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SEMD1AB UNIJORM SPACES 1975-76 

Freckle retinemen t of unitorm ap.acee 

Pavel ptá)c 

A retlnement of the category Unif of (Hausdortt) uni:tor 
apacea 1·s a concrete eategm-y ,C ha11.ing for �he objecta 11 
unifor■ spaces and for the morphiams .mappinga satisfying 
Unif Cx, Y) c ,C, <x, Y) for all apacea x, Y. The not.io� of the 
refinement of · a category wae introduced by z. Frolík in ( F1].
The freckle refinement detined and· examined here has for 
the orphisms the ao · called :treckle continuoas ( � continu­
ow,) •mappinga f: r-. '!' determined ·by the tollowinc property: 
If í s ec: ( °' ,· I I 1s set of pointa of X which ia not uni,r 
formJ_y diserete in X then- i :t:(z

4
) \ o<. E I J 1a not uniform­

ly diacrete aa wéll. 
Tlae tiret part o:t: thia note brings aoae propert1e·a aml 

e-xamplee concerninc tbe correepondin& :rrec.kle atructure ( 9'
e-tructare.) of a �or apace (e.·g. the connection � fina.
apaces· - aelective ultrafiltera and '1' atructurea - pró­
duct of ul'trafilters). The aecond part ie an examination of
·the plus and mima fanctora aaaociated with ·� and with •

. aimU.ar. retinement e' 'l: 
Cin the aenae of' · tlae de:tinitiom

stated by z. Frolík in [1'2'1). It :I.s abown tha� �.· is t 
distal functer, fl' __ is tbe identity and botb '1'; ,. r! 
are ident 1 t 1ea • · 

!his paper originated in the Seminar Unif'orm Spacea in
Prague. ·I abould like . to exprese my gratitude to Z:. Frolík -
the leader o.t the Seminar - for hi enoourageaent and to J.

Pelant and J. Reite�man for the inter st paid to '117. work. 

§. 1. Baaics� Examples ·�ot treckle �ine · spacea. hec -
le atructure · of a epac.. 

The worda space and discrete ·ean Hauadort.t Uňitorm 
ápaee �nd uniformly discrete • 

.. l)e.tinition 1.1: A space X i called treckle tin C.1' 
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nne) U �<x,Y) = Uni:t (X,Y) for aay apace r. Similarly, 
X 1e beekle coarae ( g' coarse) 1:t fr (Y,X) : Unit (Y,X) 
:tor •• epace t.

Propoeition 1.1: 1'he a1ncleton space .( x} ie the on­
ly r c.oarae apace. The $ fine apacea :torm a cQre:tlecti­
•• eubcatagory ot Unif Csee [Vil). 

Proot ia eaay - the 5' ňne spaces are cloaed under 
torll8t1on o:t 8Wll8 and quotienta in Unit. 

Propoaition 1.2: Let X be � tine. 
(:i) Any eubepace ot X 1a 'š tine. 
Cii) !be apace p °"X ie � :tine for aey cardinal retlexioJt 
• CIC., •

( ) 0 � A 111 If X 1a preoompact then X • p % where X ia end owea
wit� tbe diecrete uniformity. 

(iy) It Di_• -ix� I�� I}; D2 :s -Í7
oe, 

}oe E IJ are dis-
crete in % tllen so 18 D1 u Dz •

Proof: The etatement (i) ia evident. Eor the part 
(11) recall that p°' X bas for a base uniform covers ot the
cardinalf.ty amaller than .Jlíac • Let t: p� X� Y be S' con­
timoua. The� p� Y = Y because the contrary case implies
tbat there ia a d1screte set in P- ot the cardinality. $(»

and •o t 1s not g' contimow,. The statement (111) follows
:tro■ the t'act that any mappin& between precompact spacea
ie 6' ooatinuous • .F1nal1Y, put A : U .f x� �, � € I for a
diacrete set tz�\ace.Il. Tben ix ee- }cCE. I!uiX-AJ

1• 11Ditorm co•er· of r aince it is refined by the meet of 
a oover realizinc the di.screteness of i Xac; \ oc E. :I f and

the cover .( A,X „ A ½ • 
. starttnc with X dis crete, Propoaition 1.2 (11) givea 

80118 examplee of · g.' · fi ne  apacea. We ahall show once more 
example � a 4itterent kind. It basea on a special property 
� altraf1ltera on the countable set. 

