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SE .ITNAR .UNiiORM SPACES 1975 - 76 

Uniťorm Rtoms on e.v

Petr Simon 

In 1973, J. Pelant ond J. Reiterm3n wrote a paper con­
cernint; ::itoms in uniTormit ics [ PH}. It scems thr.it there i.s 
a little investigotion only in �his direction till yet, though 
the nroblems in this area are wor•thy to be studied: Any result 

. 
. 

on uniform .'.)toms tells somcthing nbout the lnttice oi' oll uni­
ťormities ,P'orcover,it tclls somcthirl[; about the properties of 
points in the Čech-r;tone comp:,cti:ťic."ltion oL· discrete space, 
t oo. 

Th2 aim 01' the pre::ient pnper is to construct, assuming 
continuum h;s.,:pothesis, some ultr·1ťiltcrs on eu in order to 
obtain ex□r::plcs oi' uni.L'orm :3toms whose n1turc is e.,.sentially 
dissimilar to those ones described in [PR). We also give a 
proof oí' ncn-published thco�·em due to J. Pelnnt, which shows 
some properties of non-O-dimensionol �toms on W .It remains 
an OP=n questions whether such atoms exist nt all. 

O. General bockground. Consider the lattice oť all uni­
formities on the set A, the order given by the uniform conti-
nuity of an identity mapping: 'U, --s 1r i:ff idA: < A, 'U ) �
➔(A, "1f ) is uni:formly continuous. At oms in this lat tice will 
bc called uni.form atoms. 

Let us give a brief review of the main results from [PR).

Let q be a ťilter on the set X, denote by � a uni-
formity on X de:fined as follows: A cover � Ui: i e IJ belongs
to O'

q_,
iff there is some iE. I with u

1
e. q. 

(a) Proposition. < (.I) ., 0"
9...

) is a uniform atom if and 
only if q is a selective ultrafilter on 4> .

The uniformity will be called proxima�ly discrete i' the 
induced proximity is discrete. 

(b) Proposition • .b"'or any p;roximally discrete '::!tom
there is an ul traÍ'il ter q such thBt 1L � 0"

9-., 
•
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If 'll is a uniformity on X, cicnote by Ru the r"'!:lr:::ily 
of all subsets Bc X such th·�t <B t

?l, /B) is not uniforml:i 
discrete • .č'or the proo1.' oť (b) one r::mst check trnt if 1i
is a proximally discr,:!te atom, then N ei is an ultr�ťilter 

Suppose � ( Xi, 'll1) : i e. I 3 be a fami ly of unií„orm
spaces with x

1 
poirwise disjoint, let q be an ultrafilter 

on Ia The family oť cover� 
{-\ X � \ X €. U X

i 
t V U -Í (F i : i€ V 1

( V é. q, !1-> 
1 

is a uniform cov er of < x
1

, 1L i) ) form a b·::ise
of a uniformity 'll on V Xi which will be called an ul-
traproduct of unifcrmities ?i, i' ::rnd denoted by '2l = 

� ru, .• 
q,, l. 

(c) Proposition. If 'U.i �re ntoms, so is

(d) Propos:i.tio:i. No atom <U, which is an ultraprouuct
of Gtoms is of the rorm o;_,. 

(e) Prcposition. Each 3tom on eu h�=lS 3 basis consict
i.ng of point-ťini te coV8rs {see also (V]).

For the details and proofs, see [ PH].

1. Up to now� we hove no exa�ple of a proximGlly djs\
crete ntom on G.> other than � wíth a sélective ultra�·

!":l.lter q, and ultraproctucts of such �'s. There are 
known, o� course, other atoms. Let q be a non-selective 

, 
ultrarilter on č.<> whose type is minimal in Rudin-Prolík s 
order ( ::ibbr. RF-minim.'.31, see [ R 1 or ( CN ]) , according to 

(a) P
0'

9-, 
is not an atom. Let Jl � � be an atom and we 

ar•e to show th!:lt .fl is not an ultraproduct of atoms. Sup­
pose A, = ':E Jl �, then the equality q = N _,,i = � N

_,.i .� � . ;v � 

contradícts the assurription tlv::it q is R.&'-minimal„ 
Thus, we shall conetruct severnl ultrai'il ters q and 

study O'�. and atorns below it. Let us start with the 
s implest one: 

2„ Theorem. Assume (CHJ. Then there exists a P-point 
q on {,,) such that there is precisely one atom A 4 � .. , 
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A+ ()"CL. 
Prooť. Let � =..f.R

0
: n � G.> � be partition of eu 

such thnt 311 R
0 

�re finite ani sup l R
0 

l = '-'> • Let A. be 
a subset of w • V/e shnll call A to be �-unbounded, if 
sup -{ I Rnn M I . n c:. 4> � = "' •

Let � be a .ťamily of' all poi nt-ťinite covers of Ce> , 

1 e t � = $:, v (P ( G.> ) • Sin ce \ � \ = 2' "4> , . a s suming [ CH J ,
we may well-order it in the manner � = "\ g

OC,
: tL. < eu+ j • 

· I. The construc tion of q goes by transfinite induction.
For each oc:, < G) + we shall de:fine a .ťilter base � 
such that: 

( i) � 0 = -\ U { Ri: i.:> n 1 : n � � J ;
( ii) if cG < G<.>+ , then l � I == c:c.> ;

{iii) if:' o(', < � � CA> + , then . � c � ;

( i v) if ce. .:: Ce.) + and iť .F E � , .. t hen F is 3't-un-
bounded; 

(v) if oc. < Ce> + is a limit ordinal, then � ::,
:, U j"/3 u -t H l wit h l H - F I < � :for each Fe }J � ;

(3 •d:- . • .. <c:(. ,. 

( vi) if (3 = °' + 1, g� = M c � (ev ) , then either
M � T".,..1 or ('4.> - M) e �

c('
+-f ; 

( vii) if. (3 =. oe, + 1, g
oe 

� 'ť e {B , then there exis ts
an F e g'oe + 1 such that

e ither l F n CI 6 1 f'or every � e ce or there ex-
ists a seq'Ll:ence i.Xnl with x

0
E. Rn and 1;>t(x

n 1 <e)n �::>Fr,� 
for every n < Ce) •

0-th step is PI'e cise ly descri bed in (i).
Su ppose � c::: 4'1+ to be limit. oG is countable, all

� 's with (3 � oG are countable, thus 
13l..Jc( � = i F0: 

: n.c:= '4> 3. 

By an induct ion over lA.> , let us .find a sequenc : 
-ínj: j < '4> J such that n

0
< n1 <: � <. • and 

I FO n F1 r. ••• n F j n Rn. l > j f'or all j � w • Indeed, i.f
. . J 

n0,n1, ••• ,nk-l be defined, then by Civ) the set.
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.F
0

n F1 n ••• n Fk is 51.-unbounded, thus there is some

nk> nk-l with J F 
0

r. F1 f\ • • •  n Fk" R
I\: 

I > ·k.

Let H = (F n Rn ) v (.F0n F1 n Rn ) v ••• vo o 1 
v (F0f'\ F1 n ••• r,FknRn. )u ••• , and let

K 
� = {Fn H: F e U �a � u U �n • 

/3 < °' ,.. (3 < °' , .. 
is obvioualy countable ·filter base. L€t �k é 

• Then Hn Fk- is !R,-unbounded, because

I HA Fkn R
0 

l -;;,, m whenever m :> k. 
m 

The set H - Fk is finite, since Rn is finite for ever: 
n...:: c.., and sincc H - Fkc(F nnn )v(F

0
nl\nR

n
) uo o 1 

v • • • u (Fo f1 Fl n • • • n Fk-1" Rnk-1
) c Rno u Rnl u • • • v Rnk-1 •

Let (3 =cc.+ 1, suppose goe
== Mc <.c) • Then either 

Mn F is :R, -unbounded for all F e S"'oG. or ( � - M) n Jl is 
gi-unbounded for all F s � • ( Suppose the contrE.lry: The• 
re are F, F' e !To(, and r, s nntural such th:3t l .F'n Mn Rn I/;

� r :ťor e ach n .c:::: c.c.> , l .F 'n ( C,e) - M) n Rn l � s for e ach
n.c::: '4> • Then .lFl"\F'nRn\6.r + s ťor each n.c::::"' , a
contrad ict ion, since � sat isfies ( i v).) In the first ca· 
se , de fi ne � + 1 = t: v { M n F : F E $ «:. l , in t he se -
co nd , :T

o!
-t- i = � v -f ( Q - M ) f"I F : F é � � ..

