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CilEGORIAL BEFllEAiIBNTS .AND THEm RELATIOli TO REFLECTIVE 

SUBCATEGORIES 

Jiří VILllOV:SKÝ 

In th.e genaral part (§ 1 9 § 2) 'thei-e .are discassed 

ma1n3 7 the -following prob1ems: When the re:f'inement ·3t o.f 

a given cat 1'gQ1')' gives (1'7 the constr.uciiilll % -.!'ine) a 

COJ:'afiecilva subcategory, ana when the gj.ven categm-y is 

�ective {.nnaei- the idempotimi l."efiec-tor) ±n 3.ts i-e.ti­

nement � • "There api::ears that there exists a nlosed 

connection bebreen these two gu.estions. me main Tesn.1-t.s 

about this are 2.3, 2.a, 2 • .12� 2.15.) Fr.om the the017 a1-

so f'olJ.ows the thfJo.rem about decompos.ition of' ma idempo­

tent rei'lectian i:nto mm n:ru.1.1 raf'lee'tion1
1 and one 1':re-fi­

nem�t reflection° (2.14). 

In tlre thh'a paragraph the general thl!ory is ap:plied to 

the ease o� ccmerete categorles and eonerete ref.inementB, 

name1y to the qategoTy of nniform spaces. It i.s shmm in 

3.J that there exists a bijection between reneoti1re 1'e­

finementB and coreflective subcategori�s and be'tween co­

.reflective refinements and he!'edita.ry epi.reflective aub­

categories. At the end of the paper the ideas of the 

theory are used to make some conclusions which, I hope; 

put some little more light into the structure of reflexi.­

ve and eoreflexive subcategories or u.niform spaces. 
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§ l. Reťlections and coX"eflections.

Let � be .a category. We shall ctenote l�l the 

class of objects and :i.,mv the class of morphisms of � .• 

Let X , Y a I ;;ť, i , we shall denote )/,. C X, YJ the set of

all morphisms of .;;/, with domain X and range Y • 

At first we recall some basic coneepts and propositions

which will be frequently u.at:3.d„ For all of t.hem we r:e!eř_ to

r 9 J. 

1.1. Propoai tign: As1:1ume Jt j,J a c-ategoi')', J, Y E
. ,. ' ' . 

� l :t 1 • Let furthei- Hom,� < X, Z) .. �·· .. H"1h,_ae (Y, ZJ (J:1a.t1J,ll't;t'J,. 
equivalence) .tor tmy ·t. • )�l • �n J is � ..... iaomo�pliic 

to Y • 

1.2. Definition. Let :L běa sa.bc8tego# 9! ťhe ca­

tegory X and let · :J: :f. ·c:...... ,C be the correspo:nding em­

bedding. We shall say that iL is :t'eflectJ.ve in X if tb.e­

re exists a functol.' F:. 1(.9.._..:t, (called refl��tor) which 

ia a left adj oint to � • 

1.3. Propositiop: . Let � be a subcategory of the ca­

tegory X, , J: :I, � 1' the embedding., � is ;1 ref1e­

ctive subcategory of X i:t' · and onl:y if for every X � I X l 

there exist X· e: l � I and �
l e X ( X, X} such that for 

any Y € l /LI , f' e X C X, Y) there exista exactly one 

g. • čl., ' X' y) fulfilling 9--· (,,vx � T •

1.4. Definition. AssUille J 1 .i, C--+ 'Je is an embed-

ding of categoriea, F' t .·1(, ► � the reflector. We 

shall eay that :i.,.. is> idempotently reflective in :JC ,if 

FX is � -isomorphic to r:Jl='l for any X E:' l� l ·.·.� .. 
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tThe functor f i.s idempotent.) 

Remark. Tf the embedding J: .:i:, � J.C is full and 

!l is ref'lective in X , then � is idempotently reflec­

tive in X • Of eourse, in the general case of embedding, 

the statement does not ho.ld. 
U.., 11 

1.:5. Propoaition: Let 3, c > Z c .'!,_ & be the 

emhedd�s o:t ca'tegories„ Suppose .Z, iš .refiective in 

:fC. , JC u .ref:leetive in 11& • Then Z 1a ref'leelive in

'1714Moreove.r7 ir :ť, ±s idempo'tent1y re.f'lecti-ve ±n .X

and ll 2, is a .f'JJ.ll embedding, then � is idempotently 

reflective in '1lL 41 

P.ro�: Let ua define F .:: F
1 

F
2., 

:, where F: 

: -x��:a F1 : '111,--+.X are the eo.r.respon.di.ng .reflecto.rs .. 

