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NUMERICAL SOLUTION OF NEWTONIAN FLOW IN BYPASS
AND NON-NEWTONIAN FLOW IN BRANCHING CHANNELS∗

R. Keslerová, K. Kozel, V. Prokop

Abstract

This paper deals with the numerical solution of Newtonian and non-Newtonian
flows. The flows are supposed to be laminar, viscous, incompressible and steady.
The model used for non-Newtonian fluids is a variant of the power-law. Governing
equations in this model are incompressible Navier-Stokes equations. For numerical
solution we could use artificial compressibility method with three stage Runge-Kutta
method and finite volume method in cell centered formulation for discretization of
space derivatives. The following cases of flows are solved: flow through a bypass
connected to main channel in 2D and 3D and non-Newtonian flow through branching
channels in 2D. Some 2D and 3D results that could have an application in the area
of biomedicine are presented.

1. Mathematical model

The motivation for numerical solution of the fluid flow of Newtonian and non-
Newtonian fluids arises in many applications, e.g. in the biomedicine, food industry,
chemistry, glaciology etc. Many common fluids are non-Newtonian: paints, solutions
of various polymers, food products. The main points of non-Newtonian behaviour
are the ability of the fluid to shear thin or shear thicken in shear flows, the presence of
non-zero normal stress differences in shear flows, the ability of the fluid to yield stress,
the ability of the fluid to exhibit relaxation, the ability of the fluid to creep, see [1].
The solution of flows in branching channels and channels with bypass is important
for modelling of blood flow in arteries. The study of blood flow in large and medium
arteries is a very complex task because of the heterogeneous nature of the problem
and the extreme complexity of blood and arterial wall dynamics. Although blood is
actually a non-Newtonian suspension of cells in plasma, it is reasonable to model it
as a Newtonian fluid in vessels greater than approximately 0.5 mm in diameter [2].
The occurring shear rates are in a range where non-Newtonian effects are only in
minor significance to the flow parameters. This type of flow could be described
by conservation laws of mass and momentum (Navier-Stokes equations), where the
influence of exterior forces and heat exchange is not taken into account. In this case
the model of a vessel is a tube with rigid walls. The pulsatile character of blood flow
is not considered as well as the elasticity of arterial walls.
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First, we consider the Newtonian fluids. The system of 2D Navier-Stokes equa-
tions for Newtonian fluids in dimensionless conservative form has the form:

R̃Wt + Fx + Gy =
R̃

Re
∆W, R̃ = diag‖0, 1, 1‖. (1)

where the Reynolds number defined as Re = dw∗/ν in 2D and Re = dhw
∗/ν in 3D

is an important parameter of the flow. Quantity w∗ is a characteristic velocity (the
speed of upstream flows), ν = η/ρ is the kinematic viscosity, d is a length scale (the
width of the channel), dh = 4S/O is the hydraulic diameter, S is the area section of
the duct and O is the wetted perimeter. In equation (1), W = (p, u, v)T is the vector
of solution, R̃ = diag‖0, 1, 1‖, and F = (u, u2 + p, uv)T , G = (v, uv, v2 + p)T denote
inviscid fluxes, (u, v) is the dimensionless velocity vector (u = u∗/q∞, v = v∗/q∞),
p denotes the dimensionless pressure (p = p∗/ρq2

∞), t is the dimensionless time
(t = t∗q∞/l), and q∞ is defined as a velocity of incoming flow (q∞ = u∗).

In the case of non-Newtonian fluids the power-law fluids are considered. The
dominant difference from the Newtonian behaviour is shear thinning or shear thick-
ening. From variety of power-law fluids we choose the simplest one:

τ(e) = 2ν0|e|re, (2)

where τ is the stress tensor, e = (eij), i, j = 1, 2, is the strain tensor with components
e11 = ux, e12 = e21 = (vx + uy)/2, e22 = vy, |e| denotes the Euclidean norm of the
tensor, ν0 is a positive constant related to the limit of generalized viscosity µg(κ) when
κ → 0, r is a constant of the model. The model captures the shear thinning fluid if
r ∈ (−1, 0), shear thickening fluid if r > 0, and r = 0 corresponds to the Newtonian
fluid. For the non-Newtonian fluids the system of 2D Navier-Stokes equations and the
continuity equation in two dimensional case written in the dimensionless conservative
form reads

R̃Wt + Fx + Gy =
R̃

Re
(Rx + Sy) (3)

where R = (0, g11, g21)
T , S = (0, g12, g22)

T , gij = 2|e|reij, i, j = 1, 2, with compo-
nents of eij defined above. The terms on the right-hand side can be expanded as
follows

(g11)x + (g12)y = 2|e|rxux + |e|ry(uy + vx) + |e|r∆u,
(g21)x + (g22)y = |e|rx(uy + vx) + 2|e|ryvy + |e|r∆v.

(4)

Let us stress that subindices x and y denote partial derivatives with respect to x
and y and that ∆ stands for the 2D Laplacian. At the inlet the Dirichlet boundary
condition for velocity vector (u, v)T is prescribed, at the outlet the pressure value
is given. On the wall the zero Dirichlet boundary conditions for the components of
velocity are used.