Let (?, = oc. + 1, su.ppose go< = e !73 .For every sequer 
ce � xn 1 such that xne Rn denote by S -i xn i the set

U { � (xn, Cf ) o Rn: n < ec> } •
Two cases are possible: 

a) There exists a sequence {xn i , XnE Rn, such that
S -( xn 1 <1 F is �-unbounded for every F e S?'

oe 
• In this 

case, let � + -1 == � v -( f"n S-(�-n. J: Fe T«: l •

b) There is no such sequence. In this case, we shall
proceed by induction as :ťollows: � is countable 5 a:c =

= { F j: j' c::: c.c> f • Let us define natural numbers jk, nk
and :ťinite subsets Hk of Ce> such that j0 :: O and í'or eve­
ry k .:: � the Í'ollowing holds: 



(1) 

(2) 

(3) 

nk� nk+l' jk < jk+l' Hk c Hk+l' 
l Hicn.Rn n .F.0n F1n ••• nFJ. l > k andk k 

for every yE. Hk, ..M.(y,<e) n Hk = � Y l •

F0 is 
I F 

0
n Rn I

o 
= {y � • 

:1i., -unbounded, thus there exists some n0 with 
;::r O; pick a point y € J.!,

0
n Rn and define H

0 
-

. o 

Let nk, jk' Hk be defined. The cover 'ť is point-fi­
nite and Hk is finite, thus the set <e k = � C € c:e : 
: Cn Hk:t 0 J is finite •. for every C E cek, let -íxg 1 be so­
me sequence chosen as follows: If Rnn Hkn C=t: 0 , then, ac­
cording to (3), this intersection contains precisely one 
point which will be denoted by xg. If Rnn Hkn C is empty, 
but Rnn C is non-empty, pick xg from Rnn C arbitrarily. Ei­

nnlly, if Rnf'I C =· 0, let xg = Min Rn. Fix one such sequence 
4. x c l for every C e 'ť k; as we assume that a) fails, there
is �ome jk+l such that jk+l > jk and 1',jk+l f"\ U .( S -tx� i :

: C e ce k i is not � -unbounded. Denote by Gk+l the set

("'\ -{. F j : O � j � j k+ l � - U .( S { xg � : C e Cf? k � • 

The set Gk+l is obviously (R..-unbounded and there ex­
ists- naturel nk+l;,- nk such that Gk+lri R

�+l co�tains k + 1

distinct P?ints y-
0

,y1, ••• ,Yk with Yp4A-,;t(y
q,'t) if p=\:,q.

(If not, then for every n> nk there are· y O ( n), y1 ( n), ••• ,
Yk-l (n) such that U -í ;tvt, (yp(n), Cf:): O� p � k - 1 � :::, 
:> Gk+l n Rn• Define x� = Yp ( n) for 0.f- p .f. k - 1 and n> nk, 

x� = Min Rn for O� p � k - 1 and n '= nk. Then the fini te uni-
on U i S -{ x� � : O 6: p � k - 1 � v U ..f S -t xg � : C e. 'ť k í

covers= some member of � , namely F 0n F1 n ••• n FJ. n
. 

k 

1"' ( U -C. R1·: i? nk í ) , which contradicts the assumption that
a) does not take place.l Let Hk+l

::: 
Hkv�y0,y1, ••• ,ykJ •

Obviously, (1), (2) and (J) are satisfied :for Hk. 

Let F = U -í Hk: k ...::: c.> i , let �
-t 1 = � u

LI {Fr, F': F, e. � l . 

In . both cases, the filter base �+,f 1s well-defirted: 



9L, -unboundedness o:f ita members is cle -.:ir in a) and a con­
sequence of (1) and (2) in b), � + -f s,9tisfics (vii), too: 
The added set equals to some S "'l xn � in the cnse a} and
meets every C e. 'ť in at most one point in the case b), 
aa can be deduced from (3).

Now, having the whole induct ion veri:fied, it remains 
to define q = U -( � : oe: c:: c:..> + 1 . The filter q is 
an ultraťilter because oť (vi), it is a P-point by (v) and 
it cannot be selective, since its members are �-unboundec 
by (iv). 

II. Let A be a uniformity whose base consists of
all covers·· � A CP ( = -i. Rn P: R € :R, , P e '3J ) , where 

P is a uniform cover .ťrom O"
Ci, 

• The fo llowing :facts · arr 
clear: Jl is not uniformly discrete (all members oť q are 
31, -unbounded), .fl =t � ( no member o:f Ot. belongs to q' 
and .ll � � • 

A is the unique uniform atom be low � : Let .fl' b1 
a proximally discrete atom, let c.e.' be a uniform cover pe·

longing to Jl' , let Cť be a point-finite cover .ťrom A', 
which star-refines ct' (the existence of such 'ť is imp­
lied by Proposit ion ( ) ) • Since cf: belongs to {B , Cť =. 
== gce. for a suitable oc.. c:: Ce.> + • We know that �+'f c q an
that there is some F e g:cC+

-1 sotisfying the condition 
Cvii) from the induction. Let $>

0 
be a cover consisting 

of F and of' all one-point subsets of Ce> • Supposing
.ll' � O'

<i. 
, we obtain �o I\ c.e e A' , so it cannot ha

pen that l Fn C I � 1 for every C e ce , because then 
j°)

0 
I\ c.t = {-( x � : x e G.> i , which is impossible - ..R.,' is 

not uniformly discrete. Thus there is a sequence { xn f ,
x

0
6 Rn, with � (xn, 'ť):::, Fn Rn; in ether words, {P

0 
A :Ji

re:fines ce ✓ • 

We have shown that every atom Jl' � 0--
'i. 

is uni-
formly coarser than A.. , thus .Jl' = .Jl , which completea 
the proof. 
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3. It m3y be instructive to analyse the proof of Thee­
rem 2. We needed to construct a non-selective ultrafilter, 
hence the starting point with some p8rtition !JI.,, where the 
non-selectivity should 3ppe3r, wss necess�ry. It was suff'i-
cient to sssume that I Rn I< <4> and sup {I Rn I : n<c:..>i =
="" , since we were lookjng ror a P-poínt. (Such partiti­
ons will be c3lled admissible in the rest oí the paper.) 
There v1ere three essentL:il steps in the proof: veri.fying 
of (v), (vi) 3nd oť (vii). Only the property (vii) was cru­
cial for uniform properties of the desired atom, (vi) was 
necessary to obtnin .'.:ln ultré1ťiltr:r, (v) implied that the 
ťuture ul tra.t'il t er v10uld be o P-point. We w3nt ed all mem­
bers of q to be :Ji -unboundcd - let_ us sny, wc wanted all 
members oť q to have some property P . The property 
"M is !R, -unbounded" vms, moreover, oi' very special kind: 
There were, in f·nct, a countable collection -ítP(k)� of' 
properties o:f finite subsets of (,.) , n,'3rr.ely " I M \>-k", 
and it was sufficient to veriťy, whether MnRn has: 1P (k) 
for arbltrary k �:md some n � C(.) , depending on k. 

Now, let us return to (vii) ťrom the proof' of Theerem 
2. It was, in í�act, a collection of "4> + properties $o(.

o:f subsets oť � (each \AJas described using somc point-fi­
nit� cover), and we wanted to satis.fy this: ".For every
ex:. < Ce) + there is at least one .te q which has $

ce 

In order to avoid unnecess�ry repeating of some steps 
given in the proof' of Theorem 2 we shall prove the ťollow­
ing lemma, which is some kind of' recipe, how to obtain ul­
traťilters. 

4. Lemma. Let $ = -CRn: n < c.c) l be an admissible
partition of c...> • Suppose that f'or every k..::: c.c.> there 
is a property 1P (k) of f'inite subsets of c...> such that 

(O) there exist a k< G> such that 0 has not 
1P (k),; 

(i) if M e r:Pfin(Gc.>) sotisfies 1P (k) ťor som k>O,
t he n M s a t i s fi es · 1P ( k - 1) ; 
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(ii) 
some n>n0 

(iii) 

for every k .i:: G&> and every n
0

, Ce) there· is 
such that R

0 
has 'P (k);

there exists a mapping f .€ Q� which satis-
f'ies: 

given k< C4.> and M, M' 6 � l"in(G&>), iť Mu Vi' has
1P (f'(k)), then either Mor M' has 1P {k); 

(iv) ťor every k < e..> and every M, Q E rr->fin(<.c>),
if' M has lP (k) and M c Q, then Q has p (k). 
Let the property . 1P of subsets oť e..> be defined by the 
rule 

(v) M has lP iťf for every k � c:..> and e--1ery n �o 
there is an n > n

0 
such that Mn R

11 
has 

Then t he followi ng holds: 
1P (k)• 

/1... If g:' is a filter on c:c) with a countable bnse, 
if M ť:::fa(eu) and if every FE:� has· 1P , then there 
exists a filter � with countable blrne, � ::> '5', all 
members cf � have 1P and either M € � or Ce.v - M) 6 
6 g.. • 

B. If � is a ťil ter on c.J with a count able base
,"lnd if every F E J° has 1P , then there exis ts a subset 
M of CA.:> such th.':it Mn F has 1P and \ M - F \ <: c.t> , ťor 
each F e g: •

C. Let -i 5,
0(. 

: oe, .c:: 2. J be a collection o.f proper-
t ies of subsets of 4.> • Suppose th'Jt .for every fil ter g-'

with countable base consisting of sets v,.ri.th 1P and for 
every oc. .c. 2 <.J there exists an M

ec::. 
c C() such thnt Iv!� 

has S,
ce 

and M
CC' 

·n F has IP for every F e 'I' .