For any $. .s '111,. , Y E Je there is: 

!t C FX, Y) = !{! < � F2lt
1 

Y) .� � C� X
._ 

Y) � :1J1l. (X, Y) • 

If' F1 i.s idempotent and U
1 

is a :fu.11 embedding „ ther& 

ia F1 U1 F'1 = F1 and F
2. 

liz= 1 , v,i'hich immediately m-

plies FU� 111 F : F ·

1.6. Definition. Let � be a subcategory cf X, • 

:fC will be called the -:refinement of .� , if 1 X 1 ; \ ;f l „ 

Let $f, be a subcategory o� the catego.ry Ttl. � 'I'Jri 'T.'e 

exists exactly one category X h t' ' "'ft' suc n::n; -..-v 

nement of � and simultaneously a full subcategor'y of 

'ITI., • In this rnanner the gene:ral embedding can be decom­

posed in a canonical way into one refinement t::nd one full 

embedd ing. 
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-f; X---+ y will be the morphism J.n !r1 v X 2. it' it

is of the f'orm "f' = C-f0 , ..... , -fm. ) {the finite word), such 

-ror any � = O, ••• , lil, , the do­

main of .P
0 is X. , the range of f'42,. ia Y and such

that there are no neighbours in the word whi.ch canbbe com­

p.osed either in X'-, :ar in %2 „ fhe eompcaition ot two

morphisma f' = ( i'
0

, ••• , T'6 J , •9'• (9-"0
, .... , c;

,.
) u the

word Ji. • C..12.0, .. -., .� ) whi.ch • obtain from ťhe wcrd

C t'"a , •. u , f"., , '¼"o , .. • • , 'f" mi. ) oy cnmposing o:t al.l t be

neighbours in 1
1 

and in X-3. (if i:t .ia possible). Ob­

vioualy �1 v :IC� 1s -a category.· If' we correspond 'to

every f from X� {resp. 'X� ) the word { � ) we ob- . 

-tain "the JJattlral em� of %1 (-resp. �,. ) intn

:ťC
1 

v� ,hence %1 v X
2 

is tlle rafil:lelnent of ;,I, c.on­

t ainillg ·oatb X 1 and ,C 2 •

In a similar "WaY we ean def'ine these operations f'or a .f'a­

mily � refinements. One can easily see that these two 

operations .form. tbe .structure of' a complete lattice on 

the class of' a11 ref'inements of ff;f, •

2.6. Proposition: Let �1 , 'Yl2 be reťinements of 

the category � • Then: 

Proof: (i) is evident. 
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( ii): f'rom (i) i t f'ollowa that C X1 -f..ůtu,) l"l ( 'YL�- ,f'..im.e,);:, 

:> ( 1C1 v X2)-+'�. Let X e C 'X-1 -f�) " C X�-f'-i.m.e,), Y �

object, f= ,�0 , ..... ,i''"' )-= <X1 vX2)tX,Y). we shall pro­

ve that the word f" has only one element. Assume ,n, > -1 • 

-r E ( X 1 v X 2 )
tm 

, t he domain of' 'fo is X , hence Ta li !t�

So f'
0 

can be compoaed with -f"1 either in X1 or in X
.2 

,

which is the oontradi.ctiQn. So m; = � 1 hence 

.X E ( 1'1 V 'J{:2 ) .. ·�� •

2. 7• DefinitiQD• Let �· bé a category. We shall say

t hat the ratinément X. of' ;ť, is ť -maxi.mal Cres P•· c -.ma­

ximal) if' f'or sny other ref'inement X' such that X�f� =

2.a. Theorem. Let X be the idempotently reflecti ve:

ref 1nement ot ·;i,, .. Then X is f' -maxima 1. 

Proof: Let f : X� � be t he ref le ct or, �' a, -re-
f'inement šµ,ch th�t X'--€im.rz.. =- :IC- -fÁlnrl, • For any object 

X wéhave �
x �·;ťCFX,X), ("

X € XCX�FX) suchthat 

�X f',.x = 1x „ Assume f'e: X'(X,Y),. There is f�X e: ;;/; .m., . 

It follows f'rom 2.3 that there exists exa�tly one 

t{),c JfCFX,FY) y _a X such that q, o v- = f" o so • Further 

We observe that �y o f' o SD
X s ;l m,, and moreover 

' 

Finally f'Y 
o ;{J. 0 (-4 x G: 'JC mz,. and t he:re is f'Y o � ,, �x

= 





denote 
- Qi'l_
' ,,,",J.. 

xtrn- :: v -í X' Jx' e 1K , X' -+--<ml, = ':IC-� l . 

Then Xnn - f'..im.e, = X-� and X
nn, 

is -f -maximal 

in JK • 

The proof of the equality is an easy consequence of 2.6, 

the maximality is - obvious. 

Suppose X a: I{ and let X -fine forn: a corefle c­

ti ve subcategory of :t . Let - F be the coreflector onto 
X 

X -f ine, p, : F X ---+ X the corresponding morphisms (aee 

the dual theorem to 1.3). We define the ,refinement X E lK 

iJ!he following manner: For any X, Y E l ;ť., I we put

X (X, Y) c: i ( X , Y ) and -f E X ( X , Y ) if t here ex-

ista ,f� e :l- C FX, F"Y) such that f,1,-Y „ -F' = -f' f-"x • 

2.11. Proposition: For sny 'JC e I( there is X = 

= Je'"'- ,provided :IC -fine forma a coreflective subcategory

of ;i, • 

Proof: (i) Let X., Y be any objects:, -f E' X (X, Y) ..

