(Q, r*,g)

with dominant mixed derivatives are convenient for analysis of quvasihyper-
balic equations. They can be applied also for analysis of hyperbolic equation
. The analysis in these spaces leads to a compatibility between initial condi-
tions and trace spaces for t =0 .
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