Then, assuming [CH], there exists a P-point q such 
. 

<Jthat U e q has 1P and for every oe,. < 2 t here is a set 
U°' E q satisfying 5'>

oe 
• If', moreover, each M with 1P is 

�-unbounded, then q is not selective. 

Proo:ť. A.. Let �l ( �, resp.) be a fil ter genera­
ted by 3"u .f Mi (Tu -ť (cJ- M)!, respectively). By 
the method of contradiction, let us suppose that neither 

� nor �2 has the desired properties. Then the-re exi st 
1\, F2 E � and natural numbers k1, k2, n1, n2 such th3t



-15-

F1" H" R0 has not 1P ( k1) whe ne ver n;,,- n1 and 2 n (CA.>- �) n
R0 has not lP ( kz), í'or n::> � (a consequence oť .v)).

Let n
0 

= max (n1 ,n
2

), k0
= max (k1 ,�). F1 n F2. belongs to

� , according to (v), there ex�sts· an n>n
0 

such tbat 
F1 ti F2n Rn has 'JP ( f(k

0
)). By ( iii), either F1 n F

2 
n Mn l\i

has 1P (k
0

) or F10 F
2 

() (Ce> - M) n R0 has 1P (k
0

), thus by

( i v) and (i) ei ther E'l f"'\ Mr. R0 h3s 1P (k1) or F2 f'\ ((()- M) n
i) Rn has 1P ( �) , a cont rsdict ion.

B. Let -i .b"'
j: j < '4.> j be a base of � ; we may assu­

me that F 0:, .E'1:::, �,2 .:> ••• • 'l1he prooť goés by an obvious in­
duction: 

F
0 

has 
Fo" Rn has 

o 
F1 has

F1 n Rn has 
l 

1P ; by 
1P (O)• 

1P ; by 
1P (1). 

(v) there is some n .c:: C'4>o such that 

(v) there is some n1>n
0 

such that

Let n
0
< n1 c:: � < ••• <:: nk be deťined. Fk+l has 1P ,

thus, applying (v) once more, there is some nk+l > � such
that Fk+l has 1P (k+ 1).

Let M = U Í Fin Rni
: i.::: ev� • The set MnF11"'1Rnk

satisťies 1P (k) whenever k�i, thus MnFi satisťies 1P ,

and M - Fic Rn u Rn u••• uRn . , thus M - F1 is .ťinite.
o 1 1-1 

C. The proof of C. is a mere copy of the proof of
Theerem 2 and may be left to the reader. Use A., B. and

, 
the assumptions of C. for inductive steps, Oth step is 
guaranteed by (ii).

5. Theorem. Assume (CH), let L be a natural number.
Then there exists a P-point q on '4> such that there · are 
precisely L distinct uniform atoms below O"� • 

Proof. The special cases L �o, L = 1 have already 
been shown (Proposition (a), Theorem 2). The proof for 
l< L < 4> is divided into ťour sections. At first, the

notation used throughout this proof will be given. Then 

the assumptions of Lemma 4 will be vertfied with help of
two combinatorial statements. Finally, it will be shown
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that the ultrafilter q constructed by Lemma 4 has all the

desired properties. 

I. Let A1, A2, ••• ,AL be finite and pairwise disjoin
set s, I A1 I = l A2 l = ••• = \AL\ = n, where n ..c::. CJ • '.i'he
set A1>< A

z
>< .... x AL will be colled an L-cuoe. IL' Al x A2 x 

••• x AL is an L-cube and if Bi c A1 for i = 1,2, ••• ,L, 
\ B1 l = lB2l = ••• = l�l , the cube I\>< B2x ••• ><BL will

be called a subcube of A1x A
2

x ••• >< AL. If no special e�p 
hasis on the coordin�te sets will be needed, we sh311 use 
for an L-cube a not3tion Q(nL), where n is the cardinalit 
oť coordin8te set; or Q(nL-l)xAL' if Ar is the only coor
din:ite set we are tnteres ted in. Simil:��ly, if Q( nL) = 
= A

1
xA

2
>< ••• x.A

L 
and iť a€AL, then the set A

t
�A

2
x •••

• •• }'I. AL-l >< { a 3 will be often denoted as Q(n 1) .>< {aj 
and called to be an a-th square; if Q(kL-l) is a subcube 
Q·(n1-1), then Q(!l'-1)x-la! will be called a subsquare o
Q( nL-l) ,x -( a l .

Given L <= G.> , L� 1 L and a countably inťini te pairwi 
se disjoint ťamily .( Q(n

1
): 1·..::: '4> i of L-cubes with

sup ni = Cc.> , we· may idcntiťy the set Cc.) with 
U { Q(n�): i c:: C4> ¾ and thus we have a part i tion � = · 

= � Q(n�): i c: c..> � of GJ consisting oť L-cubcs; in accor 
dance with the notation of Lemma 4, we shall also write 
:A,= -t. Rn: n � w � • Clcarly {R, is an admissible part i� 

tion. 
Given a p3rtition � oť (A) into L-cubes, let � l 

a family oť L-cubes deťined as ťollows: Q e � iťť Q is

a subcube oť some R0 Ei � • Thus the family � is compl 
tely determined by !R,. 

Let 1l be an admissible partition of 4.> into L-cu 
let ie .(.1,2, ••• ,L!. For an R0 e [R, , Rn = A

1
x A�x ••• 

•• • x AL, and for < a1,a2:, ••• ,a1_1, ai+l' ••• ,aL ):E. A.1 >< A2
••• ><Ai-l)(Ai+lx ••• .><AL, let T = 1.(a1 ,a2, ••• ,ai-l't,

ai+l' •••,a�) é Rn: 6 Ai J e Define :,1 to be a ťamily o 
all such T s with n and <a1,a2, ••• ,ai_1,ai+l'•·•,aL)
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vnriable. Obviously 3ch Ti is a subpartition of .f.i , 
:J'i A �j- = {{x J: x � "-> J whenever i;.\:j and the par-

titions �'\, [r
2

,� •• , 3"L are uniquely determined by
$. 1''urther, it T s :1'1, ir A1 x •.• >< AL = Q{nL ) e :Ji,, and

ir T c (nL), then I Tf"\ ...:CnL-l) )< { a 11 = 1 for each a e AL.
If i+L, then there are n1-2 memb rs T of �i which are
contained in �(n1 -1) x { a J •

Let 'ť be a co ve r or CJ , let x e a., , 1 e t M c "1 • 
Denote by st 2 (x,'ť) the set st(st(x,'e),'ť) ond call a 
set Iv! to be c(, -di s cre te ií :ťor t:: ach x e; H, Mn st ( x 1 ce) = 
={xJ. 

In order to spply 1-.rnma 4, let L > 1 be n nntural num-
ber, let� be o� ·dmi0sible p8rtit·on of into L-cu-
bes, let k c:: C'() •

The set M e g.>i„in ( c.c.>) has lP (k) iff there ls some 
·Q(k1 ) (: � cont3ined in M.

Let 'ť be ,'.J point-f'init e cover of CcJ , let M c CcJ • 

The set M has 
Sce

if':ť cit her M is Cf: -discrete or th -
re exists an i� { 1,2, ••• �L t ( nd a sequence { �: T e !1"' i1,
w.1sre xTE: T, such th:3t st�(½,ce,)�M"T for each Te [J

i
.

II. It is clear th0t thc ranily of properties
{ lP (k): k...::�� satisi:·i s (O),(i),(ii) :md (iv) frorn

L�rnma 4. To TJrove (iii), 1-y� need to Lind a m<:"'pping ;r � '4> C&> 

wi th t-he de�}.ťed l)roperties. Thc existence of such a map­
ping í1ollows imm�diately .ťrom the f'ollowing combinntorial 
statement (take the vniue 2 for m): 
( *) .E1or each L � 1 thf:.re exists a mopping i'L: w >< w � c.> 
such that every -�ubset X c Q(.f

1 
(k, m)). L) wi th } X I �

L 1 
J 

L 2 (fL( k, rn)), = - , contains some subcubc �(k ) • 
. rm., 

Though this statement is a well-known combin.3torial 
�esul� (see e.g. Erdos-Spencer's book [ESl, Theerem 12.2 
and Corallary 12._5), it will not do any h -- rm to p.1..ov� i 
h�re. 