FX is 'X -fine, hence f �X e: :;ť, ( FX , Y ) • Let us 

denote -f' = FC f O �x ) e: :f m,,, • Then there is 
� o f' = �y 

D FCfo�x , = f'o�
'I.

'hence f' e: X (X, Y) "

Cii) It suffices to prove that X--f� = 'X-f'� .It 

follows from (i) that X-f"...ů>u c: X--f'�. Let Xe X-f',vne., 

Fe -:1C C X., Y} , there exists -P'e;f.(FX,FY)� �(X,FY) 
such that �Y 

o -f' = -f , hence X-f',Ún.e, = X--r--<.A1L , which 

0ompletes the proof. 
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It 1'ollows immedi.ately fro.m this propos ition: 

2.J.2. Cgrollar1: Let � • � and let X--r..úrw.. be

eoref'lectue in 2- • Xhen � is idempotentl:7 . .re.flective 

in X
na

2 .l.J. . Deť.iJliliD and rema;rlt. Asaume % e & .. Let 

< l �1' cleaote the class .of aU obJects X' auch :tl:114 

�ar allJ'· Y there ia S !X, Y) ·� � (X'• Y) • 

wa ebeerM -that ( X >s 19 .the clan nf all �, X -

X"a < l)z, YE" \% l the-

re.:ia SCY,l)��CY,X'} .. \fe denate %* tbe 

eatego� llfhoa� objecta ar,,e ( X >
-yc 

alld lBOrphi sms between 

< X}le sna ( Y):t' ·11iJ.l be exact1y ·tbe -morphisms fr.cm.

% { 1, Y). ca It can be said that ,t* is obtainěd h-om 

X l.ilte tne :tactorcat�gm-y with resp9et to X -isomor­

J)bl--. 

SUJ)1)ose that :,C,, iB idempotently re:fl.eetive, F the re­

fieet-or. Then ,C-�..vn..,, is coref'lect ive in 'i:l, X ::s X
,.

.

:Let X be any object. Then f'or any Y there is 

.ZCX,YJ �:ff F"X, FY) s- ·� C FX , Y) ,

ř X c ( :X >
:7l' 

. Then there is obv iously < X >
:;r 

n :t'--Ame. =

=--\ F"X J ťor any X • We can define F*: X•� 1l-f-1�rnii,, 

J.ike F* C < X .� ) = F X (analogously :for morphisms). 

One can easily see that F* is an isomorphism oť catego­

riea. !The inYerse can be defined by G C X) = < X ),t ťor 

l c 4Jt-� .)
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Let us 4ec:;oapó.se the teneral categt>rical embeddin& as 

' 

in 1.6 into one refine:ment and one .t"ull ernbe.dding. Let :t, 

,C , 1JJ, be as in i.6. It follows �OJD l..5 that whenever 

� 1a jdempotently r:efl:ective in 'X .nd 1' is reflecti• 

ve in ffl , then �. is idenipoteritly refleetive in 'Tit • No• 

we are · ab1e to prove tli:e conv�se: 

r 2.14. Thep1;i;• , Let � • X., "1L . 1;>e as · in:i'.J.,.é and le't 
'• . 

. . " '  

� be idem.poten.ti..y rěfle�tive in '1ft under tlle r�:f'lecto� 

F : '111, » $ � 1�n< F: can be d,Q9•�pq'��d. d.rlto twQ ;-efleD-i

tora F
-1 

: :1C ...,_ � � �; 111,-- :ř , t,,.. F.Jz • .. 
P.roof: . Lét 1f . .: ��X .. lL . : .'11, ·.� .. "1, be the ' . . .·.· . 1. ·.·•' •.· .. · ' ··,·�·· .. ·• . 

embeddings. h vbt'1ě ot l.7 Jt. ia retl�ct:ive in X �d� 

tne funct or. �. :c llt F • Hence % = :JC� • Let X E: l?n l , 

we defim; 

, so there exist )( 

tL, : 

: FX ----)i,,=!!i,,· ... X, §>X : X . .., .. FX , both ,C -isomorphisms. 

For -r e 'ln CX, Y) we. de:ťine: 

There iS 

X,YelJCI 

X,Y$1JCI 
X E:·,lXJ, Y+ 11Cl 

X.l:Jt1,Yel1Ct

. ""'· . r_ ......... «) ... _ .•..•.... y.· .. ·•·· · =,,.... · 1 _ ,m" a. i ::•. · -1 .. -
i - v . i ' Y ,� 

- - Fy for- any
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'I € I ,c i • So we obtairi that F2 is a f'u nctor troa m 

1nto X • Obvioual y F2. U.a. F.2. = F2 . For any X .: l ffl i ;

y e; j X I t here ia : . 

,........xcx,Y):'m(X,Y) f'or XE'IX"I

{� X» Y) :a '- ,c c-FX, Y) = :GCFX„Y) sr XC X, Y) = 'm. < ,t, Y)

tor ><" ♦ I Je I .
and the proot ia complete. 

2.15. Theorem. Let ?li, be a ref'inement of' IL. • Let

� be complete, cocomplete, locally and colocally small. 