Definiti ont.2: Let R be aountable set. An ultrafilter 
• on Kis said to be seleétive it', for any part1tion

1,Pc:G \ o& ·E I�. � N, either aome Pee bel onp to F or ·there 
1e a aet Se F such thet card Csn Pce, ) = 1 for ariy oe & I. 
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Remark 1.1: One cen prove under continuoua hypotbe­
sis that-there is a selective ultratilter on R.

Definition 1.3: Let F be a niter on x. The symbol 
XF denotea the unitorm apace on X having for a base t
co\fers {i:z � J. zE. X� v s, Se. F. 

Propositio-n ·1.J: �t F be an ultratilter on B. Then 
lí

:, 
ia � fine 1� 1' la aelecti ve. 

Proot': Let F :tail to be aelectite. Tben there 18 
partition: _-{Poe I°" 6 li ot 1l such that no Pce �lonca to 
F and, for every choice of � � P o1, , tbe set·. f. Zae I oc e Il

, doee not belong to F. Let N be a space which has tar a aub-
base the covers ot RP' plus the cov.er .(Poe \< E IJ • Tben 
• N and � have the sama discrete seta but H ie finer tban

N�. So, NF 1 not � fine.
The proof o� the second implication bases on the tech­

nique used in the paper C PRJ. Suppose F is eelective. Let. 
t: M, __,.. • be an S' continuous apping on to a count ble 
metrie epace • Take a unifor cover � ot M. A 1s 
countable � can be retined by a point-tinite Wliform co­

ver � = { Yn \ D-E N J {sea· [ 11 l ) • We have to ho ť at X

= { � \ n 6 N 1 ere XD • �-l(yn) belonga to r 

Let 'j' = i Y� \ n E N � be a star-retinement of ':I and 
, _r # \ 

• 2 , -1 ( #) let X :s , Xň n s W � be a co11er with Xn = f' rn • Define
a partition-tPn\ neRJ ae follo : Pn :a {xeRI St { ,X)c
c Xn and n 1s the firet such number J. It aome Pn belonp
to F then X belongs to F•. If it ia not the case then
there is a set ·se.F such that card {Pnns) • 1 for all DE •
As � is pointlltfinite, st tx,'X)n S ie finite. !his tact 
and the selectivity of B makes it po sible to find set 
S� e. F such that St (x, X'ln St (y, 2:') =· t, �or all diatinct 
pointa X,.76 S' • Using again a. atar-refinement to '::I� we

obtain that· tts') 1s discrete in M bot s' ia not 41screte 
in NF - a contradicti�. The proof ia complete. · 

Let \18 detine a freck:le etructure C " atructure) on • 
set as a set ot a11·a1screte seta of point in a anito�mity.

e ahall · h ow tba t the '3 s tructurea are not naturally as-
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aoeiatecl wi:tia �ormitiea .( 1D cont�a�t to proxim.ty and 
diatal a.�ructuree, eee [XPJ). 

Propoe1:t.1on 1.4 : Let
„ 

':J · be t fr atructure �n an 
inft�t �et au� t st. � .. consi�ta ot all fin_i te seta. 
!rllen t·llere ia no coaraest uniformity: eon& those which · 
incmce d • Prooi- ia · aa7. 

· On the · other lland, there is an S' struct�e without
the f:lneat un�oraity in4uc1q it as follo• from the fol• 
low.lna· obaerta�ion C-coapare witb proximity structures, see 
['.rJ sod [Dl ). 