Induction: f1(k,m) =km+ 1 is clearl.y bctter t�ťn 3 
satisťactory mapp;i.ng ťor L - l. Su pose .ťT suit � c st.� tc-

.u 
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nL 

Let n = f L ( k, 2 m) , p =· 2 a nd define f.,. +l(k,m) =

= np = N. Obviously f
L+l

(k,m)_;::;. km. 
NL+1

.u L+l Suppose Xc .. (N ) =

= A1x A2 x ••• >< AL+l' f_ X I :!' ,m., • Let :J?, be a parti-

t ion of A1x A2 x/ ••• >< AL int o pL pairwise d is joint subcubes

Qi (nL ), we h:.we Q(?f+l ) - U 1. Qi (nL )x AL+l: i = 1,2, •••
•• • ,PL � such that

• 

L 
m, 

Define D = -í a€ AL+l: l X
8 

I � 
2mi. j , ťrom thc estim· tion 

. L . 
I X- n Qi ( n ) ;,<.. A

L+ 1 I �
o 

,n,L 

I D nL + I AL+ 1 - D I • � 6- I D I n1 

N 
f'ol l ows th':lt ID I � � , thus ID I � N. m., L 

-2.nn-
+ 

-> 1un, :> pk
21112, 

' 

L 
because n = f'L(k,2m)> 2km. Since p (= 2 n ) i

the cardinality of the power set of Q
i 

(n
1 ), there must be

a subset B of' D, l B l == k such that Xb :::: Xb whenever b,
, 

b e. B. But every Xb with b E B is of cardinali ty at least

2� and X:b c Qi { n1 )., thus by t he induction hypothe-
o L T 

sis there exists some cube Q(k ) c Xb. Consequently Q(ku ) x
�Bis the {L + 1)-cube contained in X. 

III. The verifying of the assumpt ions of c. í'rom
Lemma 4 needs further combinatorial proposition: 
C� * ) Let L � 1 be a natural number. Then there exists a 
map ping g e. (Á.) (Á) with the i'ollowing property: 

If' <ť · is a cover ať GJ , if' � is an admissi ble 
partition o:ť Ce.) into L-cubes, if {l and -C a-'

1
: i= 1,2,.



••• , L ½ ore defined by the rules gi ven in I arid if n �

� g(k), then each cube Q(nL ) t; � contains a- subcube 
Q(k1 ) which is either Cf, -discrete or contained in 
U { st 2 (xT,<ť)n T: T €. 9"'1, Tri Q(nL):f= 0 i for some i e
E: i 1,2, ••• ,Li and some suitable choice of �E T. 

The proof goes by an induction. For L = 1 we have 
the case .rrom Theerem 2, ::S 1 = � and obv iously the func­
tion g(k) = k2 will suťfice for an arbitrary Cf: • 

Assume the stnternent ( *-"') holds for- L? 1. If :1l is 
an sdmissible p:1rtition of GJ into (L + 1) .cubes, then 
eoch cubc Q(n )xAL+l é tR,, is a disjoint union of squares 
Q(nL ) ;,<.-{,a� with ee A

L+
l' let :Jl,' be a collection of a ll. 

those squores. We may consider �, os a partition of a.>' 
int o L-cubes; if !'1"'

1
, a--2, ... , 7'L and Q' are the corres­

pond ing psrtitions nnd subcubes, then :1"'i = :J'-
i 

:ťor i= 
· I ' I J:. ,,,,..,. ' t7' =1,2, ••• ,Land Tf1Q -lwheneverT.é�L+l'Qt; 'A,- • 

Let g' be the .function froin ()K *) for L, let fL+l be the 
.funct ion ťrom (;l< ) • 

sion: 
E'or every k < c<> , let us define by the finite recur-

u0 = k; 
vi = fL+l (ui, 2 ); 

w1 = f1+1(k,16vř); 

ui + 1 = g , ( wi ) ; 

g(k) = u(L+l)k• 
For N: g(k) we must prove that the cube Q(NL+1 ) con­

tains some subcube Q(kL+l ) with the desired properties. 
L et US write Q(NL+l }::: Al� Azx ••• ><A

L+
l; by an induction 

down we shall de.fine f'or i= (L + l)k, (L + l)k - 1, •.• 
• • • , 2, 1 natural numbers ni, ni� ui-l' dist inct members
ai of AL+l and cubes Q(nt

+
) = A1 ,ix A2 ,ix ... ><AL+l,i

such that Q(nř) x .( ai � is a subsquare of' ·Q(NL ) ;,<. { ai 1 ,

Q(nř:i) is a subcube of Q(nt
+1 ) and AL+l,i u { a,i+l'ai_2, •••
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••• ,a(L+l)kl = 0.

Let for i + 1 !:. (L + l)k the cube �cnt:t) = Al,i+l x

.>< A2 ,i+lx ••• xAL+l,i+l and the points ai+l' a i+2, •••

••• ,a(L+l)k were defined; ?ick some ai from AL+l,i+l ot-

her than ai+l nnd considcr the squ:.3re �(ni+l) >< -í ai3 (ir' 

i = (L + l)k, pick arbitr3rily 3(L+l)kE. AL+l :3nd consid 1• 

the scpare Q(NL),c. -{ a(L+l)k� ). 
Since Q(nř+i).><: � ai 3 € Q' and since ni+l?= ui = 

= g"(wi), ·wc may a3sume th')t thcre is a subsqu'.:lre 

Q(w:;,) ><- i n-5 such thnt 
1 1 

1) cit her there is some j é -( l ,?. , ••• ,L f and a s'8-
quence 1 xT: T é .T; �, xTf: T, such that 

Q( wt) � { ai � c U -t st 2 (xT, '-ť) () T: T e. 'J j,

T () Q ( n� + 1) x { a i� 4= 0 � ,
L 2) or the square Q(wi)�{ ai3 is 'ť-discrete„

Let Q(w�) =- B
1 

.xB,., .x ••• xB
1 

.• Choo:::ie somc sub'.
l. ,1. �,1 ,i 

BL+l,i c AL+l,i+l such thot 8t+l,i contain:3 ai,

I BL+ 1 , i I = w i a nd DL+ 1 , i n { a i+ 1 ' a i +2 ' • • • ' a ( L+ 1 ) k � = 0'
, L+l) __ ( L) Then Q,wi Q wi ,,,c. 81-i- l,i is obviousl;y a subcube oť

( L+l Q n. , ) •1.+_ 
If the case 1) takes place, we are done when c.lefine­

n. = w. and A .. ::: B. i f'or j = 1,2, ••• ,L + 1. 
l. l. J,1 J, 

Th2 C'.:lse 2) is little more complicated. Let � bc 
partition of the cube Q(wř+l) consisting oí' 311 non-voj· 

T '°' Q( wř+l) with T rE fr L+l • As ment ioned in I, each S e 
T 

mcets Q( wr) X { ai � in precise ly one point' thus we may 
label the merr.bers o:ť 'S in the m,:::mner ';ť = .f. Sy: y é

€ Q( ',•rř) ,< { ai � � • 
There are two possibilities: 
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2a) There exists. a subcube Q(vf)c Q(wř) such that 

"" .;, .. 'Ill' ,i,.

-2

Then there must be a subset DL+l ic 8:L+l 1 with
I I . ' ' 

DL+l i = vi and 
A 

' . � L+-• 

I st (Q(vř) ,<. { ai � 'ce )() (Q(vt)x DL+l,i) I.:::: 
-i, 2 

Then, since vi = t1+
1

<ui,2), there exists a subcube

• 

Q( ut+l) of Q( vt) >< D
L+

l, i, which does not interse ct the

set st (Q(vf),?<. { ai! ,'-ť ). 