Let the canonical morphiams into coproducts remain col-

lective epimorphisms also in 'm, �d the canonical pro­

Jectiona trom products be collective monomorphisms in 

'm • Furt her we suppose that tor any f, 9- e � """' the 

equalizer ot the pair ( f, i) in ;l, is a monomorphism 

in 'm. and th e coecpalizer of' (f', 9-) is an epimorphism 

in 'ln, • Then f'or any retinement X

C ffl, """ there is: 

mi· 'ffl. such that :t c X c 

(1) X-f.čMt. is monocoref'lective in a, ,

(11) X-� 1s epiref'lective in :l •

Proot: To pro'lle the theorem we ahall use the cri­

terion ot monocore:t'lecti11ity etated in [ 51. From there 

it eutticea to prove that 1C-�..im.e ia cloaed under co-

producta and coec:palizera ot diagrama X..,....-f'
--.,. y

...._� where Y c X-�

Let ..( X
ca, 

I be the f'amily ot objects in X- f'� \)
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4 .X
4, 

.;,Cl.>� I. X
Q, 

t their coproduct in 8, • Suppose Y • i jf.l, 

f' « X ( f:, xQ. ·, V ) .. For all indicea Q.. there 1a f ))
ca, 

•

E � ( X
4 

� Y) i hence there exista exactly. one 

,, a � (�X
"'- 9 Y ) such that -r'»

ci, 
=i TJ>

c:a, 
for all a, • By 

the aasumption -{ '))Q.. t ie a collective epimorphiam, hence 
,m. 

.f' • f · and hence � c � 
f' 

Suppoae the diagram x,::::9-� Y in � such that

y c X--f� 

C. 
Let Y � C denote the coequalizer of C �, CJ,) in it • 

ror Z & I :i., I , .ta. E ,C ( C , Z )_ we ha,e . ..ta.. e c � ( Y , Z ) • 

Of course, A,,cf' == .ke 9- , hence there existe exactly ona 

I,,' c � ( C, Z ) such that Ja.'c z J.a.c • But c ia an épi-

morphism als o in X , hence Jt,' • ...fa, and hence k c �•. 

In a eimiler way we can prove the dual reault (11). 

We shall see later on that the assumptions of ihe to­

regoing theorem are o:f'ten fulfilled. The following theorea

1a an easy consequence of 2.12 and 2.13. (We use the nota-

tion trom the remark before the theorem 2.9.) 

2.16. Proposition: Let for any X• I< the corree­

ponding tull aubcategory X- -r...im& ot the category � be 

ooretlective. The following ia equivalent: 

(1) X • X
,,,.,

(11) ,C is an idempotently retlecti'le refinement ot
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(111) For any X & . I 'li,, i the coretlect1on ,c fx of

X in the subcategory 1t�fM'PA. is X -isomorphic to X • 

( 1 v) For anv X, Y • I � I , -f c l: C X , Y ) if and on-

ly i� 9· • f 'Ae, , where -F � • �""" 
am Je, is a Je -is omor.;.

phism;. 

2 .17. Dflf init ion. Let :1(, be a refinement ot JI, , 

M aey class of objects. We define X-f..ém.t I
.M 

the clasa 

of auch objecta X thet whenever Y & M , then X ( X, Y> • 

_ • st ( X 
P 

Y) • In an analogous way we can define X-�lM • 

Thua in the special oase ot M s I� I we obtain the defi­

nit ion 2.1. 

2. 18. Theorem. Let Jt be a retinement of j(_, M an.v

class of objects. There exists a retinement '11L of jf- , 

m C 1C such that ffl-f..im.e - $C-{;.Čm.& IM .

Proof: At first we define the class ot morphisma 
I "91, ffl. c X • For any X 9 Y we put 

m I (X, Y) C / 
3C C X , y ) for y • M

'- Ať, ( X, Y ) for Y • M 

Now we define the reťinement m: f' • m ( X, Y) if the-

re exiat -f0 , f'-1 , ••• , f'm, • m' . , the domain of fm, be­

ing X , the range of -f'
0 being Y. and f c: f'� f1 ••• f'm , 

the compoaition being made in X • Let X E ,C-f.im& I
M 

, Z 

any object, f E ffi ( )(, Z ) • There exiat f0 •• 11 f'm., all 

· in ffl', f'0 rangea in Z, f.lft. has its domain in X ,
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f • f0 • u f' � ., Let us denote 2-i the domain ot f -t

Zis.M f' �
,,m., 

1� There 18 
< either , then s 

' or Z (i M f then. fa (& � (Z
0

, Z)

• 

�.-There 18

ma.. either Z
0 

a M e then f'
1 •• ci -f m- s� , hen-

/ ce f e H, ď'!/ti, "' 

' or t0 + M , t hen t' 11 c ft C Z
-a 

, Z c ) � 

hence � f"
1 

e Z/frl, • 

Obvioualy we obtain by induction that {IE i/, �X ,Z) ,hen­
ce X e ffl.-f'Á/ru. • 

Convereely let X e 111.-� , Y E M , than .X C X,>')• 

= m c x, >') = :t, ( X, Y > , h�nce X e X-� I M 

From the last theorem we can conclude that

th• theorem 2.15 can be generalized to the subcategoriea 
ot type :t-f..ima.JM, M being any claas ot objecta.