Propoa1tion 1.5: ·Ther are two uniformitiea u
1

, ·u1 
inducing tlae eame - nondia_crete 7 · atructure but tbe gre at­
est lcnrer bound u

1
A U� 1s discrete. 

Proe�: �at aa eaa7 le11D1B: 

Le.11ma 1.1: ·Let· P be an ultrafilter on x. Then any 
noadiec:rete apace· finer thaa Xi- llaa tlle aa• � atructure

a&I Ť . 
For �- proof of the le11U, auppm Z 1s a diecrete

aet 1n :tiner space Y. Then X - Z e 'I and ·there:tore 7l 1s 
41a�ete in X,• 

· Le� u continue tlle proo� of Propoaition 1.,. Take .
:two &ee ttltraffltera 1'1, F2 on R and :tora the KatitoY pro•
4uct Jt1x 72• B.eoall thet >'i><•� ia t e ultrafilter on 11,c. B 
such tlafat-. S«! 1'1 >< JI� 1tt there exists a set 8l_ c 1'1 with S.::> 
:, . u.5 (. < x l>< � where sx & P2 tar 1117 :z: a s1• · Let u1 be 

�E 1 
• uni:tarai:ty baYiq tar a base the covera ot R,c 

-.1xi'z 
plus

+. �o•er <<z 1 � • J I z E li J nd let u
2 

aria in -�he aane 
• ., by ac1Jo1n1nc th co11er· {. )( .f z 1 I ll E RJ • Then ul., �
haYe the eame nondiscrete · $' atructurea (Lemma 1.1) but 
tlj_A 2 � dia crete • 

. _llemart 1.2 :_. ne :tact that X, :tor F' aelectite 1 an

. ato■ in the lat_tice�f· ani:to�:tiee eugg ats the qaest.1011:. 
. wlletller· aQY atoa iavfine. _Th" auwer 1• in the negative as
t ��r• ar · two ,aoncomparable apacea wit h. the- aa• � . atruc­
tm-• anc1 eo,. •coorcling to .Le� 1._1, two . ato11a w:l:th tlle 
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aame � atructure. Theref'or one ot thoae 1a nct $' tine. 
Let us denote by p0 A ·gi the retinement o� Unit he­

Ying for the morphisms the mappin&& which are aimultaneoua­
ly proximally and �eckle continuous. Of course, an:, dis-. 

o tall.y continuoua mappini; is p A g6 co�inuous becauae, 
. by the def1n1 tion, a mappin& �: X� Y .is distally conti­

nuous if·. -f f-l (y
c,(,

) f ol E I 1 is dis.cret when var i Y
oe. 

J oC es
E r 3 1s. The followinc example showa thet the retinement 

o p·_ A f1' is strictly finer than the distal one (e,en in the 
sense ot the fine spacea). So it f.ollows e.i.-that there ia 
a smaller coretlective category tban the distally tine 
spaces which contains t�e .metrie and the pr eo pact spaces. 

Example: Let X ·be a spsce whicb bas for • base the

countable partitio� ot X_with at mast ·finitely
JC'

maey clas•
ses of tne same cardinality as x. Let card X> Z O 

• Then
X is distally fine but not p0 A i fine. 

· Proof: Suppose that f: X-+ Jr 1 a distallJ c�n�inu­
ous mappinc onto the metri·c space •• Since M has at most. 
countable d·iserete aete. tlleri ■ is separable and e� • � 

$ 
. . . 

� 2' 0 
• Take a cover -� E. • We máy· and sball asaume that 

OC • . .al�\ n E N l is �ountable and point-finit .• Let !P • 
= .(·Pn\nEN.J be tbe partition of I! co�tructin& ·by tlae .
proeeduNJ P1 = x1 , P2' = x2 - x1 , P

3 
= x3 - <x1v �) _1tc •.

Then � --t, X and it suffices to prove that card t (Pn) =

•·card .X for at most finitely many D€N. Suppose :it is not
t . e caae •. Then tbere_ is a discrete· seť· -t Pn ·\ D611 f in_· 
sueh that card t'�1-{ Pal= card X (itJollon froa -ť�int-
fini tenesa ot � and from card X> 2· 0 ) • So < f i p� \DE 
· e: Jri is not diacrete in X and it is contradict_ion.

o 
. . . 

Finally, tbe space X is not p J\ g- tine ba.cause· 

t·he space x·' ·ha11ing tor a base all countable _partitiona of . o , 
r ia strictiy finer than X but p · A 'ir iso orphic · to x.