• 

�uppose Q(u!+l ) = Al,i>< A2 ,1x ••• ><AL,i><A�+l,i; the
set AL+l . does not contai� from trivial re9son the point

,i , 
a. • Pick an ar bit rary a e A

L+l . and de.ťine ni = ui, 
1 , ,1 

A
L+l,i = t ai ! u AL+l,i -{a�. It remains to write 
( L+l) Q ni = Al , i>< A2 , i >< • ·• • >< AL+ l ti•

2b) .llor every subcube Q(vi)c Q(w;? the inequality 
L 

L L I . '11'-í, • �
l st ( Q ( w i) "" { a i � , ce ) n ( Q ( v i) X BL+ l , i) ::! 2.
holds. Fix for a moment one such subcube. There exists a 

2 'lď•
for yé M such that I st (xy, c(!) n Sy � 4;.'-· 

"\, 

see this, it suťficcs to take M = {y E: �( vt) x .( a1 ! :

(to 

tu,-:• 

: I st (Q( vř_) x { ai 3 , 'ť) () sy I � ,/' .� : This set M must 

"t)"� be of cardinality at. least � , because

st (Q( vt) x � a1 � ťť) () (Q( vt> >< J\+i 1) =
. , 

= - U.f, �t (Q(vř) ;,<. {. ail ,ce) f"ISY: yeQ(vt) >< { ail i , but

for each y6.M the set st (Q(vť)><-( a1� ,'ť.)ASY equal s to

the union of at most 

through Q( vt) ,< { ai � 

v1 set[;3 st (z,'ť )n Sy where z varies

, thus for at least one z
y 

theine­

t akes pla�_e •. Pick m 
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. 2 xy from st ( zy, 'ť) n sy, obviously st (x
y

, <ť) n SY ;:;
::, st(zy,ct)nsy). 

Since this result holds for an arbitrary subcube 
Q(vř) c Q(wř), we may conclude that it is. possiole to choose 

a point 

1-0'� ""

2 't/T.' 
x € S with ) st (x8, 'ť) n S I � "'

s 41Y,L. 
1,, 

members S of C.:f , thus there exist 

points -ix
8

éS: Sé'-!� with 
L 

2 W'• W:• 
I u {. st (xs,ce )n S: s e 'S� I 2 4�. � = 

-z, 

:.i:or nt least 

·a set of

Now, notice that wi = fL+l (k,16vť): there must be a

cube Q(kL+l ) contained in U { st2 (x3,Cť)n S: Se ':Í J •

Since <! was a relativiz3tion of [J'L+l' we have obtained

that if 2b) will occur, then the staternent holds for L + 1 
and we mgy stop with the induction ťrom (L +l)k to 1. 

Suppose that the only possible cases during the whol€ 
induction from (L + l)k to 1 were those indicnted in 1) 
md 2a). In the final s tep the cube Q(nť) = A1 1-< A2 1>< • .,

' ' 

••• xAL+l,l was obtaincd, n1?;u
0 

= k. Choose some subsets
B1cAi,l ťor i= 1,2, ••• ,Lwith !Bil= k. The set a1,a2,.,
-�•,a(L+l)k can be divided into L + 1 subsets M1,N�,•••
••• ,ML+l: Pi. point a1 belongs to ML+l if Q( nt) x. { a1 j is
c(; -dis cre te, ai belongs to Mj ( j e. { 1, 2, ••• , L � ) íť there

is a sequence.f�: Te Tj� wi.th xTET and U-lst 2 (xT,"ť)1

n T·: T e Tj and Tn (�(nf+
1

) >< { ai J =\= 0 contains a squarc

Q( nf) x .( a i 1 •

S ince l U -l Mi: i = 1, 2, ••• ,L + 1 ! \ i:! ( L + l) k, t h2·
re is some i0 with l Mi l � k. Let 8L+l c M1 , I BL�l I = k, 

o o 
and dcfine wC k1+l ) = B1x B2 x ••• x BL+l • N ow, i.ť i0 � L, it
is clear that 
Q(kL+l ) c U-lst2 (xT,T)" T:: Té 1" i , Tf"'IQ(N1'+1),=t=.0 �

o 
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for some choice Xir é T, if i
0 

= · L + 1, then Q(kL+l ) ·1s 
ce-discrete, becous� Q(kL ) x{ai3 is Cť-discrete anČl 

L L st (Q(k) ,<{ai3 ,'ť)n�(k )><.{ aj3 =.í1 for any i+j, a1, 
aj ML+l as a consequence of the ťact that 

st (Q(nt)x -la
i

J ,'ť)nQCnt)xi aj!=� for j>i.

The statement (* *) is proved and we are able to ve­
rify the assumptions or C. ťrom Lemma 

Let '5 be a filter on C4) wi.th a countable base, sup-
pose th::1t each �� E :1' has 1P , let q be a point-finite. 
cover of <:4' •

If there exists sn i� -\, 1,2, ••• ,L} and a sequence 
-i XT : T € J' i j wi t h xT � T such t h "l t L) -i st 2 ( �, ) n T :
: T E. J' i 3- n E h::is 1P r�or coch .E' é � , it suťfices to 
wr i t e M = LI -t st 2 ( xT, 'ť ) f'\ T : T E � i � •

,.., 
Iť no such i exis t s, t hcn t here is s omc F t $' and

nntural m..::: ev such thF.it for every i E. { 1,2, •• : ,L J ,for 
every sequence -\ xT: T' G: �i� with xTE T and, /for every
n < "-' the set U t st2 (xT, <ť) n T: T � :r' i� n Fn Rn has 
not 1P Cm). We are to find a 'ť-discret,e set M such that 
Mn F has 1P for eve�y .l? E: � • Suppose _ {Fj: · j-<- €. 3 be
the base oť � and F.:,F

0
:::> F

1
:::iF

2
=>.e ♦ '• 

Induction: F has 1P , so there is a system 
-\Q0 (kř): i-< ev f c q, and a sequence -{ (O,i): i...:: CtJJ

of natural numbers such that Fo " Rn(O i) ZJ Q0 ( kt), ·sup ki -
( , . ' , = '4.> and n(0,i).::t=n0,_i) whenever i*i. Let i

0
< w 

be such a nAtural numb0r thnt ki = g(m), where g is a 
o 

function ťrom (* * ). Then there is a 'ť,-discrete set. 
X

0
cQ ((g(m)) 1) which contains some cube Q(mL ), ether pos-o -

S'ibilities being excluded by the assumption F
0

c F. Set 
n

0 � n(O,i0), M0 = X0• 

· Suppose no� nl .e:: n2 .-c ••• ...:: np-1 and Moc Ml c ••• c Mp-J., 
be defined with Mp-l finit� and 'ť -discrete, M

.l 
n �-:e n Rn 

i
having 1P <m +,t) for ,l = 1,2,, •• ,p - 1. Thr set T·:�

r
-l 

is fini te, the cover 'ť is point-í"ini te, thus Fp "
f'i st (MP_1, <ť) cannot have 1P - the idea is the same Eis in
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the proof o:ť Therem 2. Thus GP = FP - st (Mp-l' 't') has

1' ; it f'ollows that there exist a system -{QPCkf): i <
.:: '-'> i c � and a sequence ,{ n(p,i): i<: Gc> ! of natu­
ral numbers such :hat Gp" Rn(p,i):' Q'P(kř), sup k1 = ''4J
and n(p,i):f:' n(p,i ) whenever i:J: i • Let ip be a naturel
number such that n(p,i

0
).>-np-l and k1 � g(m + p). Using 

. p .L ,�"'-), ·we can :ťind a 'ť-discrete set XpcQP(ki) which
. p 

contains a cube Q(( m = p) L ). Let �. 
= n( p, ip), AIP = 

= Mp-l v Xp. The. set X'P is contained in R°P n F
P 

and the

. set M is <ť-disc.r�te: Xp is 'ť -discrete and Xp c: 4> -
- st f MP_ 1 F ce > • ·

It remains to de:ťine M = U { MP: pc::: Ce) J � M is 'ť­
discrete and M () .F has 1P for each F é 'F • 

IV. We have veriťied thnt the propert íes. 1P and
are good enough to use them in Lemma 4. Let q be

the ultraf'ilter from C. oť th3t Lemma, it is a P-point 
·and it is not selective.

Let ... �i be a uniformity with a base 

-l 3"
1 

A P : :P is a uniťorm cover o:ť O'q � •

Clearly each .A-
1 

is uni:ťormly non-- discrete and 
.A

1 
=F Aj whenever i� j because 0"

1 
A � = {. t x : x ť

€ <c> � • Thus we have L distinct uniťqrmities below O'½
and it remains to prove thot each oť them is anatom and 
that there is no other atom belov lfq• Indeed, it will 
su.í'fice to show that any uniformity 'U, beiow O"q i�- eit 
her coarser than some A.i or uniformly discrete.

To this end, let 'll be a uniformity below �: If 
there is an i e. { 1,2, ••• , L i such that every uniform co­
ver e of fll belongs to .,ťi, then Qi, � .Jl i, so sup­

pose the contrary. We can ťind then uniťorm covers € 1,
E. 2 , • • • , e L e 1L wi t h E, i + .Jl i ť or i =- 1 , 2 , ••• , L.

Let <.(. and ti) be uniťorm covers .f'rom (U, , <,e point-ťi­
ni te and suppose that � � :lJ � E..

1 
A €..Q I\ ••• I\ e,

L-
•
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According to Lemma 4 there exists a set
let [P-ri ,T be the cover i M ! u {-t x : x

�i! 