We can alao obtain the dual resulta, aubbtitutina 
raapectively X-�fM , coreflective, retlecti••• pro•• 

jective, c. •maximal,,..,, inatead ot :1C-� JM , �etleo• 
tive, coref'lective, inducti,e, f •aax:l.mal. 

We ahall ehow D.ft that in the main theorema ot thia 

paragraph 2.e and 2.14 the asaumption •t tpe idempotenoy 

of •the retlector cannot be omitted. 

2.19. IJam��,: Asaume the category LOS ot the Haua• 

dortt locally convex topological v�ctor apaoea o,er the 
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field of' real numbera R and cont inuous linear mappings. 

On every such space we have the unique translation inv� 

riant uniformity and the continuous linear mappinga ara 

in these unif'ormities unit'ormly continuous. In thia w-. 

• ha,te given tbe embedding ::J of the category LCS into

the categorJT,' lL of separated unitor.11 apaces and unitor ...

ly continuous mappin,gs. Rajkov has proved in [10] that

tor any unif'orm space there_ exists a free locally convex

apace, in another words that the category LCS is a ref�

lective subcategory oť lL • The construction is mada by

giving a suitable topology on the free-vector space over

the underlying set of the given uniform space. Let ua de­

note F this ref'lector and LCSiJ. the refinement of LCS

given by the embedding J • From 1. 7 we see that LCS
u. 

ia

a reťlective refinement of LCS (but not idempotently re­

tlective). One can immediately see that LCS
u.

--cůna • .fO}.

(the category involving only the null-dimensional apace).

Now 1 t is evident t hat LCS u. is not f' -maxi mal. It suť­

f ices to take the retinement ff generated bF all niapp­

ings whi.ch is actually greater than LCS
1.4. 

and still 'óf -

- f.-<m.e • -{OJ • Thus the theorem 2.e does not hold gene­

rally for all reflective refinements. 

'lhe same example can serve us for the answer to the ques­

t ion about the generel validit� ot the decompositioa theo-

rem 2.14. Suppose that the retlector f' f U.--+ LCS can 

be decomposed intó two :t-etlectors F1 s LCS u. 
� LCS ))

F
ti 

s U � LCSu • From 1. 7 we knbw that F
11 

ie 

naturelly equivale-n:t to-the functor F h,cs " Let D 
d4. 
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denote the twopoint uniform space. Then FD is .the two-

dimensional space R
2 • Suppose cwm. F

2
D = O , Then

� F
2 

.D is at most onedimensional, hence FD + i:, F
2

D • 
On the other band if the dimension ot the spaca F2 D ia

at least 1 , then F1 f,2 D 1s ot inf'inite dimension
1

which is the contradictiono Hence, the idempotency in 2:.14 

camot be omitted. 

Thus we have seen that the idempotent retlections are 

ot gréat importance for the theory ot the preceding psra­

graph. But in the practical cases of concrete categoriea 

the condition is of'ten fulťilled, as will be seen trom 

the ťollowing easy proposition: 

2.20. fZ?PQSit ion: Let J: :i. c....+ 1C be the embedding 

of concret e categories, 

t hat t or any X e I X. I 

F: X--+ � the reflector such 

the reflection mapping i"-" : X �

--+ F X can be represented by the identity mapping. Then 

F is idempotent. (Analogously the dual proposition.) 

§ J. Concrete refinements.

3.1. ]Jefiniti on. Let :l be a concrete category1 o

the forget:ť� functor into the category of sets. We .shall 

denote set� the refinement ot ji, , where S.ajf ( X, Y) .

consis,ts of all triples < -f, X, Y > written 'f � :K--,. Y „ 

� being a mapping of c X into o Y • Aa .uaual we shall 

regard ::t to be a subcategory ot set� ., 
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Let X be a refinement ot if. • We shall call it concreta, 
,m.. """""' . Set ,,,,,, 

refinement, if � c .,,,, c � • 

J.2. 'lh@Rr•m• Let Sl, be concrete, complete, l�­

cally and colocally small categ.ory. Let for any tami� 

X
ci, 

ot objects hold : c(f K4,
) -� oX

ca. 
, o(� Xca,) • 

= Tr o �
Q. 

• Let furt her eaoh equalizer in it be one to 
s. 

one ani each coequalizer be onto. Let 1G be a concrett 

retinement ot li, , then !l'--r..ltn.& 11 monocoretlecti'fe 

in li. , X-� ia ep:iretlective in it • 

Proof: tollows immediately from 2.15. 

There is a lot of categoriee tultilling the aaaump­

tiona lť the foregoing theorem. For example ·rop (tha o„ 

tegory ot topological apacea and oontinuoua mappinga), 

HAUS (the oategory ot Hausdortt topological epacea), ca 

(eeparated comppetely regular apacea), Unit (the catego• 

r� ot unitorm spacea and unitormly continuoua m•ptiJlll), 
U (ot aeparated un1form spaces) and others. 