§ 2. Plus and mime tunctor
First state the basic definition o� this ·paragraph. 
Detini tion 2.1: Let � be r finement ot· Unif'. De-
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note by In•� the clasa of all concrete tunctora F: 
: Unit� Unit' such that F preservea c;._ structure, 1.e. 

FX 1a isomorphic to X in <;,- • Further, denote by Inv+� 

·rnv_C,.-J the positi•e (negative) tunctore in Inv c;..- ,i.e.
the functo�s in In, <;., such that F X is coarser (finer)
than X. The coarsest element of Inv+� ,•if' it exists,·
is denot d by �+ md the tinest element ot Inv_ <i,-- is
denoted by Cr-•

Theorea 2.1: The i\mctor g-:'• is the distal tunc-
tor. It meana, s-'+ r has tor a base the f'inite dimensio-
nal covere ot X. 

Proof: Obaerve that the distal·tunctor D belongs to 
Inv

+
g' because X �nd DX have the same discrete sets 

Caee [KPJ and [ W]). We shall prove that aey f'unctor i � 
f Inv+ !f is finer than D. Th� space . D X, for any X, ia 
projectively geperated by all unif'ormly continuous mapp­
inge ot X into the hedgehoc H(A), card A= card X (see 

[F1] ) • Recall thet the space H( A), for any set A, is a met­
rie apace ot no n negative real�velued functions f such 
that f(oG )> O for at most one �€A snd f(oe.)é l for all 
� e; A. The distance in H(A) is iiven by -t1-norm.

The functor Fin �uestion preserves mappings and s� 
it eutticee to prove that F is constant on all bedgehogs. 
We ahall prove it in the followin& lemmas. 

Lemma 2 • 1 : F < O,. l) = < O , l ) • 
Proof ia evident. 

Lemma 2.2: It F H(A) = H(A) then 8 H(B): H(B) for· 
all sete B with cerd B�card A. 

Proo�: ThePe exiat mappinga 1: H(B)--,.. H(A), 
j: H(A)--Jt H{B) s ch that ji= idH(B) • So F 1 is an em­

bedding. 
I� toll ws trom Lemma 2.2 tbat 1t euf'fices to exami­

ne the bedgehogs over the eta with reat cardinalities. 
The idea ot the tollowing lemma is due to z. Frolík. 

L mma 2.3: 
"'nality. Put 18 

Let A have & aequentially regular cardi-.

• {f € H( A)./ e 6 ;t(ac;) � 11 • Then there
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&, is an.yl > E > O such that the tamily {I1 ICJC E A 1 ia. clis-
crete �D F H(A). 

Proof: The set � I� J oe e a j is diacrete in 
F H(A). So, for any oe E & there is an n(°') e. N such 
thet iii> I oc. E li.] is a discrete tamil;y in F H(A). A

card A is sequentially re&Ulsr then there 1a a set B, Bc 
c A, card B = card A and a number DE H such that 

,ti: f (3 e BJ is diacrete in F H(A). The proot now tol-

lowa via the naturel· iaomorphiam between H(A) and H(B). 

Lemma 2.4: Suppose .that 0 < e < 1 and thet card .& la 
sequentially regular. Then the spacea F H(A) and H(A) in­
duce the same uniformit ies on the set V I':' , oC E A 
and the aame topological nei&hbourhooda ot the point o. s�,

F H( A) = H( A). 
Proot': The· complement ot the e -neilhbournood � 

o� O in B(A) is the joint ot a discrete tamily ot cloaed
seta in P H(A) and so it is closed i n  F R(A). Tberetore �
1a open in F H(A). Tbe remaining parta ot Lemma ·2.4 are 
eaey. 

·_ 'fheorem .-2·.2' : !ha tunctor · $'_ 1a the identity. on
Uni-�. 

�o·�:t-: Iť hol�• ·t-he ·ťol·�owing statement_: For any apa-
. 

. ,.,,,. ' . 

ce X· there .. is· a apace X ·euch �bat 
. . . ,v . 

1. ·x 1�.- - a .. qµ�tient. epace or X in-Unit. 
. 

. 
� . . 

. .. .,v 

2. · �he apace·.·x ia- �· ainimal, it aeans, if x· and Y have 
the sama · 9' structurea t'hen Y is not t'iner than X.