2. Numerical model

For further solution of the system of equations (1), the artificial compressibility
method is used. The continuity equation is completed with the term pt/a

2, where
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a2 > 0. The pressure satisfies the artificial equation of state: p = ρ/δ, in which
ρ is the artificial density, δ is the artificial compressibility, that is connected to the
artificial speed of sound by relation a = δ−

1
2 , see [3]. Then system of governing

equations has the form

Wt + Fx + Gy =
R̃

Re
(Rx + Sy) , (5)

where W = (p/a2, u, v)T . System of equations (5) is solved by a three stage Runge-
Kutta method with given steady boundary conditions. At the inlet an extrapolation
of the pressure is used. At the outlet the value of the pressure is prescribed by p = p2,
where p2 is the dimensionless value of the pressure, that is higher then the initial
value of the pressure at the inlet to ensure pressure gradient. On the walls there
are non-permeability and no-slip conditions. The multistage Runge-Kutta method
is stabilized by the artificial viscosity term (Jameson’s type, see [4]):

W n
i,j = W

(0)
i,j

W
(r)
i,j = W

(0)
i,j − αr∆tRW

(r−1)
i,j , r = 1, . . . , m,

W n+1
i,j = W

(m)
i,j , m = 3,

where W n
ij denotes an approximation of W at grid point (xi, xj) and at a time t = tn,

∆t = tn − tn−1 is the time step, and

RW
(r−1)
i,j = R̃W

(r−1)
i,j −DW n

i,j.

The coefficients are α1 = 0.5, α2 = 0.5, α3 = 1.0 and the term DW n
ij is described

below. The numerical method is of the second order in time and space. The form of
residual R̃W n

i,j depends on the method used for the space discretization, which is in
this case the finite volume method in the cell centered formulation:

R̃Wi,j =
1

µij

4∑

k=1

[(
F i

k −
1

Re
F v

k

)
∆yk −

(
Gi

k −
1

Re
Gv

k

)
∆xk

]
, (6)

where F i = F, Gi = G are inviscid fluxes and F v = (0, ux, vx)
T , Gv = (0, uy, vy)

T are
viscous fluxes, the index k corresponds to the side of a finite volume. The artificial
viscosity term DW n

i,j depends in this case on the second derivatives of the pressure
and is used to improve stability of the solution. The dissipative artificial viscosity
term is constructed as follows:
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DW = DxW + DyW,

DxW = di+ 1
2
,j − di− 1

2
,j,

DyW = di,j+ 1
2
− di,j− 1

2
,

di+ 1
2
,j =

hi+ 1
2
,j

∆t
ε
(2)

i+ 1
2
,j
(Wi+1,j −Wi,j),

νi,j =
|pi+1,j − 2pi,j + pi−1,j|
|pi+1,j|+ 2pi,j + |pi−1,j| ,

ε
(2)

i+ 1
2
,j

= κ(2)max(νi+1,j, νi,j),

where κ(2) has to be chosen in order to achieve convergence of the method.

3. Numerical results

In this section we present steady numerical results obtained for the steady flow
with the aid of the above methods. First, numerical results for channels with one
entrance and two exit parts are presented. Figures 2 and 4 show the fluid veloc-
ity distribution for Reynolds number 1500 for non-Newtonian fluid. In Figures 3
and 5 the numerical results for the two-dimensional case (Newtonian fluids) and the
convergence of the residuals of the vector W = (p, u, v)T are shown. The symbol q
stands for the velocity magnitude, i.e. q =

√
u2 + v2. The other figures represent 3D

flow for Re = 500.
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Fig. 1, 2: Velocity magnitude distribution, non-Newtonian and Newtonian fluids,
Re = 1500.
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Fig. 3, 4: Velocity magnitude distribution, non-Newtonian and Newtonian fluids, Re =
1500.

0.310.510.41
0.86

0.510.56 0.810.560.51 0.71
1.311.31

0.36
1.01

0.56
1.21

0.36

1.16
1.41

0.360.51 0.810.51 0.81
0.41 0.66

0.36
0.81 1.01

0.660.410.51

1.71

1.311.26

1.71

0.961.06 1.21 1.361.411.46

0.660.51

1.46
1.66

0.76
0.36

0.96
1.31

0.71

1.511.36

0.36
0.96 1.06

0.66

1.26 1.361.26
0.86

0.46
0.26

1.56

0.961.16
0.66

1.01
0.610.760.71

1.160.96

1.46

0.860.91 0.860.96
1.010.86

1.76

0.86

1.811.761.76

1.96

1.66

1.96

1.51 1.56

1.91

1.26
1.36

1.96

1.61

1.91
1.91

1.86

1.
76

1.71
1.91

1.01

1.71 1.611.71
1.311.361.41

1.71

1.26
1.51

1.21 1.011.01

1.81
1.71

0.911.11 0.86
1.41

1.711.71

0.860.96
1.36

1.011.01
0.510.510.71

1.31

0.66
0.21

1.31 1.21
0.76

0.31

1.461.51
1.56

0.56 0.31

1.36

0.310.31
1.01

1.31

0.36
1.21 0.960.96

0.260.31

1.36

0.26
0.71

1.11 1.01
0.46 0.26

1.31

0.660.911.061.21

0.710.760.86
1.21

0.81 0.71
0.46

0.96
0.410.710.610.86 0.56

1.01
0.26

0.360.41

0.91 0.560.860.91 0.660.410.86
0.260.360.710.96 0.660.66

0.310.76 0.31

0.
21

0.46

0.06

0.11

0.06
0.110.110.11

0.11
0.060.06

Re=500, logitudinal section
(center)

0.060.06
0.110.11

0.06
0.11

0.060.060.16

0.46 0.16

0.01

0.16

0.
66

0.
96

0.16
0.16

0.110.11
0.16

0.060.060.06
0.110.

31

0.56

Re=500,logitudinal section
(wall)

Fig. 5, 6: Isolines of velocity in angular bypass for Re = 500, 3D case in the central plane
xy, 3D case in the xy plane near the wall.
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Fig. 7, 8: Isolines of velocity in angular bypass for Re = 500, 3D case in the central plane
xy, 3D case in the xy plane near the wall, details of regions.
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