We ahall treat the category U. ot aeparated uni­

:t'orm spacee and uniformly continuoua mappinga. lL tul.., 

tila the aaaumptione ot the theorem 3,2.1 hence tor 81\V

oonorete retinema1 t X there exiat two tunotore x" ,

1(, c 

, the tormer being the monoooretlector onto 'X-í..ůn& , 

tb• latter being the epiretlector onto �-CC>OJ&be. • Kenn1• 

eon ť1,J, (8J haa pro,ed tbat in U every nontrivial core• 

tleotion 11 a comodit1oat1on (tbe ooretleotor ·preeer•e• 

the underlying aets). 

3.3. �b@Prtm• Let X be a conorete retinement ot 
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u • The following holds:

(l} j(-f..cl'n.el is coreflective in U. 

{2) 

(3) 

is epireflective and hereditary in ll .

Every nontrivial coreflection in lL is of the torm 

'X-f'..lm.e, , where X. is a concrete re:f'inement. 

(4) Every heredit ary epireflect ion in U. is of the form

,c_ COGJU,& , where X is a concrete refinement.

Prooft (1) and {2) are obvious from 3.2.

( J) Let F be the coreflector in U. • Let for. any· X

the ident i cal mapping f" x a U. ( r: X, Y) repreaent the co-

reflection. We. define the concrete refinement X · ot U.. s

for aey X, Y € i U I , f' a 'JC C J(., Y) it there exist• 

t & LL < FX, Y > such that g.�x 
= �Y,r • In other words

::tif f' is unif ormly cont inuous :from F X int o Y • It is 

easy to see that the functors ,c-f" , F are equivalent. 

{4) Let rit be epireflective and hereditary in lL 

under the re:flector F • Suppose for any X the morphiam 

represent the retlection. Again we put 

f' E � ( X, Y) if there exists 9-- € lL ( FX, FY) sŮeh that 

f:',
Yf = ,;,�x • or, equiv.lently, if e,vf is uniformly conti-

nuous. One can immediately see that :R_. c: ,C - COQJ(..be • Con­

versely, let X E: X-� • t-4'). is an ep·imorphism, hence

the image of X in FX under ftJ
f 

ie dense. But every 

uniform subspace of FX is again in .fl, , hence �
X muat be 

onto. Suppose that �
)( is not one to one. Then there 

exist two distinct pointa � , 1-- in X such thet

X X f- <..x) ;ať-' C 11- ) • Let Q denote the apace ot rational 
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numbars with the usual metrie uniformity, ci any irratio-

nal number. We detine the inapping -f' : Q --+ X • For · 

a, < d. we put -f (a,) = .x , tor a, > c,l. we put f' (a,) = ,Y. • 

Clearly -f is not unitormly continuoua, but fJ-"- -f ia • 

constant, hence the unitormly continuous mapping, which 

is a contradiction. Hence c"'X 

is obvioua, similarly as in (3). 

is bijective. The rest 

Remary. Ona can easily see thet s.a u. is a

(idempotently) .retlective re:f'inement • but not coretlecti .. 

ve retinement ot U. • Hence tor any concrete retinement 

=-c its f' •maximal hull X
,m, 

must be again concrete 

and may be constructed by the method used in the proot ot 

(J) in the foregoing theorem..

For the dual čase, it we want conatruct c -maxi-

mal hulla for concrete refinements, it need not exiat in 

generel. For· exam.ple, salL- COQn..t,e ia a aingleton and 

ona can see thet there exists no c -JQaximal retinement 

generating it. But if X is a concrete refinement auch 
. . 

Cthat the corresponding reflector X ia a modific•-

tion, then there exista a a •maximal hull of X , it ia 

co ncrete and may be constructed by the method used in 

the proof of (4) in the theorem 3.3.

We shall show that the aaaumption of concretenees 

in the theorems 3.2 and 3.3 cannot be omitted. We give 

an example o:f' a retinement :,t. ot ll such that 1'-� 

need not .be coret'lecti1e. 

3.4. lgample: We shall represent the obJecta in l1 
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in the torm C X , 'U,) , where 'U. ia a ayatem ot all vi• 

oinitiee ot the diagonal. We detine the retinament I ot 

U. in the tollowin, manner·: Wa put f c t ( C X, '2L) , ( Y, 1/f) ,

1t f ie a mappin, trom X .>e X int o Y >e Y auoh that

tor any V � 1f there 1a f'- 1 C V> • '2L • (Hence

f' s ( X >< X , '1J. ) --+ C Y >< Y, 'li) 1• a morph11m in th• oa•

t11or7 S C p- ) • ) we detine t he oomp011 t ion in I in • · 

n1tur1l way; obvioualy w• obtain tht catesory. The embed• 

din1 ot U. 1nto t may be det1ned, 1t we correepond to 

eaoh f' • U.""" the c1l'teai1n power f' 1 
• So 9-- 1a trom 

U'"" 1ft there exieta f c U...,.,,, auch that 9-- • -f 2. • 

(1) At tirat we show that the onepoint 1p101 ,( Q,}

11 t •tine. Let C V, 11') be eey unitorm apaoe. There 

11 r'\ ,( V \ V c 1Y 1 c A
y 

• • • the diagonal, hence tor 

1ny f' • t C ,( a, J , C Y, 1t ) ) t here 11 'f (ta., ci,) • ( .x • Je) 