Us.ing this, the proof follows in the tollowing w,q. 
. ,., 

Let FE Inv_ 5'. and let h: X� X be the quotie nt mapping. 
Since EX - i' and ni: ÝÍ�·F X is uniformly co�inuous 
then F X= ·x because h was a quotient mappin&• So i is the 
identity. 

. . 

It remains to prove the start in& statemerit. First the 
construction of X for a space X· (see reJ.,, P• 699, [I1, P•· 
52· for the introduct ion and tHJ tor _turtner interesting in­
veatigations). Let 'X be a cover ot_X ·anď · let D (or E) 



-112-

be dia te (or indiscrete, reap.) two-point space with 
· pointa c, d. Put. X

!C 
= -� { B<z,y> \ z:,t,y, yE St (-�,X) i+

+ � i D<z,y)· l x:f:-y� y♦st (x,X) J f� ll<x,y> = ·E,

D<x ,y> = D. _J'inall.y put X • I\. r
:c 

·, (t � r and defina·

h: X__., X such that h(c) :z: x, h(d) = y for li partiali-
secl 01:1 D<x,y> .or E<�,y) • T hen h ia e· quotient mapping. ·

!ake a anifo�ty·u atrictly finer-. than the unifor­
llity 'f of X. Let ':1 • U - u. By the· construction, for �1' 

,._, 

cower � 4 U ,tllere is a two-point set which 1s d iacrete 
ot ardar ':1 bat not of o�ar � • Then the join of these 
two-point set• taken over all � E 8' is cliecrete of or-

. cler ':I ·bu.t it 111 not discrete in U • So, X 1s S:- · 111D1-
mal. 

Defillition .2.2: Let us de�ote by S'2 the refinement 
haviq for 110rph1-•s the appings t: X� Y such thet �,,. :t: 
: XJ' r � Y� Y 1• � continuoue. 

Theorea 2.3: Bo� 9'; and �� are 1dentit1es. 
Proof: EYidently 9'; -·Id- becauae !F 2 ·c: g- • We 

shall prove that 9'! � Id. ·In :tact, we shall pr ov thet 
In•

♦ 
!/' 2" •{IdJ � 

Le 2.5: Let_ u1, u
2 

be two uniformitiea. on a set. 
Por any"c011er � of X put �:c =.C(x,7)� X>lX ly+st Cx,XH• 
I:t for •� X. & u

1 
�bere 1 a cover d c � si cb thet 

7:t c: 'f
:, 

.then :u
2 

1a :tiner than u
1

• 
Proot: Let X* be a atar refinement of <Z: · and let 

�x• c 7,. for a cover 'J e u
2

• It ia easy to check that 

1.� X •

Le1111118 2.6: Let ,& In'I+ 9" 2 �nd let the space X. have 
• diaerete t D with the same cardinality as X. Then
F X= X. 

Pro f: . Sappcae F X is strictly coarser than X for a 
spa� X ia quest ion. Take _a cove� · XE: X - .-,· X. Then 
carcl !' :s. card D and ao there ia a bijection 'I: D � 7% • 



-113 �

Put M·:4l;/i,
{<d,(1(d)1) ,<d,g,(d)2 >J where· q(d)1,

g>(d)2 .mean the first and the second coorclinate ot <;,Cd).
Then li ia diacrete in X� X but not in f X1< p X beeause 
tbere ia no 409er- 3 E F X �t-h' '?� c: -� •

Bow, the proof can be completed ae follon. Let l E. 
É. InY +- �Z. For · any épace Y :torm a apace X on the ee-t
�-;E Yp., where °" :: card Y and Ya = Y · for all � 6 � • 
,., ,&to(. . ,., 

The covera �� :tornr.tnc a base ot the ·space X are in-
dexecl by CO'fers 'J E Y such tlaat X

3' 
:s /J� oC �

{I 
, 

'Jp. = ':I • A ccording to 1'8mma 2 .6, F X :=: X. lloreover, we
have uniformly continuous mappincs J: Y � x, lc: % � Y 
such that k j = idr Hence F j is an embeddinc and F Y =
: Y. 
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