-:'.Y
.,,.

€. (Y and Ql is :Ciner t han K m q V q'

Me q ha'l/ing $� ,
6 Ce> � • Since
[PM é 1,l • 

Ií„ there exist ani€ {1,2, ••• ;13 and a sequence
-lxT: Te. a-'i� with xT� T such thnt st 2 (xT,'ť)n T:::dv1nT',
then the cover g.> M A 7 i would refine e l A 8 2 I\ • • • A.
••• Ae

1 
which is impossible by the choice o.f €,i. '11hus

M is 'ť. -discrete, consequently, [l'JM A <ť = {..C x ½ : x e­

€. Cu í and t he uniťormi ty Ql is uniťormly dis cre t e.
The proof of Theorem 5 is complete.

Let us considcr thc :"ltoms constructed in the previous·
proofs from anothcr point of �iew. We g1ve some examples
of P-points in f.,(w) GJ which indicate th:it there is
a classific3tion of typcs in �(w) ev completely di.ť-
ferent and in some sense finer thnn the clossiťications ob­
tained vrith the topologioal approuch. 1et us say that an
ultraťilter q bel0ngs to W oe, ( oe, cardinal) if there is pre-
cisely °" distinct uniform ntoms below O"q• We have pro­
ved théJt (under [CH]) Wo(; 4= t; for oc c:: ev , we are able to
prove that W =\= 0, too (Theorern 7); an open question is

non-v oidnes s o.ť W f'or ev � oe. ...::: 2 
� 

• Another question
8rises if we re�lize thnt nll thc descrj_bcd atoms were ma­
de s imply by sdding onc p1rt j_ t ion to O" q: is this a gene­
ral principle, how to makc ntoms? As moy be expected this
is not true, not evcn in thc csse o:f P-points, this result
is stated in Theerem 6. Vlh8.t may be surpr1:_.sing is the í„act
t hat one ne eds only countnbl,y many p:3rt i t ions to o bt ain an
atom below this special 

ďq.

6. Theorem. Assumo [CH). Then there cxists a P-point
q on c..>. such that í"'or each p3rtition [R,, o:f c.v a unifor­
mity with a base { � /\ 'J' : ':P e. ď q i is never a uni:form
I atom on ťA> • Moreover, there exis ts pre ciscly one atom be-
low ()' q•

Proof. Let !R, = -t nn: n " c.v ! be a part i t ion of'
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such that l R
n 

I = nn. Then we c:an easily construct a se­
quence �1 ,CS2 , 9'

3
, ••• of partitions of '4.> such that

� � 'S 1 r <:f 2 � • • • and, if _S E; � m and S c Rn, t he n

I I ( n-m) 
S = Max l,n •

Similarly as in Theorem 5, we want to use Lemma 4. 
The properties 1> (k) are defined as i'ollows: A finite 
set M c G.> has 1P (O) ifť M:f=-0, and M has- 1P ( k) if:ť 

1-t.S(l) E C!1: ls(2) e. g>2: s(2)cs{1) & l-íS(3) e CS 3:

: S(3)c S(2) & ••• & I{ S(k) e rJk: S(k)c S(k - 1) & 

& I se k) I) M l :::> k i I ;>- k • • • J I > k i t ;:-- k l .( > k. 
( Thus M h3s 1' ( l) if:ť I -f s ( 1) e ":f 1 I s ( 1) 11 M t :::>

>I; l > 1, M has 1P (2) iff l{S{l) é '!
1

: I .f S(2) e

€ '-i
2

: S(2)cS(l) &IS(2)nMl>2JI;;,- 2-lf> 2, andso
on.)

All the conditions {O), ••• , Civ) .from Lemma 4 are sa­
tis:ťied„ We shall show tbc validity of (ij.i) only and lea­
ve the rest to the reader. 

Let f(k) = 2k = 1, suppose M hns- lP (f(k)), M = M1u
u M2• Since M has· 1P (ť(k)), there are somc members from

� Zk+l which meet M in at least 2k + 2· points, so there
are som.e S(k) 's, from �k with l MriS(k) I:;,- 2k + 1, becau·
se � 2k+l re.ťines � k• Denote by

':fk(O) = .( S(k) s c/ k: l MnS(k) I::::> 2'k + l},

':f k ( i) = i s (k) e ':f k: I M1 n s (k) l .,. k l , i = 1 , 2„

Suppose � ,e. +l ( i) , i = O, 1,2, be defined f'or 1..::: .t +
+ 16 k, then 

�(o) = -{ S ( .f ) e ';f ..e, : l { S ( ..t + 1) e � t + l (O) : S ( .l ..,_ 1) c

c S (.f ) � 1 :;::,,, 2k + 1 ! ;

�
1i

<1> = -i s(.t) e. �
.e 

: \ -c sce + 1) € �
,e +i Ci):

: sCt+ l)cS(..f)�I> k!, i =-1,2. 

The inclusion � ..e. (O) c cB .1, ( 1) u <-S� (2) holds for 
each ,R, ::: 1,2, ••• ,k: This is obv ious ťor .t = k and :ťor 
Í,, <::. k wc obtain the rcsult simply by a finite induction 
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down using the ťact thnt M has 1P (2k + 1). Thus C/
1

(0 )c 
c � 1 (1) u '! 1 (2) and, since M has J> (2k + 1),

\ eg 1 (O) \;;, 2k + l and wc conclude that e.g. I <J 1 (1) \ >
;>-k. But then it can be quickly deduced from the defini-
tion of � 1 (1) thnt rv1 has 1P (k).

Let 1P be the property I'rom Lemma 4 (where we use {R,

as an admissible partiti on). Let ce be a point-finite co-
ver OJ: c.v , let $

'ť 
be the following property of a set 

M C Ce.) 

"The set M is either 'ť-discrete or there exist s-ome 
m c:::: G.> .�md a sequence of point s � xs E. S: S � '! m � such 
th t st2 (xs,<ť )" S-::>Mn S f'or_ every SE 'Sm�"

We hnve to verify thc ossumpt ions o.t C. í'rom Lemma 4. 
To this end, let g: be a !il ter with a count able base 
{ Fj: j c:: G.>l consisting 01 sets with 1P and assume that

Fo:> F 1 :> F 2 :> F 3: .::> • • • • 
If thcre exi. st and m, G) and a sequence { xse s·· Se

e C.Sm� with V{.st 2 <xs,€{:!)ns: S 6 '!min Fj hav:i.ng 1?

í"' or each j_ <. c.u , thcn we may dc.fine M = U { st2 Cxs, ce )n 
r. S: S e C-:f mi a�d the assumpt ions o:ť C. from Lemma 4 are .
satisfied for this M.

S o, suppose the opposi t e: No such m � � and no such 
sequence �xs1s exists. We must construct a <e -discrete 
set M such that MnFj has 1P for each j, c.J •

Induction: Let j
0 

= o, pick arbitrarily a point ye.F
0

,

let X = M = -ly 1- and let n
0 

be such a natural number 
D O 

t ha t y O E 1\i •o 
Let k c:::: w and suppose that the ·natural numbers1 n � 

o 

< n1,,:: ••• � nk-l' j 0, j1, ••• ,jk-l and finite sets M
0

, M1, •••
••• ,Mk-l' X

0
, x

1
, ••• ,Xk-l be defined such that Mk-l is "ť. -

discrete, Mi = Mi_1uxi, x
1

c Fj.n FinRn. and Xi have
W (i) for i = O , 1 , • • , k - 1. 1 1 

By the hypothesis, there is some nRtural jk such that 
U -i s t2 ťxs , <ť ) f"I s : S E: � k 3' " F j k 

h "S not 1P :for e ach

choice x5E. s. Thus we .may assume th�t ther is some lk ..c: c,..) 
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and natural N;::., nk 1 such th9t for every n.:> N and for eve-- . 
2 ry sequence -{ xseS: S � �kj the set U-t. st�(xs,'ť)n 

:· S €. 'S k J n F jk 
n Rn has not 1P ( ..tk). The set Mk-l is

:ťinit e and "ť is point-finit e; similarly as in prev ious 
proo:ťs we conclude that the set Gk = FknFjk 

- st(Mk-l''ť
has 1P • 

By the repeated use of ( iíi) i:·ro:n Lemma 4 we can fin 
a natural h such th1t iZ a finite set Q has 1P (h), if 1
is a family of cardin9lity (k + l) k+l and if' U '1f = Q, 
then at least one Y e 1J- has 1P (Max (k, ...tk)). 