tor 10me .x 5 Y • It euft1oea to detine 9- , 9- (ca.) • .>< , 

t • U .< i Q, I , ( Y „ 11 ) ) and . 't • c; • f' • 

(11) Let ,{a., h f be the twopoint di10reta apace.,

We ehow that -ta,, hl ie not t •tine. We detine 

f • f C ,( a-, .Rr J, t Q..., k l) in the tollowinc way1

f'(ca, , .. ) • ( Rr, .. h f( h, A,,). ( .,, Q,. >·, -rc .. ,.e,.). (a.,•> J ..-c.r,,ca,)a(.6;a). 
Obviou.aly f 01nnot be obtained 11 t· ,c 9- tor 1om1 ma•

ppina 9- • -< cz., h t _____, -< a., h l • 

Let ua 1uppo1a thet t •tine ia, 00r1tl1ot1,, in U ,It tol• 

low1 tro• C 1) thet th• ooretlect ťon i• not tr:lvial. 11 no• 

tio1 that in that 0111 the ooretleotiv1 1uboat11ory muet 

oont11n all un1tormly di10ret1 1pac11, whioh 11 the oon• 

tradiotion with <11). 
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We hav e not i ced t hat • Set Lt is a reflective refi-

nement, but not coref'lective. The reason for it is the 

fa:ct that there exists the ťinest uniformity on every set,

but not the coaraeat. Iť we take instead oť LL the ca­

tegory UmU of ell (nonseparated) uniform spaces, then 

is simultaneously reťlective and coreťlective. 

Despite of the nonexistence of the coarsest separated uni­

formity on every set, we show that there exists the coar­

sest modification [R., in U in the followiDB sense: 
,z,, � '11:, / .. For any other modification � the.re 1s .,.., c .,� 

3. 5. Theor�m. Let a be any modif'ication in Ll e 

Then P�z. c Jt , where � denotes the epi­

reflective subcategory of lL generated by all precompact 

uniform spaces. ( P� is a modiťication.) 

Proof: Let I denote the c ompact unit interval. 

Suppose there exists the uniťorm space I' on the same 

underlying set and coarser than I „ Hence the identity 

mapping -i, : I ----� I' is uniformly continuous, hence 

it is a topological homeomorphism. But there exists only 

one uniformity on I compat ible with the corresponding 

topology, hence I = l' . 

Suppose :R, is any modiťicati on, we obtained that I e �. 

Hence the pro je ct ive hull of { I i in U. must be contai­

ned in :R-- • But t he pr oje cti ve hull of -{ I J is 1'� 

and the proof is complete. 

3.6. Examplgs: Let C {resp. 'P ) denote the reti­

nement generated by all continuous {resp. proximally



cont inuous) mappings. Then: 

a) ša.t
u.

--f'� =-])�

ky discrete apaces)
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(the category of all uniform-

b) �-�=={Oj 
u. 

(the singleton) 

C) C- f'..ima. = F..ůn.e, (the category of all fine spaces) 

d) C-� = -tOJ

e) P-f'.ůn.e, = PF ( the category of all proximally fine

spaces, i. e. the finest spa ces generat ing the correspond­

ing proximity)

g) SLt
u. 

, C are idempotently reflective refinements

( f' -maximal), P is an idempotently coreflective refine­

ment ( c -maximal).

Proof: a), b), c) are obvious. 

d) Suppose there existe at least a twopoint apaee

X s C -coarse. We choose any twopoint subspace -ta.-, 11,-} of 

X. • Let @. denote the space of rat ional numbers with its

metrie uniformit�, � any fixed irrat ional number. We

define f' (.x) = � for a, .c::. z and -f (b<) = Jl.y for c:t, > �

the mapping from Q into X • Ob\fiously f' is continu- ·

ous but not uniformly continuous.

For e) we refer to l .

f), g) are obvious. 

For furt her interesting examples we refer to (2l ,(3J, 

.(4]. 
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3.7. Proposition: Let X be a conarete retinement

of U, M the class of spaces projectively generatiDS 

LL ( i.e. for any Y e: i U. i there exists • famil.y i M
a.. 

f 

of spaces from M such that Y can be uniformly embed• 

ded into the uniform product IT M a,.. • Then 1C- f..cm..e., :s: 

Proof: Obviously X-� c X-f..inu., IM
Let X e: X-� l M , Z any uniform space. There exiat 

MA, s M such that z is embeddable int o TT M
ez, 

„ Let 

us denote �:Ze ► lf M q, the embedding, 

,r
"'

:lTM
Q,

---+ M
Q, 

the .projections. Let -f"e :1CCX,Z) . For 

alla.. wehave '1r'
o.,

á,-feXCZ,M
c;,

) = U<Z,M
a, l ,hence 

there exista exactly one 9- e: U.( X, lTMa. ) such that 

for all q, there is ,r
Q, 

� = ,rc:a. �-f • _ Hence there ia 

g, = jf' , and hence -f is uniformly continuous. 

Remari• Such classes M fultilling the assump­

tions of the foregoing theorem are for example '11L (all 

metrie spaces), ?rm ( complete metrie spaces), r

(complete spaces), I� (injective uniform spacea). 

We ahall use the current priaciple ot the construction 

of the coreflect or '� -f ont o lC -f'ine spacea in ll „ 

3. a. Let X, be a concrete ref'inement ot li, X any 

uniform space. We define X. <·O the set X endowed witb 

the unif'ormi ty projectively. generated by all X -morph• 

isms with the domain X and ranging in metrie spacea. 

One can easily see that tbis correspond1ng is functorial 
(-1)and tor x €. X -tine there ie X _. X • N0w we define by . 
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,ci:♦•O • ( t:/ cce.l) C1)
transfinite induction: � · � for oc.

nonlimit ordinal, for a limit ordinal � we detine 

i
(()) the set � endowed with the uniformity equal to the 

infimum (in the or4er "finer than") ot all f'oregoing uni_,­

formities. Obviously there exiata an ordinal 

� ,- M1.m., ,{� i � (o(.+ ,il lR X'°') i 9 

The proof ia routine by transfin1te induction. 

The following proposition is a consequence ot .2.16 and 3.8o 

3.9. fronpaition: Let� be a concrete retinement 

ot U. • The f'ollowing condit1ona are equi\falent: 

(.1) X is f' -maximal • 

(11) Je is an idempotently ref'lective ref'inement of U. o 

{ ) " / X "'· ,o . i�i For sny /\ r , >
,t 

containa " 

,.1v) For any X.: < X >
,c

• 

<•> For any X r ( X >,c

(,ti) For any X : < X >
,c

to x�x .

has the f'ineat element eqi al 

.,..
-f' 

'ti • 
contains -"" n

has th6 tinest element equal 
• 

. (vii) For any )( :. ,Cf'X � X C·O • 

Remark. Let P c ll , :b the system ot all wiitorm 

vicinitiea of' the diagonalo For any U � 3J. we set: 

is a twopoint apace 

-{ Cllz ; � J with the indiecrete �itormit;,J �,; � { D"•· I
u, u ... 
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%,IA E p X p' u. ' J
)

� Illo u. 
= :{ Q,,

zu , .iY�u. J with the di•cr•-

te uniformity l , /l P being the diagonal in P >< P ,

the sum is taken in the category LimLif • 

Let ua denote ( Q, tJJr) = lmA°-C iu, ; U. € � J � (The infimum 

ia taken in the order "ťin�r than".) It :t'ollows f'rom ().), 

37. A. 8 that .< P, 3) } is a quot ient ot ( <l, 1Jf) ,, We noti-:-

ce that f' O:, = �P , hence C Q, W') is an element

f'rom U. •

I thank for the idea. oť the tollewing leDllla to 11. 

Jluěek. 

3.,10. Lemma. . < Q, 'IP') is the minimal object in: 

< ( Q, W') > (with respect to the order "ťiner than"). 

Proof: Let ( � , 1t) be a strictly finer uniform 

apace that ( Q, 'W') • For any LL c li) we have at leaat 

one Z
u, 

E U' L\P such tpat the sets � a.�u. I, .( Rr�u.. l

are not 1f -proximal. Of course, they are pl"oximal in 

Q U. , We set: A = .( a.,� ; U t I[) J , B = ,t h� \ li c :t> J „
u � 

We can suppose that ( Q, W") is not uniformly discret• 

(because in this case ( Q, 1") is even proximally 

ťine). Let tU, be any uniťorm cover of ( Q, , 'W' > • Then

it must be (Q..N l, ·Llr:z l proximal (with respect to 
"'1.1,. . u. 

'2L ) for som.e U „ m li) Hence the aete A , B are proxi-

mal in the uniťormi ty f/8' • On the other hand, one can 

see f'rom the construct ion of A„ 8 that A, 8 are not 

proximal in the uniformity 11" , and the prooť is comp­

lete. 



.-"M0-

3.11. Theorem. Let 'e be a core:f"lective aubcategory 

of U. and let the corresponding core:f"lector c. preserve 

the proximity (1.e. for any . X s I U I 

• ,ti, X ) • Then � • U. "

we have 11--e X = .

Proof': For aey X E I U I we construct 6l x 9 
the 

space C Q 1 1Jf) f'rom the f'oregoi-ng lemma. Gl,c E l 'e \ be­

causa of' the minimality in < Q" >, . Thus X , being 

the quot ient of Q X is again in I 'ť I „ hence 'ť = U. ., 

J.12. Corollary. There are no concrete ref'inementa

of' Ll simultaneously ref'lectiv-e and coreflective. (Ex­

cept of' the trivial refinement U. • ) 

Proof: Suppose ,C. is simultaneously re:f"lective a·nd 

coreflect ive ref'inement of Ll • From 3. 5 X -coarse must 

contain all precompact spaces, hence X -fine preservea 

proximity and hence X- f� =-- IL 
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