Since the set Gk has P , there is some nk;:,, N such 
tha-t Gkn Rn has 1P {f(h)) (the ťunction :ť was deí'incd 

above). Let ';ť' k be a J:'amily of all S e c.:f k• S c Rn such
k 

tha,t there exists a set Dsc Sn Gk with a property that 
st 2 {x, 'ť) n Ds = { x f whenever x 6 DS and of cardinali ty
\ Ds \ = ( k + 1) k+ l. Let L = U i S e <.ď k: S c R , 

nk .. 
S ♦ �,k� n Gk. The set L cannot have 1P (h): Notice tha­
we can choose a set Ds c Sn Gk for each s + <:f' k such that 
st2 (Ds, Cf!) ::l Sn Gk, I Ds I � ( k + l) k+l . Thus it is possibl
to find one

2
xsE Ds for each s 

,
e �k - �'k•'such that the 

set { st (xs, 'ť) n S: S � Y' k l n Gk has, 1P ( lk) , as a
consequence of the definition of h and g,'

k
• 

Thus the set Rn r, Gk - L has · 1' (h), and one can
. k 

find the following f'amilies of sets: 
� si : 1� i1 = k + l � ,c: C:f 1, si c Rn :ťor 1 =- i1 =- k + 1;

1 . / 1 k 

Á si112
: l:

_ 
11_·�.12·.é-k + 1 � c cf 2, si i •c s1 f'or 1� i1,

1 2 1 
i

z.
� k + l;

• 
• 
• 

.{ S1 1.· i : 1 � il, 12, ••• , ik-l 6 k + l J c '.f k l' 
-1 2••• k-1

-

sl.. 1· 1· 1· C s
l.. 1· 1.· 

for 16 i1' i'}-,, ••• ' ik 2' 
1 2••• k-2 k-1 1 2••• k-1 � -
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< 1 L · • • 
L- k + 1 '-- u,, -,, S· · · : - 11' 1 '• • • , 1k - "S c .) k'1112•••1

k

S . . . . c s . . . s nd I S . . . n G k l > h 1112·• • • 1k-l 1k 1112 • • • 1k-l 1112 • •. ik 
for 1 � i1, i2, ••• , ik '= k + 1.

S ince S. . . E. ';/'k, let D. . i be a subset · of1112••• 1k . 1112••• k 

S . · . n G
1

„ w hi c h s nt L, .ťi c s s t 2 ( x t <e ) n D
1
. 1. 1- :::: { X J1112 • • • 1k \. l 2 • • • k 

:for each x e. D. . . 311d I D1. · 1. 1. I = ( k + l) k+l. 
1

1
1
2•••

1
k 1 2••• k 

Let I = .( z: 1 � z i= ( k + 1) k � be somc we 11-ordering 
of' thc set of indices I = { < i1, i2, ••• , ik > : 1 � i1, i2, • • •

••• , ik � k + 1 J • Dy un imluct ion we may efine for each
z e { 1 , 2 , ••• , ( k + 1) k J a l�i nit e <e -d i s c1 e t e set E z c D z
such thet l Ezl =k+_ 1 nnd pt(Ez,'ť)o Ew = 0 for z+w·.
I.t E have been dcí�ined Ior 1� w-<z 6 (k + l) k , then 

w 

I U ,l E : 1 � w� z i \ � ( k + 1) k+l - ( k + 1), nnd :from thew ") 
observ3tionA,-tt:: (x,<ť)n Dz;::)4(y,<e)n Dz (whenever xe.Dz n 
n 1M-(y, <:ť) 3�d y E:: U -\. E

v,
: 1� w..::. z 3) together with the

:fact thnt ;:>t. (x, �) n Dz = 4. x 1 ( fo1„ x e Dz) follovJS that
there is a subset EzcDz·-;;,t, ( U-{. Ew: 16w�z i,'ť)
vnth cardinality k+ 1. 

Let us dc.finc X-k= U{ Ez: li:- z 6: k+ l) k � Clear-
ly Xk is <ť -d.:.s cret e, Xk c Gk c E'jk

f"\ .li'k" Hn
k

, ,e,:/;, (Mk-l' 'ť )I)
nXk = '6, thus Mk == Mk_1uxk is c{-discrete, ·and Xk has

1P (k)•

It follows that the set M = U { Mk: k ..c:: Cé.> � is the
set needed in Lemma 4, C. 

Now, use Lemma 4: Wc h9Ve a P-point q and we must pro­
ve that there is at most one atom below �

q 
and th3t his

atom cannot be obtained by adding onc E1rtition to a uni­
f'ormity O' 

q• The uni.ťormity .li,, on C(J will be th uni:for-
' nůty whose. base consists of all 'J=> A <;f n with (i";> e (J' 0,

n � ev • By thc definition of th prop rty 1P , every • 
set belonging to q is 'ď n-unbound d for each n c::: 4> , .
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thus A is not the discrete uniformity; obviously 

JL -s (Y q' ./1, =F O"q.

We shall show that A is the unique .otom below {)'
1
, 

Let 'Zl be an arbitrary uniformity below O'q, suppose
'U, not to be uniformly discrete. Let e be a U-uniror 
cover. We can find covers <-ť , 3J E 1/l such that 
c,e � ::/) ?!.g e with 'ť point-finite. 

Ii� M is the set o:f q satisfying $ 'ť , then M. cann0i 
be Cf: -discrete, í�or this togethcr with a:''M e U (wher 

iv. 

!}> M = { i X l : X e (,c.) l u -( M ¾ € crq) irnplies thnt l'2l is
a discrete uniformity on c.> • But i..ť M is not 'ť -discrc 
te, then there exists an m..:::::. ev and a sequ�nce -txseS: 

:::> : S e: <":f m � such tht1t �-(xs, cť)r, S� Mf\S for each S 6 '!

in other words �M f'l � m refi'nes e 
J 

thus E E' A '

which shows that .ll is a unique atom below O'q „
Fin.1lly, suppose th:.1t there is some partition ':í ( 

G.> such thnt -{�A ':P : P e (J'
q 

� is a base for .ll .

Let !.ťi be the set fr0m q h::1ving $ 1' , thcn tbc covcr 
�MA C:f m rc.fines ':í for some suitnble m < c..> • Consi· 

der the;; cover t:P
M 

A Cf m+i • Assume th t there is some .F 1

€ q such that 'T A -:PF refincs tJ>M A '-! m+l' thu.s 
�MA 'YF A C;f m refines (f,>M A '-! m+l· But this contra-

dicts the condition that Ff"'I M has 1P : Consider the set 
Rn & !R, such that Rnn Mn F has 1P ( m + 1). There is a 
set S é C.Sm, ScRn, and a point xeltnf'\St"'\Mf\F such thDt 

t,t2 (x, �vI A -:J'
F

A <-!m)ras = Mf\Ff\S· intersects· at least 
m + 1 members of <:f m+i• This contradiction completes. 
the proof. 

We have oromised to show an example of an ultrafil� 
ter q such th�t there are 2 t atoms below (l q• It is·

. possible to arrange the prooť of it in such a way ;that 
the q obtained will be a P-point, but it seems better 
to describe the main idea of the construction on the 
simpler case of non-minimal (in R�-order) point of 

(3 (<:,J), - 4) •
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By Theere� 5, for e9ch L c Cl) there exists an ul­
trafilter qL w�th precisely L distinct uniform atoms be­
low c1q • 

L 
The prooť of Theerem 5 gives aliehtly more thsn stated 
in the theorem: eoch q1 is nn ultrafilter defined on a 
union K1 oí� n disj oint 1':imily � 1 oť L-cubes and every 
.F € q1 contains nrbitr· rily lgrge L-subcubes of cubes :ťrom

$1• Let p be nn arbitrnry ťree ultra:ťilter on a set 
(Á.) = ,{ L: L < c...> l , lc t q ::: � qL be defined on K = 
= U -{ K

1
: L .::. c..> � , the union is, oť course, disjoint.

We claim that q is the desired ultrafilter • 

. Fix L ťor a moment. ior every set Y c { I ,2, ••• ,L l
we m':ly dcfinc n p:,rtition �L y of K1 as ťollows: T s 

, 

E !J L y i.ff therc is nn Al>< A2x ••• ><- A1 € �L 3nd a 
, 

point ( y1,y2·, ••• ,y1) e A1x A2x ••• >< AL such that 
T = -l < z1, z2, ••• , z1) € A1 x. A2 x •.. x A1: zj_ = y i for each

i€{l,2, ••• ,L!- Y3. 
Thus SL,{H=: [Ti in thc notation used in the proof of 
Theorem 5. Obvicusly T1 y A T1 2 is a discrete cover

' , 
{ -í X i : X€ KL� if and only iť y () z = i). 

Consider the set X=.(< L,i) : L <= (:() , i= 1,2, ••• 
• • • , L l . For Z c X, let z

1 
= -{ i: < L, i ) e Z 1 • Hav ing a

partition 1"'1,21 
o:f KL, we may-deťine a partition [T z

of K simply as U -t � L z : L c:: a.> � • It is self-evi-
' L 

dent that 
(+) the uniformity with a subbase {�z � u (Y q is uni_
formly discrete if and only iť --{ L: ZL = 0 t E p. 

�"'inally, let g;' be. a ťilter on X such that F e � 
iff there is some Pe. p with �•::, { < L,i) : i = 1,2, • •• ,LI

· whenever LE. P. Let lfYl be the .fami ly of all ul trafil t ers
on X containing � , cbv iously I m 1 = 2 • Thus, ac-
cording to(+), forte m , the fomily {[J7.: Zét 1

. v 

oť partitions of K togethcr with O"q is contained in
some atom .fl t.
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,, 

We have a suf'ficiently large ťamily oť atoms on K 
. , 

and we need to prove thnt .Jl t + JL\, for t * t • Eut 
this is clear since for Zet, z'1: t with Znz'= 0 the 
common refinement of r-

2 
A a'"'z, is the discrete cover 

{{x!: xeKl. 
Thus we have proved 

7. Theerem.
trafilter q on C4>

form atoms below 

Assume [CH]. Then there exists an ur-
such th3t ·there is � distinct uni-

0' q• 

8. Remarks and problcms. a) It is poss·ible to
strengthen Theerem 7 by the condition that q is a P-poin 1

The proof is similar to the proof of Theerem 5, one star 
with some partition of into cubes Q(nL ) where both n 
and L are increasing. The choice oť n {depending on L)

needs some care, but this is the only difficult step -
the rest is a mere amalgamation of methods used ·in the 
proofs of Theorems 5 and 7.

b) Theorem 5 can be sh arpened to this form: Under
l CH], there is a P-point p on '4> such that there are on
ly L + 1 uniformities below O'p, the uniformly discrete 
one and L atoms. If � is a family of L-cubes used in 
the proof of Theorem 5, we can map U 3l, onto c.c.> suc 
that the image of the q í'rom Theerem 5 will be the desir 
ed P• To des cri be the mapping f, visu a lize each Q{ nL) é ,

as -\ 1,2, .... ,n l L c Q 
L ; let f O be a map ping which split 

together any two points < a11
a2, ••• ,a

0 
'I and < b1, b2.,.,

••• , b0 ) fr om { 1, 2, ••• , n l such that bi - a
1

= 1 for 
all i 6 n. Then f is the canonical mapping :ťrom U� 

ont o the disj oint union � fn t: Q(nL l ] • 

c) I do not know whether the results obtained wit
[ C--.tl] will remain valid under any other set-theoretic as· 
aumption which implies the existence of P-points. 

d) Up to now, all atoms described in this papér we
re 0-dimensional, i.e. their base was- a family of parti· 
tions. It is an open question whether there exists a not
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O-dimensiongl uniror� atom; this problem seems to be pret­
ty hard. i'/e also do not l r :iow an answer to this, perhaps
easicr, qucGtion: If ur-.IFO is the lottice of all 0-dirnen­
s ion:::il uniforr.-i t ic s on eu , if .A., is ::ln atom on C4' and 
if the uniformity � h:3s o bF.1se of all .fl -uniťorm parti­
tions, is then :J?J DCCtSSGrily an 3tom in UNI�o 7 

e) Th followine is the purely set-theoretic probl m
concerning th<" ;,rcpC'::.'tilis o.ť lli•'-orcler oť (3 (c..>) - '4.> •
Suppose thJt t = � qn J.'or somc ultraťiltcrs t, p, q1,

-fl,, , , 
q2, .... . Is it truc thcn th:1t t = .:E., qn ťor some p , whe-

,, 1"-
re all ultra.r'iltc.0 rs n Drc iU"-minim3l? 'I'hc motiv·,tion í"or
this problem is hidden inthis - m:iybc too r;cneral -· ques­
tion: Suppose onc knows cvcrything 3bout :1toms bclow O'

q
for an arbi tr3r�· HP-rd.nim·1l q. Wlv:1t ::ire the consequences· 
oť this knowledgL i'or cit orns bel ow O"P wi t h p non-minimal 1

.r') f\."aybc thc:re are sever�..il re.3ders S.Jtisfying the 
r.'ollcwing two conditions: 'l'hey are - in spite of reading 
the pre;-,;ent p::ipcr till hcrc - f'resh enough to solve some 
of' our prob ems, and thcy bclieve th;it nt least one non-
O-dimC: nsion·Jl 3tom on exists. Tbose rcadcrs are preci-
sely those oncs v,ho necd thc followin0 description cf non­
O-dimcnsion3l 8tom,due to J. Pelant. 
Re call that a cor:ipon� nt o:C a cover 1í is the smallest 
non-empty set .{ c U1f such thnt f.>,'t, (X,V') = X, or, 
equivalently, i.f x, y� X, thcn therc L, n finite sequence 
c

1
,c

2
, .... ,c

n 
oť mcmbcrs o.t 1f such th'.)t xéC

1
, yEC

n 
and 

Ci " C
i+ 1 + � �or i = 1, 2, .- •• , n 1. 

9. ThE-'Jrem. (PcL-:rnt) I:f .JI., is o non-0-dimensional
uniform atom on c..> , then A has a base consisting of 
point-finite covers with �inite components. 

P-.f•oof. Tbc f'i.rst step is to prove th-sit there is a ba­
se � for A such that c:ich 'ť E � is point-finit� 
and each C e. 'ť is fir itc. 

Suppos c (}Á., to bc nn :irbi trary .fl -uniform covcr. Ac­
cordins to Proposition-(e) wc may nssume thet thcre is a 
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couple 11, 1Jf of' point-f'inite covers .ťrom Jl such that 
111 � 1/' � 1l • By indexing rnembers of' 11' we obtain 
11' =· {V"'- : oc:. .c:: .a. J for sone ordinal nUI!lber .íl • The n 

the f'amily -{ Rae : oe .:: � �. , where Roc::
= -{ x: � (x, '/U) c 

c V� & � (x,1") q: V� for f3 < oe, , is a partition of 
Ce> • Clearly -{ !k1 ref'ines 'U , and by the assumpt ion 
that .A, is non-0-dimensional there exists a couple 1i 
W' ·such th9t 1JJ' � 11' � 'll 3nd { Rce l ♦ A • But 
A is an atom, so there is some po.int-.finite X, � � 

such th:3t r.,t (x,�)I"\ R
°' 

= -{ x i whenever XE Rae and 
CIC ..:::. J\, •

The cover 1/f A Z is point-finite and the set W" 
(W E � ,z e � )· is always .:ťinite: I.f x 4: W and i.ť Yoe � W 11 
"R oc; , then x � ,:,;t (y oe , 'UT); by point-finiteness of' 1Y ,

W meets only f'initely many R ae • Since Z meets every Roc 
in one point at most, Wn Z is .finite. 

Now we are ready to prove the theorem. Let '2l e .A, 
let 'li be a point-.ťinite star-re.f:i.nement of' 'I/, , let 
every V � 1t' be i"inite. Pick � point xc :ťrom e·ach compo· 
nent C of' 11' and de.ťine by inducti�n M

0 
= -{ xc: C is a

compone nt • of 1/' J , Mn = � (M
0_ 1, 11') , H

0 
= Mn - Mn-l ťo1 

16 n � GJ • Notice that ,6,;t (x, 111" Hn+ � implies x .e·
� H

0
_1 v HnuHn+l • Let G1 = U i II:3 n+l:. n c::: � i , i =

= 0,1,2. I.f N.4 is the ultra.ťilter o.ť all uni.formly non-
discrete �ubspaces oi" < <J, .li, } (see [PR], p. 76), 
then one G1, say G

0
, belongs to N.ll •

Since t he cov er '/JI = .( { x J : x E <-> i v { G o" V: V e V' i
ob1iously belongs to Jl and '/JI� 'll_, we rieed only 
to prove that 1/JJ' has finite co�ponents. To see this, re· 
alize that. Hnn C 1a finit e for each n < � as a conse·
quence of point-f'initeness of 'li and o.ť f'initeness of' 
its members, and use the fact that each component D of 
1JI' is either one-point or contained in some Hjnn C, whe
re· C is a component of' 11 •

G. Choquet [ CH 1 has dei"ined an ul tra.fil ter q ori c.,
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to be rar , i.ť �·c-r ev ry p8rtition X of '4> nto fini -

te setu th re is a set FE. q uch .th t I .F" R 1 é: 1 when-
ever R E � ·• Henc the theor m h· s imm diate 

10� Coroll3ry. Surpose q to be a rar ultr�filt r 
on ú.> • Then cvery \. tom below � is 0-dimensional.

[ČJ 

[Ch] 

(CN] 
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